Cviceni 01-04 NMTM102 - Matematicka analyza II.

Zadani

1. Vypoctéte derivace nésledujicich funkci:

a) f(z) = sin(x?) cos(2z) c) f(z) =|cos(v/3z + 3)| e) f(x) = arctg (%)
b) f(z) = etsBa=2) d) f(z)=In (;ﬁ%) f) f(x) = /arcsin(z? + 3)

2. Vypoctéte prvni a druhou derivaci nasledujicich funkci a urcete jejich hodnoty v bodé a:

a) f(x) =sin(x)cos(2z), a=0
b) f(z) =€t a=1

¢) f(z) =15, a=0

d) f(z)=+v1+axsinz, a=0

3. Urcete, ktery z nasledujicich graf funkci odpovida hodnotam zadanych derivaci v bodé a = 0.

a)
flo)y=1, f"0)=1

c) 0

) B) D)

A) D)

B) C)

a) f(z) =sinzy1+z

b) f(z) =e”

¢) f(x) =—2sinzcos(2x) — 1
d) f(x) =10z* — 2z

5. Najdéte polynom druhého stupné, ktery nejlépe aproximuje funkci f(x) v bodé a = 0, pokud vite, ze f(0) =1, f/(0) =1
a £(0) = 1

6. Urcete rovnici teény k funkci f(x) v bodé a, je-li

a) a=1, f(a)=1a f'(a) =2

b) a=-1, f(a)=0a f'(a) =1
c)a=2, fla)=3a f'(a)=-7
d) a=1, fla)=-2a f'(a) =3

7. Urcete Tayloriv polynom n-tého stupné k funkci f v bodé a.
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a) f(x) = e, a=0,n=2
b) f(z) = 2= g =0,n=3
¢) f(x)=v1+asinz,a=0,n=3
d) f(x) :2—lnfi11,a= 0,n =2
8. S pomoci Taylorova polynomu urcete nasledujici limity.
R

z—0 z

lim (5 — S25)3

. cos zarctgr—x
7141_>H10 z(2e*—e?2?—1)

)
)
)
£) lim (Va0 4 2% — Va0 —af).
)
)

lim 22 (vVz + 1+ vz —1—2,7).

g

T—0o0

. .2 1
h Tlgréo(x z?In(1+ 1)).
T 0T _gsinT _ jarcsing

9. S pomoci Taylorova polynomu urcete se zadanou presnosti hodnoty:

e, 1073

b) V1+e, 1073

e) sin0,1, 107
) sin33°, 107°
)
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~ v »
Reseni
1. a) f'(x) = cos(x?) - 2z - cos(2x) — sin(z?) - sin(2z) - 2
b) f'(z) = BB . s
c) f'(z) = —sgn(cos(v/3x + 3)) sin(+/3z + 3)) - 2\/3330?
23 x ] ) .2 in 3 _ (2,2 inz
d) f/(.%‘) — 4Si-1|1-i, _cosz(w +(2z€)+2(§)12 +2) sinx _ cos z(x (1_32?21;)(2;;2)3 x
’ o 1 . (sin z+4x cos x) cos z+sin® z-z . sin x cos x4z
) S0 = g ™ oo (12
f) f'(z) neexistuje, jelikoz 22 + 3 ¢ [—1,1].
2. a)
f'(x) = cos x cos(2z) — 2sin z sin(2z), f0)=1
f(x) = —(sinz cos(2x) + 2 cos x sin(2x)) — 2(cos z sin(2x) + 2sin z cos(2x)), f7(0)=0
b)
fz) =" (22 + 1), £/(1) = 3¢?
(@) = e (20 +1)2 +2) = ¥ T7(4a? + 4z + 3), F(1) = 11¢2
c)
, ev(e”+1) —e” - e” ev , 1
= = O — —
/@) (e* +1)? (e* +1)%’ For=3
ewew+12_26216w+1 63w+262w+€w _2€3w+e2z ex_63w
gy = SV 2 ) ) e
(e” +1) (e +1) (e +1)
d)
F(z) = 25‘% +cosavI+z, F0)=1
x
2coszy/1+x — L cosx sinz cosx
"x) = T sinavI+ o+ =— —sinzvV1+z+ , "0)=1
/(@) 41+ ) Witz  dlta)d s O
3. a)AC
b) B, C

4. a) f(0)=0a f'(0) =1 (viz Gloha 2.d). Tedy te¢na je popsana rovnici y(z) = z. Graf funkce f(z) je na obrazku A)
v tloze 3.a).
b) f(0) =1a f’(0) = 1. Tedy tefna je popsdna rovnici y = 1 + x. Graf funkce f(z) je na obrazku C) v tloze 3.a).

c) f(0) =—1a f”(0) = —2 (viz tloha 2.a). Tedy tecna je popsana rovnici y(z) = —1 — 2z. Graf funkce f(z) je na
obrazku B) v tloze 3.b).

d) f(0) =0 a f”(0) = —2. Tedy te¢na je popsana rovnici y(z) = —2z. Graf funkce f(z) je na obrazku C) v tloze
3.b).

5. p(x) = a+ bx + ca?, tedy p'(z) = b+ 2cz a p’(x) = 2c.

