A NEW MEMBER OF NICHOLSON’S MORPHIC FOLKS
TRUONG CONG QUYNH*, M. TAMER KOSAN, AND JAN ZEMLICKA

ABSTRACT. The main aim of the paper is to describe the structure of modules
and corresponding rings satisfying the property (P), which says that M/ im(«)
is embeddable into ker(«) for each endomorphism « and which generalizes the
morphic property. In particular, it is proved that the class of rings with the
property (P) is closed under taking products and summands and contains
unit regular rings. We also explain connections between the virtually internal
cancellation property and the property (P) and characterize the structure of
particular classes of rings satisfying the property (P).

1. INTRODUCTION AND PRELIMINARIES

Among other algebraic dualities, the concept of homomorphisms satisfying the
dual condition to that from the first isomorphism theorem has appeared fruitful
during the last two decades. While an arbitrary endomorphism a of a module
M satisfies the condition im(«a) = M/ ker(a), it is called morphic if it holds
ker(a) = M/im(a). The research of morphic modules (and rings), i.e. of modules
over which every endomorphism is morphic, was started by Nicholson and Sanchez
Campos in papers [20, 21].

The concept of morphic rings, which naturally generalizes widely studied unit
regular rings [11, Theorem 1], have motivated other generalizations. Given a
ring R, if P denotes the set of all its right principal ideals (i.e. images of endo-
morphisms of Rg) and A the set of all right annihilators (i.e. kernels of endo-
morphisms of Rg), then we say that R is right quasi-morphic (pseudo-morphic,
generalized morphic, respectively) if P = A (P C A, P 2 A, respectively). The
structure of quasi-morphic rings and modules satisfying the corresponding con-
dition on endomorphism rings is partially described in papers [2, 5, 6, 9], while
pseudo-morphic rings are studied in [7, 27] and generalized morphic rings in [28].
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This paper is focused to another intermediate class of pseudo-morphic modules
containing the class of all morphic modules (see Example 2.1). For a module
M, we say that a € End(M) satisfies the property (P) if M/im(«) embeds
into ker(a), the module M satisfies the property (P) if every its endomorphism
satisfies (P), and the ring R satisfies the property (right) (P) if Ry satisfies (P).
The main aim of the paper is to place the class of modules and rings satisfying
the property (P) in the context of other generalizations of the idea of morphicity
as well as in the general context of ring theory. In particular, we prove that the
class of all rings satisfying the condition (P) is closed under taking products and
summands (Proposition 2.15), regular endomorphism rings of modules satisfying
the property (P) are exactly unit regular (Theorem 2.11) and reversible rings
satisfying the property (P) are already morphic (Theorem 2.7). Theorem 2.9
shows that if o in any Jacobson pair {«a, §} satisfies the property (P), then so is f.
The third section of the paper is devoted to relations between properties virtually
(internal) cancellation and (P). Among the other results, we obtain that a module
M satisfies the virtually-IC property iff every regular element in End(M) satisfies
the property (P) (Theorem 3.4) and hence End (M) is unit-regular iff M satisfies
the virtually-IC property and End(M) is regular (Corollary 3.6) and End(M)
is unit-regular iff M satisfies the virtually-IC property and End(M) is regular
iff M satisfies the virtually-C property and End(M) is regular (Corollary 3.11).
Notice that the property (P) = the virtually-IC property and the property (P)
= the virtually-C property if a module M is either injective or satisfies the finite
exchange property. The fourth section of the paper is devoted to the structure of
particular classes of rings satisfying the property (P), in particular, it is proved
that local semiartinian rings with the property (P) are precisely right artinian
right chain rings (Theorem 4.4). The final section describes group rings that are
ring satisfy the property (P). We proved that if RG g satisfies the property (P),
then Rp satisfies the property (P) and G is a locally finite group (Theorem 5.1),
and if G = H x K with |H| < oo (i.e. G is a semidirect product of H by K) and
RG g satisfies the property (P), then RK gy satisfies the property (P) (Theorem
5.3).

Throughout this paper, R denotes an associative ring with identity and modules
are unitary right R-modules. For a right R-module M, we use N C Mg, N < Mg,
N <. Mr, N < M and N <% Mg, to mean that N is a subset, a submodule,
an essential submodule, a superfluous submodule and a direct summand of Mg,
respectively. Rad(M) denotes the intersection of all maximal submodules of M,
Soc(M) denotes the socle of M and (S;(M) | i < o) denotes the socle sequence
of M. In case R = M, we use J(R) instead of Rad(R) and it is called the
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Jacobson radical of R. For any x € R, the left and right annihilator of z € R
denoted by I(z) (or lg(z)) and r(z) (or rr(x)), respectively. We write module
morphisms opposite the scalars. If there exists an R-monomorphism (respectively,
R-epimorphism) from X to Y then we write X — Y (respectively, X — Y). The
notations End(M) and E(M) denote the ring of R-endomorphisms of M and the
injective hull of Mp, respectively. For a set A, let M) and M”" denote direct
sum and direct product of copies of Mg indexed over A, respectively. We use
M, (R) to stand for the ring of all n x n matrices over a ring R. In what follows
N, Z, Q and Z,, denote the natural numbers, integers, rational numbers and the
ring of integers modulo n, respectively.

