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Druhá věta o substituci

Věta (Druhá věta o substituci)

Necht’ a, b, α, β ∈ R∗, a < b, α < β. Necht’ ϕ : (α, β)→ (a, b) a pro každé
t ∈ (α, β) existuje ϕ′(t) vlastnı́ nenulová a ϕ ((α, β)) = (a, b). Necht’ f je
funkce definovaná na intervalu (a, b) a platı́∫

f (ϕ(t))ϕ′(t) dt C
= G(t), t ∈ (α, β).

Pak ∫
f (x) dx C

= G(ϕ−1(x)), x ∈ (a, b).
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Goniometrické substituce

Přı́klad ∫ √
1− x2 dx

Řešenı́: Položme f (x) =
√

1− x2, kde x ∈ (−1, 1) = (a, b), a ϕ(t) = sin t,
kde t ∈

(
−π

2 ,
π
2

)
= (α, β).

Pak máme ϕ(α, β) = ϕ
((
−π

2 ,
π
2

))
= (−1, 1) = (a, b).

Navı́c ϕ′(t) = cos t 6= 0 pro t ∈ (−π
2 ,

π
2 ) a ϕ−1(x) = arcsin x na (−1, 1).

Dále ∫
f (ϕ(t))ϕ′(t) dt =

∫ √
1− sin2 t · cos t dt.

Jelikož pro t ∈
(
−π

2 ,
π
2

)
je
√
cos2 t = cos t, dostáváme pro t ∈

(
−π

2 ,
π
2

)
∫ √

1− sin2 t·cos t dt =
∫

cos2 t dt =
∫

1
2
(1+cos 2t) dt C

=
1
2

t+
1
4
sin(2t).
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(
−π

2 ,
π
2

)
∫ √

1− sin2 t·cos t dt =
∫

cos2 t dt =
∫

1
2
(1+cos 2t) dt C

=
1
2

t+
1
4
sin(2t).

2. věta o substituci 3 / 8



Goniometrické substituce
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2. věta o substituci 3 / 8



Goniometrické substituce
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Řešenı́: Položme f (x) =
√

1− x2, kde x ∈ (−1, 1) = (a, b), a ϕ(t) = sin t,
kde t ∈

(
−π

2 ,
π
2

)
= (α, β).
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2. věta o substituci 3 / 8



Goniometrické substituce
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2. věta o substituci 3 / 8



Goniometrické substituce
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Dále ∫
f (ϕ(t))ϕ′(t) dt =

∫ √
1− sin2 t · cos t dt.
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(
−π

2 ,
π
2

)
∫ √

1− sin2 t·cos t dt =
∫

cos2 t dt =
∫

1
2
(1+cos 2t) dt

C
=

1
2

t+
1
4
sin(2t).
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Pak máme ϕ(α, β) = ϕ
((
−π

2 ,
π
2

))
= (−1, 1) = (a, b).

Navı́c ϕ′(t) = cos t 6= 0 pro t ∈ (−π
2 ,

π
2 ) a ϕ−1(x) = arcsin x na (−1, 1).
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Goniometrické substituce - 2. část

Přı́klad
Podle 2. věty o substituci máme

∫
f (x) dx =

∫ √
1− x2 dx C

=
1
2

arcsin x +
1
4
sin(2arcsin x), x ∈ (−1, 1).
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Hyperbolické funkce

Poznámka
V dalšı́m přı́kladě budeme potřebovat hyperbolické funkce

sinh x =
ex − e−x

2
, x ∈ R, cosh x =

ex + e−x

2
, x ∈ R.

Pro jejich derivace platı́

sinh ′x = cosh x, cosh ′x = sinh x.

Navı́c lze snadno ověřit vztah

cosh 2(x)− sinh 2(x) = 1.

Pro jejich inverznı́ funkce pak platı́

arg sinh x = ln(x +
√

x2 + 1), x ∈ R,

arg cosh x = ln(x +
√

x2 − 1), x ∈ [1,∞)

.
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sinh x =
ex − e−x

2
, x ∈ R, cosh x =

ex + e−x

2
, x ∈ R.

Pro jejich derivace platı́

sinh ′x = cosh x, cosh ′x = sinh x.

Navı́c lze snadno ověřit vztah
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Hyperbolické substituce

Přı́klad ∫
1√

4 + x2
dx

Řešenı́: Položme f (x) = 1√
4+x2

, kde x ∈ (−∞,∞) = (a, b) a

ϕ(t) = 2sinh t, kde t ∈ (−∞,∞) = (α, β).
Pak máme ϕ(α, β) = ϕ ((−∞,∞)) = (−∞,∞) = (a, b).
Navı́c ϕ′(t) = 2cosh t 6= 0 pro t ∈ (−∞,∞) a

ϕ−1(x) = arg sinh (x/2) = ln

(
x+
√

4+x2

2

)
na (−∞,∞).

Platı́ √
4 + x2 =

√
4 + 4 sin2 t = 2

√
1 + sinh 2t = 2

√
cosh 2t.

Protože cosh t > 0, máme 2
√

cosh 2t = 2cosh t.
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2. věta o substituci 6 / 8



Hyperbolické substituce
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2
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Pak máme ϕ(α, β) = ϕ ((−∞,∞)) = (−∞,∞) = (a, b).
Navı́c ϕ′(t) = 2cosh t 6= 0 pro t ∈ (−∞,∞) a

ϕ−1(x) = arg sinh (x/2) = ln

(
x+
√

4+x2

2

)
na (−∞,∞).