For unexplained notions and results, we refer the reader to [3, 18, 24, 25, 26].

2. THE PROPERTY (P)

Example 2.1. Morphic modules (elements) satisfy the property (P). On the
other hand, as a Z-module Z,- satisfies the property (P) but it is not a morphic
Z-module.

Lemma 2.2. The following conditions are equivalent for oo € End(M):

(1) « satisfies the property (P).

(2) There exists f € End(M) such that ao f =0 and a(M) = ker(S).
(3) There exists f € End(M) such that im(B) < ker(«) and a(M) = ker(p).
(4) There exists f € End(M) such that im(5) < ker(a) and a(M) = ker(3).

Proof. (1) = (2) Consider the natural projection 7w : M — M/im(«), the inclu-

sion map ¢ : ker(a) — M and call ¢ : M/im(a)) < ker(«). Take
Bb=to¢pom: M — M.

Clearly, « o f = 0 and a(M) = ker(f3) as desired.

(2) = (3) = (4) The implications are obvious.

(4) = (1) Assume that there exists § € End(M) such that im(/) < ker(a) and

a(M) = ker(B). It is easy to see that

M/a(M) = M/ker(8) = B(M) < ker(a),
as desired. 0
Corollary 2.3. The following conditions are equivalent for an element a € R.

(1) a satisfies the property (P).
(2) There exists b € R such that aR = r(b) and bR < r(a).
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(3) aR = r(b) and bR — r(a) for some b € R.

Lemma 2.4. The following conditions are equivalent for a ring R:

(1) Rg satisfies the property (P).

(2) For each a € R, there exists b € r(a) such that aR = r(b).

(3) For each a € R, there exists s € R and b € r(a) such that aR = r(b) and
bR =r(as).

Proof. The equivalence (1)< (2) follows from Corollary 2.3 and (3)=(2) is clear.
(2)=(3) Since there exists ¢ € r(b) = aR such that bR = r(c), it is enough to
take s € R satisfying ¢ = as. O

A ring R is called left principally injective (left P-injective for short) if every R-
homomorphism Ra — R, a € R, extends to R. It is well-known that a ring is left
P-injective if and only if all principal right ideals are annihilators by [19, Lemma
1.1], cf. [5, Lemma 3]. We can formulate the following consequence identifying a
class of rings that elements satisfy the property (P) of Corollary 2.3 which follows
from Lemma 2.4:

Corollary 2.5. If Ry satisfies the property (P), then the ring R is left P-injective.

Recall that, a ring R is said to be Dedekind-finite if ab = 1 implies ba = 1 for
any two a € R and b € R. In other words, all one-sided inverses in the ring are
two-sided. The following result is also a direct consequence of Lemma 2.2.

Corollary 2.6. An endomorphism satisfying the property (P) is a monomor-
phism if and only if it is an isomorphism. In particular, every ring satisfying the
property (P) is Dedekind-finite.

Recall that a ring is reversible if ba = 0 whenever ab = 0, for details see [8, 12].
The last consequence of Lemma 2.4 generalizes [5, Corollary 4] and [27, Theorem
11(2)].

Corollary 2.7. Let R be a reversible ring. Then Rg satisfies the property (P) if
and only if R s morphic.

Proof. Let a € R. From Lemma 2.4, it infers that there exist s € R and b € r(a)
such that aR = r(b) and bR = r(as). Since R is reversible and ba = 0 = ax for
each x € r(a), we have ab = 0 and 0 = xa = xas = asx, hence bR C r(a) C
r(as) = bR and b = r(a) (cf. [12, Lemma 1.8]). O
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Recall that a module M is said to be pseudo-morphic if for any o € End(M)
there exists f € End(M) for which im(a) = ker(f). From Lemma 2.2, it is
clear that all modules satisfying the property (P) are pseudo-morphic and the
following example shows that the converse does not hold.

Example 2.8. The abelian group Zs X Z, is a pseudo-morphic Z-module but it
does not satisfy the property (P).

Two elements «, § € R are said to form a Jacobson pair if there exist elements
a,b € R such that « =1 —ab and § =1 — ba.

For such a pair, “Jacobson’s Lemma” is the statement that « is a unit if and
only if 8 is a unit (this result is known as Jacobson’s Lemma for units). There
are several analogous results in the literature. In [13], the authors observed that,
for any Jacobson pair {«, £} in any ring R, if « is left morphic (quasi-morphic),
then so is .

Theorem 2.9. For any Jacobson pair {c, B} in any ring R, if a satisfies the
property (P), then so is (.

Proof. By the basic commutation rules, we have aa = aff and ba = b for the
Jacobson pair {a, £}.

Assume that « satisfies the property (P). Then, there is z € R such that
aR =r(z) and zR < r(a).
Claim: SR = r(xza): The inclusion SR C r(za) follows from the fact that
z(af) = r(awa) = (xa)a = 0 which implies § € r(za).

For the reverse inclusion, let ¢ € r(za). Then z(at) = (za)t = 0, i.e. at €
r(z) = aR. Hence, at = as for some s € R. We have

(ba)t = b(at) = b(as) = (ba)s = (Bb)s = B(bs)

which implies (1 — 8)t = (ba)t = 5(bs), and so t = 3(bs +t) € SR.
Call y := bza.
Claim: yR <r(f) and r(y) = SR : The first follows from the fact that

Py = B(bza) = (Bb)ra = (ba)ra = b(ax)a = 0,

ie. yer(h).
On the other hand, we have

yB = (bxa)B = bx(apf) = bx(aa) = b(za)a =0

It follows that 8 € r(y) or SR < r(y). For the converse inclusion, if yt = 0 then
(bzra)t = 0, and so abxrat = a(bra)t = 0. Moreover, we have

a(zat) = (1 — ab)zat = xat — abzat = xat
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Then, zat = (ax)at = 0. Hence, t € r(za) = SR by Claim. Now r(y) < BR, as
desired O

An element a of a ring R is said to be unit-regular in R if a = aua for some
unite © € R. A ring R is called unit-regular if every element is unit-regular.

Theorem 2.10. If a € End(M) satisfies the property (P) and v is an automor-
phism of M, then both oo~ and 7y o « satisfy the property (P).
In particular, every unit-regular morphism satisfies the property (P).

Proof. Assume that o € End(M) satisfies the property (P) and ~ is an automor-
phism of M. Then, by Lemma 2.2, there exists § € End(M) such that « o5 =0
and a(M) = ker(B). Therefore, (ay)(y™*8) = 0 and (ya)(8y~!) = 0. Note that
v is an automorphism of M. It follows that

(a)(M) = a(M) = ker(B) = ker(y™' )

and (ya)(M) = y(ker(B)) = ker(8y~!). By Lemma 2.2, we obtain that oo~ and
v o a satisfy the property (P). O

An element a of a ring R is said to be regular in R if a = aba for some b € R.
A ring R is called regular if every element is regular.

Theorem 2.11. Let M be a right R-module. Then End(M) is unit-reqular if
and only if End(M) is reqular and M satisfies the property (P).

Proof. Suppose that End(M) is a regular ring. For every a € End(M), a(M)
and ker(a) are direct summands of M. So, there exist submodules K and H of
M such that M = a(M)® K = ker(a)® H, and so K = M/a(M) < ker(«) and
M=a(H)® K. Call §: K — ker(a). Let v: M — M be an R-homomorphism
via y(a(h) + k) = h + B(k). One can check that v is a monomorphism. Now,
a = aovyoq and v is an isomorphism by Corollary 2.6.

The reverse implication is clear. 0

Recall that a module M is called (dual) Rickart if ker p <® M (p(M) <% M)
for every p € Endg(M) [16, 17].

Proposition 2.12. If M is a Rickart module and it satisfies the property (P),
then M is dual-Rickart.
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Proof. Let o« € End(M). Since M satisfies the property (P), there exists § €
End (M) such that im « = ker 8 and aof3 = 0. Then ker § <% M as M is Rickart.
Thus im o <% M which implies M is dual-Rickart. O

Corollary 2.13. If M is a Rickart module and it satisfies the property (P), then
End(M) is regular.

Corollary 2.14. Let M be a right R-module.

(1) End(M) is unit-regular if and only if M is a Rickart module and it satisfies
the property (P).

(2) If M is quasi-projective, then End(M) is unit-reqular if and only if M is
a dual-Rickart module and it satisfies the property (P).

Proof. (1) The claim is clear by Theorems 2.11, Proposition 2.12 and Corollary
2.13.
(2) Assume M is a dual-Rickart module and it satisfies the property (P). Let
a be an endomorphism of M. By the assumption, im(«) is a direct summand
of M. Since M/ker(a) = im(«), M/ ker(a) is M-projective and so ker(a) is a
direct summand of M. Tt is shown that End(M) is regular. Thus, End(M) is
unit-regular by Theorem 2.11.

The reverse implication is obvious. 0]

Proposition 2.15. The following statements hold:

(1) A direct product [[; R; of rings R, satisfies the property (P) if and only
if each R; satisfies the property (P).

(2) A module M satisfies the property (P) if and only if whenever~y : M /K —
M where K is a submodule of M, then M/im(y) < K. Furthermore, A
module M satisfies the property (P) if and only if whenever M/K = H
where K and H are submodules of M, then M/H — K.

(3) If M and N satisfy the property (P) and Hom(M,N) =0= Hom(N, M),
then M & N satisfies the property (P).

(4) The class of modules satisfying the property (P) is closed under taking
direct summands.

Proof. (1) If © = (x;) € [[; Ri, then xR = [[; x;R; and r(z) = [ [, r(z;).