Platı́ √
4 + x2

=
√

4 + 4 sin2 t = 2
√

1 + sinh 2t = 2
√

cosh 2t.

Protože cosh t > 0, máme 2
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Hyperbolické substituce
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Hyperbolické substituce - 2. část

Přı́klad
Pak ∫

f (ϕ(t))ϕ′(t) dt

=

∫
2cosh t
2cosh t

dt =
∫

1 dt C
= t, t ∈ R.

Podle 2. věty o substituci máme∫
1√

4 + x2
dx C

= ln

(
x +
√

4 + x2

2

)
, x ∈ R.
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Hyperbolické substituce - 2. část

Přı́klad
Pak ∫

f (ϕ(t))ϕ′(t) dt =
∫

2cosh t
2cosh t

dt =

∫
1 dt C

= t, t ∈ R.
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1√

4 + x2
dx C

= ln

(
x +
√

4 + x2

2

)
, x ∈ R.
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Přı́klad
Pak ∫

f (ϕ(t))ϕ′(t) dt =
∫
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∫
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√
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Odmocniny

Přı́klad ∫
cos
√

x dx

Řešenı́: Položme f (x) = cos
√

x, kde x ∈ (0,∞) = (a, b), a ϕ(t) = t2, kde
t ∈ (0,∞) = (α, β),
Pak máme ϕ(α, β) = ϕ ((0,∞)) = (0,∞) = (a, b).
Navı́c ϕ′(t) = 2t 6= 0 pro t ∈ (0,∞) a ϕ−1(x) =

√
x na (0,∞).

Dále ∫
f (ϕ(t))ϕ′(t) dt =

∫
cos(
√

t2)2t dt.

Jelikož pro t > 0 je
√

t2 = t, dostáváme pomocı́ per partes pro t ∈ (0,∞)∫
2t cos t dt = 2t sin t −

∫
2 sin t dt C

= 2t sin t + 2 cos t.

Podle 2. věty o substituci máme∫
f (x) dx =

∫
cos
√

x C
= 2
√

x sin
√

x + 2 cos
√

x.x ∈ (0,∞).
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Řešenı́: Položme f (x) = cos
√

x, kde x ∈ (0,∞) = (a, b),
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t ∈ (0,∞) = (α, β),
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∫
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Dále ∫
f (ϕ(t))ϕ′(t) dt =

∫
cos(
√

t2)2t dt.
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Dále ∫
f (ϕ(t))ϕ′(t) dt =

∫
cos(
√

t2)2t dt.
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Odmocniny

Přı́klad ∫
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Řešenı́: Položme f (x) = cos
√

x, kde x ∈ (0,∞) = (a, b), a ϕ(t) = t2, kde
t ∈ (0,∞) = (α, β),
Pak máme ϕ(α, β) = ϕ ((0,∞)) = (0,∞) = (a, b).
Navı́c ϕ′(t) = 2t 6= 0 pro t ∈ (0,∞) a ϕ−1(x) =

√
x na (0,∞).

Dále ∫
f (ϕ(t))ϕ′(t) dt =

∫
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√

t2)2t dt.

Jelikož pro t > 0 je
√

t2 = t,

dostáváme pomocı́ per partes pro t ∈ (0,∞)∫
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∫
2 sin t dt C
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Odmocniny
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∫
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Dále ∫
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∫
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√

t2)2t dt.
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√
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2t cos t dt = 2t sin t −

∫
2 sin t dt

C
= 2t sin t + 2 cos t.
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Pak máme ϕ(α, β) = ϕ ((0,∞)) = (0,∞) = (a, b).
Navı́c ϕ′(t) = 2t 6= 0 pro t ∈ (0,∞) a ϕ−1(x) =

√
x na (0,∞).

Dále ∫
f (ϕ(t))ϕ′(t) dt =

∫
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√

t2)2t dt.

Jelikož pro t > 0 je
√

t2 = t, dostáváme pomocı́ per partes pro t ∈ (0,∞)∫
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∫
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2. věta o substituci 8 / 8



Odmocniny

Přı́klad ∫
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√
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Řešenı́: Položme f (x) = cos
√

x, kde x ∈ (0,∞) = (a, b), a ϕ(t) = t2, kde
t ∈ (0,∞) = (α, β),
Pak máme ϕ(α, β) = ϕ ((0,∞)) = (0,∞) = (a, b).
Navı́c ϕ′(t) = 2t 6= 0 pro t ∈ (0,∞) a ϕ−1(x) =

√
x na (0,∞).

Dále ∫
f (ϕ(t))ϕ′(t) dt =

∫
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t2)2t dt.

Jelikož pro t > 0 je
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Řešenı́: Položme f (x) = cos
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x, kde x ∈ (0,∞) = (a, b), a ϕ(t) = t2, kde
t ∈ (0,∞) = (α, β),
Pak máme ϕ(α, β) = ϕ ((0,∞)) = (0,∞) = (a, b).
Navı́c ϕ′(t) = 2t 6= 0 pro t ∈ (0,∞) a ϕ−1(x) =
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Dále ∫
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∫
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Jelikož pro t > 0 je
√

t2 = t, dostáváme pomocı́ per partes pro t ∈ (0,∞)∫
2t cos t dt = 2t sin t −

∫
2 sin t dt C

= 2t sin t + 2 cos t.

Podle 2. věty o substituci máme∫
f (x) dx =

∫
cos
√

x C
= 2
√

x sin
√

x + 2 cos
√

x.x ∈ (0,∞).
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