(2) (=) Let v : M/K — H be an isomorphism for some submodule H of M
(H = im(7)). Consider the natural projection m : M — M /K, the inclusion map
t:H — M and call @« :=voyom: M — M. Then, we have ker(a) = K and
im(a) = H. By the hypothesis, there exists § € End(M) such that im(5) <
ker(a) = K and a(M) = ker(3) = H. It follows that M/im(y) = M/ ker(8) =
im(5) < ker(o) = K.
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(<) Let @ € End(M). Then, M/ ker(a) = im(«). It follows that M/im(«) <
ker(a) and so « satisfies the property (P).

(3) Let @« € End(M @ N). Then o = <€
End(M) and v € End(N). Now, there exist ' € End(M) and 7' € End(NV) such

that 553" = 0, im(8) = ker(#'), 77/ = 0 and im(y) = ker(y/). Call o’ = (% 3)

0\ . . .
) is in the matrix form, where 8 €

One can check that aa/ = 0 and im(«) = ker(«/), as desired.

(4) Assume that M = M; & M, satisfies the property (P). Let K and H be
submodules of M; with M;/K = H. We show that M;/H — K. In fact, we
have M/K = M,/K & M, = H & M, and obtain that M/(H & M,) — K. We
deduce that M,/H — K. O

Remark 2.16. From Example 2.1, we infer that the class of modules satisfying
the property (P) is closed under taking direct sums.

A module M is called image-projective if im(8) C im(«), where 5, « € End(M),
implies 5 € a(End(M)).
Clearly, quasi-projective modules are image projective.

Proposition 2.17. Let M be a right R-module and S = End(M). The following
statements hold:
(1) If S satisfies the property (P), then M is image-projective.
(2) If M satisfies the property (P) and it is image-projective, then S satisfies
the property (P).
(3) If S satisfies the property (P) and M generates its kernels, then M satis-
fies the property (P).

Proof. (1) If f(M) < g(M) with f,g € S, then ls(g) < ls(f). Since S satisfies
the property (P), S is left P-injective by Corollary 2.5. It follows that fS < ¢S.
Thus, M is image-projective.

(2) Let a be an endomorphism of M. Call g € S with im(8) < ker(«) and
im(a) = ker(f). One can check that 55 < rg(a) and aS < rg(f5). If v € rs(B)
then v(M) < ker() = a(M). We have that M is image-projective and obtain
that vS < S and so v € aS. We deduce that oS = rs(f).

(3) Let a be an endomorphism of M. Call g € S with S < rg(a) and S =
rs(f). One can check that ao f =0 and a(M) < ker(3). Since M generates its
kernels, we get ker(8) = >y f(M) for some H C S. For all f € H, we have
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fof=0andso fe€rs(f)=aS. Itfollowsthat f(M) < a(M). It is shown
that ker(5) < a(M). We deduce that ker(5) = a(M). O

We recall the following notion used in Proposition 2.17: a module Mg generates
its submodule, say K, if

K=Y {MX:X€End(M),MAC K},
and M generates its kernels if it generates ker(/3) for all 5 € End(M).

Theorem 2.18. The following conditions are equivalent for a right R-module M
which generates its kernels.

(1) M is morphic and image-projective.

(2) End(M) satisfies the property (P).

Proof. The claim follows from Propositions 2.15 and 2.17. 0J

Theorem 2.19. Let R be a ring and n > 1.
(1) M, (R) satisfies the property (P) if and only if R™ satisfies the property
(P).
(2) If R satisfies the property (P) and ¢* = e € R, then eRe satisfies the
property (P).

Proof. (1) The claim follows from Theorem 2.18 and because of the fact that R"
is image-projective and generates its submodules.

(2) The claim follows from Theorem 2.18 and because of the fact that eR is a
projective right R-module that satisfies the property (P) by Theorem 2.15. O

Recall that if {S;} are the homogeneous components of M, S = End(M) and
T; = End(S;), then S = [[, 7.
Theorem 2.20. The following conditions are equivalent for a semisimple right
R-module M :
(1) M satisfies the property (P).
(2) End(M) is unit-reqular.
(3) Each homogeneous component of M is artinian.

In this case End(M) is a direct product of matriz rings over division rings.

Proof. (1) = (2). Assume that M satisfies the property (P). Then M is image-
projective (being semisimple) and obtain that S satisfies the property (P) by
Proposition 2.17(2). Note that S is regular. By Theorem 2.11, the ring S =
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End(M) is unit-regular.
(2) = (3) By Proposition 2.15, each T; satisfies the property (P). Suppose that
each S; is not artinian. Then, S; = H ® H @ --- where H is simple. Hence
the monomorphism (hy, he, hs...) — (0, he, hs,...) in T; is not an epimorphism,
which contradicts to Corollary 2.6. Thus, S; is artinian.
(3) = (1) Assume that each homogeneous component of M is artinian. Then each
T; is artinian and obtain that S =2 [[,;7; is unit- regular, and hence it satisfies
the property (P). Moreover M generates its kernels because M is semisimple,
and so M satisfies the property (P) by Proposition 2.17.

The last statement follows from (3) because S =[], T;. O

3. VIRTUALLY INTERNAL CANCELLATION PROPERTY

An R-module M is said to have internal cancellation property (IC) if it satisfies
the condition:

M=N®K=N,® K, and N =2 Ny implies that K = K.

Notice that summand-morphic modules are precisely modules with IC property,
where M is said to be a summand-morphic module if M/A = B where A, B <%
M, then M/B = A ([23, Proposition 3.2]).

According to [4] ( see also [12]), a module X is said to be subisomorphic to a
module Y if X is isomorphic to a submodule of Y, and denoted by X <Y, and
a module M is called a virtually semisimple module if every submodule of M is
isomorphic to a direct summand of M.

Remark 3.1. A virtually semisimple module is morphic iff it is iso-summand-
morphic ([23, Corollary 3.8]), where M is said to be an iso-summand-morphic
module if M/A = B where A, B <% M, then M/B = A.

A module M is said to satisfy wirtually internal cancellation property (for
short, virtually-IC) or iso internal cancellation property (for short, iso-1C) if it
satisfies the following condition:

EM=N&®K=N, &K, and N = Ny, then K < K; and K; < K

Example 3.2. The IC property = the virtually-IC property. The converse im-
plication holds when on the C2-property (a module M is C2 if whenever A is a
direct summand of M and B is a submodule of M isomorphic to A, then B is
also a direct summand of M).
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Proof. Let M be a C2 module with the virtually-IC property. Assume that
M=A®B =A% B, and A = A,. We show that B = B;. Then there a
monomorphism « : B — B;. Hence, B = «(B) and so a(B) is a direct summand
of M. It follows that «(B) is a direct summand of B;. Write B; = a(B) @ Bs
for some direct summand B, of B;. Thus, we have

Note that A® B = A; @ «a(B), which implies B = 0. Thus, B; = a(B) = B, as
required. 0]

Proposition 3.3. The class of modules satisfying the virtually-IC property is
closed under taking direct summands.

Proof. Assume that M = N @ K satisfies the virtually-IC property and N has a
decomposition

N=N,&N,=N & N"

where Ny = N'. Then M = (Ny®@K)®Ny = (NVGK)BN" and Nyd K = N K.
By the hypothesis, we get Ny < N” and N” < Ns, as required. O

Theorem 3.4. The following conditions are equivalent for a right R-module M :

(1) M satisfies the virtually-I1C property.
(2) Ewvery regular element in End(M) satisfies the property (P).

Proof. (1) = (2) Let a be regular in End(M). Then, the module M has a
decomposition M = a(M) & K = ker(a) & N. Clearly, a(M) = M/ ker(a) = N,
and so K < ker(a). Hence M/a(M) = K — kera, i.e. « satisfies the property
(P).

(2) = (1) Assume the module M has a decomposition M = N&K = N;®K; and
v : N — Np is an isomorphism. Consider o : M — M by a(n + k) = ~v(n) for all
n€ N and k € K. Then a € End(M) and a(M) = v(N) = Ny, ker(a) = K are
both direct summands of M. Thus « is regular in End(M) and so our hypothesis
gives M/a(M) — ker(a). Hence Ky = M/Ny = M/a(M) — ker(o) = K. The
above process is completely similar if we replace v by v~!, it infers that K — K;,
as required. O

Corollary 3.5. The property (P) implies the virtually-IC property.

Corollary 3.6. The following conditions are equivalent for a right R-module M :
(1) End(M) is unit-reqular.
(2) M satisfies the virtually-IC property and End(M) is reqular.
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Proof. (2)= (1) If M satisfies the virtually-IC property and End(M) is regular,
then End(M) satisfies the property (P) by Theorem 3.4. By Theorem 2.11,
End(M) is unit-regular.

(2)= (1) This implication follows from Theorem 2.11 and 3.4. O

Remark 3.7. By Theorem 2.20, a semisimple right R-module M satisfies the
property (P) iff End(M) is unit-regular.

We recall that every ring satisfying the property (P) is Dedekind-finite (Corol-
lary 2.6).

Corollary 3.8. FEvery module satisfying the virtually-I1C property is Dedekind-
finite.

Proof. Assume a module M satisfies the virtually-1C property and M has a proper
direct summand that is isomorphic to M. It means that M = A® B with A = M
and A# M. Then, M = A® B =M ®0 and so B is embedded to 0. It follows
that B =0 and A = M, a contradiction. Thus, M is Dedekind-finite. O

Corollary 3.9. The following conditions are equivalent for a semisimple module
M:

(1) M satisfies the property (P).

(2) M satisfies the virtually-IC' property.

(3) There ezist a cardinal k, simple modules S, and natural numbers n, for
each o < K such that M = @,_,. S™ and S, % Sp for each o # 5.

a<k

Proof. (1)= (2) It is clear form Theorem 3.4.

(2)=- (3) Since infinite direct powers are not Dedekind finite, the claim follows
from Corollary 3.8.

(3)= (1) As End(M) =[], ., M,,(End(S,)) is a unit regular ring, M satisfies
the property (P) by Theorem 2.11. O

A module M satisfies the cancellation property it M & A = M & B implies
A = B. We say that a module M satisfies the virtually cancellation property
(virtually-C) or the iso cancellation property (iso-C) if M & A = M @& B implies
A=< Band B < A.

Proposition 3.10. The virtually-C property implies the virtually-1C' property.
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Proof. Assume M has the virtually cancellation property. Let M = A@® B =
Ay @& By with A= A;. Then, we have

MoB =AeBoBi=A6BoB=M&B
Since M has the weak cancellation property, B < B; and By = B, as desired. [

It is well-known that if End(M) is unit-regular, then M has the cancellation

property.
From Proposition 3.10 and Corollary 3.6, we have the following result.

Corollary 3.11. The following conditions are equivalent for a right R-module
M.

(1) End(M) is unit-reqular.
(2) M satisfies the virtually-IC property and End(M) is regular.
(3) M satisfies the virtually-C property and End(M) is regular.

Given a cardinal X, an R-module M is said to have the R-exchange property if
for any module X and decompositions X = M' @Y = @,.; N;, where M’ = M
and |I| < R, there exist submodules N; C N; such that X = M' @ (B,.; V).

A module M has the exchange property if it has the N-exchange property for
every cardinal N.

A module M has the finite exchange property if it has the R-exchange property

for every finite cardinal N.

Proposition 3.12. Assuming the finite exchange property, we have

the virtually-C' property < the virtually-1C property.

Proof. Let M be a module with the finite exchange property.

(:=) This implication is Proposition 3.10.

(«<:) Assume that M satisfies the virtually-IC property. Let M & A = N @ B with
M = N. From the finite exchange property, we infer that M & A = M & N, & B,
for some submodules N; of N and B; of B. It follows that A = N; & B;. Write
N = Ny ® Ny and B = By @ By for some submodules N, of N and By of B.
Therefore, we have

M@Nl@Bl:M@A:N@B:NQ@BQ@Nl@Bl

It follows that M = Ny @ By and so No @ By =2 M = N = N; & Ny. Since M
satisfies the virtually-IC property, we obtain B, < N; and N; — Bsy. Thus, we
have

AN &B, B, ®B; =B
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B:Bl@BQ‘—)Bl@ngA
which shows that M satisfies the virtually-C property. OJ

Theorem 3.13. For a module M, we have
the property (P) = the virtually-C' property,

if M is either injective or satisfies the finite exchange property.

Proof. Recall that if a module M satisfies the property (P), then M is Directly-
finite (i.e. End(M) is Dedekind-finite) by Corollary 2.6.

If M is injective, then M has the cancellation property by [18, Theorem 1.29]
and hence M has the virtually-C property.

Now suppose that M has the finite exchange property. Since M satisfies the
virtually-1C property, it satisfies the virtually-C property by Proposition 3.12. [

The following theorem characterizes the (unit-)regularity of the endomorphism
ring a right R-module in terms of the virtually-C property in view of Corollary
3.11.

Theorem 3.14. The following conditions are equivalent for a right R-module M
with E = End(M):
(1) E is unit-reqular.
(2) E is reqular and (v — v?)(M) satisfies the virtually-C property for any
ve k.

(3) E is reqular and M /[im(vy) + ker()] is embeddable into im(~y) Nker(y) for
any v € E.

Proof. Assume that F is regular. For any v € F|

im(v), ker(v),im(y) Nker(y) and im(y) + ker(~)

are direct summands of M by [1, Theorem 2.7]. Call A and B submodules of M
such that

[im(y) Nker(y)] & A = ker()
im(y) @ A = im(y) + ker(y)
im(v) + ker(y) ® B = M.

On the other hand, we have M = ker(y) @ ker(1 —v) @ C for some submodule C'
of M. It is straightforward to verify that

v(ker(1 — 7)) =ker(1 —v),C = (1 =7)(C) =~(1 —7)(M) and C = ~(C).
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Hence,

[(im(y) Nker(y)]® A@ker(l —v) & C =ker(y) @ker(l—7v)dC
=M=im(y) b Ad B
=ker(l-7)oCoADB
=ker(l—-v)®C® A® B,

ie. [im(y)Nker(y)] @& C=~(C)® B =C® M/[im(y) + ker(y)].

(1) = (2) Assume that F is unit-regular. Let v € E (and so (y — 7?)(M) is a
direct summand of M). One can check that End((y — ~?)(M)) is unit-regular.

Consequently, (v — ~v?)(M) satisfies the virtually-C property by Corollary 3.11.
(2) = (3) Note that [im(y) Nker(y)]@C = C@® M/[im(y) + ker(y)] and C = (y —
v?)(M). By (2), we obtain that M/[im(v)+ker(v)] is embedded in im(y)Nker(7y).
( ) = (1) Let v be an arbitrary endomorphism of M. Then,
(

M/im(y) =2 A® B= A® M/[im(y) + ker(vy)] — A @ [im(y) N ker(y)] = ker(v),

which implies M satisfies the property (P). By Theorem 2.11, E is unit-regular.
O

4. ON MORE RINGS SATISFYING THE PROPERTY (P)

A ring R is said to be right semi-artinian if every non-zero right R-module has
a non-zero socle.

Lemma 4.1. If Ry satisfies the property (P) and S is a simple submodule of R,
then there ezists principal mazimal right ideal mR such that S = R/mR.

Proof. Since S is a nonzero principal right ideal, there exists m € R\ R* such that
0 # R/mR embeds into S by Lemma 2.4. As S is simple, we get R/mR = S,
and so mR is a maximal right ideal. 0

An epimorphism 7 : P — M is said to be a projective cover of M provided P
is projective and the kernel ker 7 < P, and a projective module is semiperfect if
every homomorphic image has a projective cover.

Lemma 4.2. Let R be a semiperfect ring such that Rg satisfies the property (P)
and s € R. If sR is simple, then rr(s) is a right principal ideal.
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Proof. Since R is semiperfect, there exists a projective cover w : P — sR. More-
over, by Lemma 4.1 there exists m € R and an epimorphism p : R — sR such
that mR is the kernel of p. Since p factorizes through m, the kernel of 7 is a
homomorphic image of mR, so it is a cyclic submodule. If 7, : R — sR is defined
by 75(r) = sr, then it factors through 7 again which implies that the kernel of 7;
is mR & @ where R = P & @, hence it is a principal right ideal. [l

A ring R is said to be right Kasch if [z(I) # 0 for every maximal ideal I of R.

Lemma 4.3. Let R be a semiperfect right Kash ring satisfying the property (P).
Then the following statements hold:

(1) All mazimal right ideals of a ring R are principal.

(2) Every mazximal submodule of a cyclic R-module is cyclic.

(3) For each cog € R\{0}, there exists k < w and a strictly decreasing chain of
principal ideals (¢;R | i < k) such that ¢;R/c; 1 R is simple and ¢, = 0
for Kk finite.

Proof. (1) Since a right Kasch ring contains as submodules copies of all simple
modules, the claim follows from Lemmas 4.1 and 4.2.

(2) The claim follows from (1) as maximal submodules of cyclic modules are
factors of maximal ideals.

(3) Constructing by induction, we have in a nonzero cyclic module, say ¢;R, its
cyclic maximal submodule ¢;1 R by (2). O

Recall that a ring in which the right and left ideals are linearly ordered by
inclusion is called a chain ring. An artinian ring R is called Frobenius if as right
R-modules Soc(Rgr) = R/J(R), and as left R-modules Soc(grR) = R/J(R).

Since every local ring with nilpotent (or even left T-nilpotent) Jacobson radical
is semiartinian, the following assertion generalizes the results [5, Lemma 9] and
[28, Proposition 2.8].

Theorem 4.4. The following conditions are equivalent for a local right semiar-
tintan ring R:

(1) Rpg satisfies the property (P).

(2) R is right morphic.

(3) R is right chain right artinian.

(4) R is Frobenius right chain.
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Proof. (1)=-(3) Since any local ring is semiperfect and a semiartinian ring con-
tains simple submodules, J(R) is right principal by Lemmas 4.1 and 4.2. Fur-
thermore, a local right semiartinian ring is right Kasch and it contains no infinite
strictly decreasing chain of principal right ideals. Hence Rp is of finite length
by Lemma 4.3. Finally, since J(cR) = ¢J(R) is a maximal ideal of ¢R for each
nonzero ¢ € R, we obtain that each ideal J(R)" are right principal and superflu-
ous in J(R)"!, which implies that R is a right chain ring.

(3)=-(2) The implication follows from [5, Theorem 19].

(2)=-(1) The implication is obvious.

(4)<(3) The implication is well known (see, e.g. [15]). O

A module M is called uniserial if the family of its submodules is linearly ordered
under inclusion. A ring R is said to be serial if Ry as well as g R are finite direct
sums of uniserial modules.

Corollary 4.5. The following conditions are equivalent for a commutative semilo-
cal semiartinian ring R:

(1) R satisfies the property (P).

(2) R is morphic.

(3) R is an artinian uniserial ring.

Proof. Since a commutative semilocal semiartinian ring has a T-nilpotent Jacob-
son radical by [22, Proposition 3.2, we obtain that it is semiperfect, and hence
it is a finite product of local semiartinian rings. Now the assertion follows from
Theorem 4.4. 0

Proposition 4.6. If R is a left perfect right Kasch ring such that Rg satisfies
the property (P), then it is right artinian such that all right ideals are principal.

Proof. Note that a left perfect ring is semiperfect and right semiartinian. Since a
right semiartinian ring contains no infinite strictly decreasing chain of principal
right ideals, we get that R is a right artinian ring by Lemma 4.3(3).

Now, using the argument of the proof of Theorem 4.4, assume that R contains
a non-principal right ideal and suppose that I is a maximal such an ideal. Since
R/I # 0 is semiartinian, there exists a right ideal K such that K/I is simple.
By the maximality of choice of I, the ideal K is principal and [ is its maximal
submodule, which contradicts Lemma 4.3. O

If M is a finite length module, denote by length(M) the composition length of
M.
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Theorem 4.7. Let R be a left perfect right Kasch ring. Then Rpg satisfies the
property (P) if and only if R is right morphic and all right ideals are principal.

Proof. Let Rp satisfy the property (P) and x € R. Note that R is of finite length
by Proposition 4.6. Since R/xR embeds into rg(z) and R/rr(x) = xR, we get
that length(R/zR) = length(R) — l(xR) = length(rg(x)), hence R/xR = rg(x).

The reverse implication is clear. U

5. ON GROUP RINGS WHICH SATISFY THE PROPERTY (P)

Given a ring R and a group G, we denote the group ring of G over R by RG.
An arbitrary element of RG, say a € RG, is of the form a = )
r, € Rand {g € G| r, # 0} is finite.

The augmentation mapping is of the form:

e: RG— R
nggr—>ng.
g g

Theorem 5.1. Let R be a ring and G be an arbitrary group. If RGra satisfies
the property (P), then Ry satisfies the property (P) and G is a locally finite group.

gec Tgg Where

Proof. Assume that RGpg satisfies the property (P). Corollary 2.5 infers that
RG is left P-injective. Then, G is locally finite by [19, Theorem 4.1]. Next,
we show that Rp satisfies the property (P). Let a € R. Then there exists a
u € RG such that a(RG) = rge(u) and u(RG) < rgg(a). Take u = >0 | a;g;
and H =< ¢1,92,...,9, >. Since G is a locally finite group, we get H is a finite
group. Now ua = 0 = au and hence e(u)a = e(ua) = 0 and ae(u) = £(au) = 0.
Call b := £(u). Then we have the following cases aR < rr(b) and bR < rg(a).
Case: aR < rg(b): Then a is satisfies the property (P) and hence Rp satisfies
the property (P).

Case: bR < rp(a): Let y € rg(b). Then by = 0. Put H = > hey P From
u € RH, we infer that uH = ]:Ie(u) = Hb and so uHy = Hby = 0. This implies
that Hy € rpe(u) = a(RG). Write Hy = >, aagg. Comparing the coefficients
of the identity on both sides, we obtain that y = aa. € aR. This gives that
rr(b) = aR. Therefore, a is satisfies the property (P) and so is R. O

Corollary 5.2. If G = H x K, where H and K are subgroups of G, and RGgra
satisfies the property (P), then RHry and RK gy satisfy the property (P).
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Proof. It is well-known that RG = R(H x K) = RH(K). By Theorem 5.1, RHgry
satisfies the property (P). Similarly RK gy satisfies the property (P). O

A group G is called a semidirect product of H by K, denoted by G = H x K,
if G contains subgroups H and K such that H> G, G = HK and H N K = {1}.

Theorem 5.3. Let G = H x K with |H| < co. If RGre satisfies the property
(P), then RKgy satisfies the property (P).

Proof. Let a be an arbitrary element of RIK. We show that a satisfies the property
(P). Since a is an element of RG and RG g satisfies the property (P), there exists
u € RG such that a(RG) = rre(u) and u(RG) < rgg(a). Let a =} a;k; with
aj € R, kj € K and v = ), u;k; where u; € RH, k; € K (since G = HK, the
expression of u is unique). Denote b =Y. e(u;)k;, and so b € RK. We show that
a(RK) = rri(b) and b(RK) < rgi(a).

Let w : G — G/H be the natural group homomorphism. We extend to a ring
homomorphism (still denote it by w).

w: RG — R(G/H)
ngg — ngw(g)

One can check that Ker(w) N RK = 0 and w(v) = ¢(v) for all v € RH. Since
ua = 0, we have

Since ba € RK, we conclude that ba = 0. Similarly, ab = 0. This shows that
a(Rk) < rri(b) and b(Rk) < rri(a). Let y € rrx(b). Then by = 0. We have

~

that H > G, H =), his central in RG. We now have

uf-:fy = Zuzsz-:fy = (Z uzkzzf-:f)y = Za(uz)szfly = I:Iby = 0.
It implies that Hy € rra(u) = a(RG) and so Hy = yH = aw with w = > hjuj,
hj € H and u; € RK. We have y) . h; = yH = aw = > hj(au;). Since
H N K = {1}, the expression of aw is unique. Comparing the coefficients of the
identity hg = e, we obtain y = aug € a(RK). It is shown that rgx(b) < a(RK)
and so gk (b) = a(RK).



20 TRUONG CONG QUYNH*, M. TAMER KOSAN, AND JAN ZEMLICKA

Example 5.4. (1) Let K be a field and G a torsion abelian group. Then KG
is commutative P-injective by [19, Corollary 4.1], hence it satisfies the property
(P) by Lemma 2.4.

(2) Let K be a field and G be a locally finite group containing no element of
order 2 such that all units of KG are of the form ag for a € K* and g € G. Then
K@ is reduced by [14, Proposition 6.21] and left P-injective by [19, Corollary 4.1].
Then for each a € KG there exists b such that 7(b) = aR. Since KG is reduced
and (ab)? = 0 we have b € r(a), hence KG satisfies the property (P) again by
Lemma 2.4.

O
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