1=p(0)=a+b-0+c-0°=a=a=1
1=p'(0)=b=0b=1

1
1:p”(0):2c:>c:§

Tedy p(x) =14z + 9”—22
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6. a) y(z) =c1 + cox, tedy

l=y(l)=c14+c-1
2=9y'(1) =c

Dostaneme tedy y(z) = —1 + 2.
Druhy zptisob feSen{ je hledat tecnu ve tvaru y(z) = di + da(x — a), tedy v naSem ptipadé ve tvaru y(z) =
dy + da(x — 1). Pak dostaneme rovnice

1=y(1):d1+d2(1—1):d1
2=y'(1) =d>

Tedy y(x) = 1+2(x—1). VSimnéme si, ze d; = f(a) a da = f'(a) (hledana tecna je tedy Taylortiv polynom funkce
fvbodéazlfédunzl.

b) y(x) =0+1(z - (-1)) =z +1
¢) ylz) =3-7(z-2)
d) y(x) =—-24+3(x—1)
7. a) f(z) = 5=, tedy f(0) =4, f/(0) =1 a f7(0) =0 (viz cviceni 2.c)). Tedy
77 1 =z
%) = 10) + 70~ 0)+ L@ o= 2+ 2
b) f(zx)=e tedy
(@) = e (2 - 20),
f”(fE) 2z z? ((2 )272) 21 z? ( QZ *81’4‘2)
F(x) = 2 (422 — 8z + 2)(2 — 22) + 8z — 8) = €277 (—82% + 242 — 122 — 4).
Po dosazeni dostaneme f(0) =1, f/(0) =2, f”(0) =2 a f"(0) = —4. Hledany Taylortiv polynom mé tvar
1 O " O 2
Tg’o(x) = f(0) + f'(0)x + ! 2( )x2 + ! 6( )a:g =1+2z+2%— gm?’.
veLs / o v s z i _ 1" _ " _ _ _sinz o cos T
¢) S vywztim vysledkil z cvideni 2.d) mdme f/(0) =1, f/(0) =1a f"(x) = vy sinzy/1 +x + 755, tedy
() = sz 404 0)} —sina 604 )2 o sine | TSRAVIAT g
16(1 + )3 21 +z l+z
Po dosazeni dostaneme f(0) =0 a f”’/(0) = —I. Hledany Tayloriiv polynom mé tvar
an n 2 7

Pocitat druhou, tieti nebo i vyssi derivaci u funkee f(x) = v/1 + xsinx mize byt ¢asové naroéné, ale Taylortiv
polynom funkce f(x) = /1 + xsinz lze ziskat i jinym, nez pravé uvedenym zptsobem. Urdeme si nejdiive Ta-
ylorovy polynomy fadu n = 3 pro funkce g(z) = sinx a k(z) = /1 + . Jelikoz ¢'(z) = cosz, ¢’ (z) = —sinw,
g"(x) = —cosz, k'(z) = L(1+ )72, k" (2) = 2 (1 +2)"% ak'(z) = (1 + )73, tak

7§ (x) = g(0) + ¢'(0)z + 2%+ B §

g"(0) o 9"(0) 3 1 s
2 6 6
kl/ k//l 1 1
T (2) = k(0) + K (0)z + 2(0):10 + 6(0) =1+ 2%~ §x2 + f—sx?’.
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Z Peanovy véty vime, ze T3f’U (z) je jediny polynom stupné n < 3 spliujici f(z) —Tsf’U () = o(x3). Vime ale také, Ze
sinz—T9° (z) = 0(z3) a1+ 2—T3°(x) = o(2?). Z toho dostaneme rovnost sin 2v/1 + z—T§° (2)T5°(x) = 0(z3).

Jelikoz ) 1 ) 5 1 .
TP ()15 () = (& — 6:1:3)(1 + 5T = gaﬂ + @xb‘) =+ 5:52 - ﬂxfﬁ + o(z?),
tedy Tg’o(x) =x+ %xz — %mg’.
d)
f,(x)__:n—&—l 20z +1) = (2*+1) 2P 420-1 = P41
2241 (x+1)2 (D)2 +1) 3424+l
() = (22 + 2) (2P + 2?2+ +1)— (22 + 22— 1)(3z2 + 22 + 1)

(3422 +x+1)2

Po dosazeni dostaneme f(0) =2, f/(0) =1 a f”(z) = —3. Hledany Taylortv polynom mé tvar

3
T (x) =2+ 2 — 5562.

sinz — (z—% 4o@®)—az . —Z +o(z?) 1
lim = lim = lim =—=
z—0 3 z—0 3 z—0 3 6
b)
3
~ x
Tsmz,() _ v
3 (x) = 6
@ z?2 a3
Te ,0 -1 < <
3 (@) =1+z+ 5t 5
Tedy
2 3 3 3 3
e’sinx = (1+x+%+%+0(z3))(zf %+0(x3)) :x+x2+% - %Jro(:cg)

2, @° 3
=z+ux +§+0(x ).

. €sinz—az(z+1) (ﬂc+sc2+%3+0(m3))—x(:v+1) L 4o(®) 1
lim = lim = lim = —.
x—0 333 z—0 :E?’ z—0 {173 3
c)
(@) =a"Ina
(a®) =a®In*a
(a™*) = —a"Ina
(a™®) =a®In’a
2
78 °=1+Ina z+ n2a 2
2
T; O—1—Ina-z+ 42
o adt4a v =2 ) 1+1na-z+%x2+171na-x+%x272+0(z2)
1111%72 = hn%J 5
z— x T— x
2 o(z?
_ g e o) (0 + %) —nq

x—0 2 x—0 xr2
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d)
: 1‘—£+0($3) -z 1—£—|—0(m2)
. 1 cosz\ 1 . sinx —xcosx . 6 2
lim | — — — — = lim - = lim
z=0\z sinx/x 2-0 z?sinx 20 x2(x + o(x))
3
z_ _ L+ 1
= lim —2 5 +ole ) ==
S
e)
(arctgx)/ = W
(arctgz)” = _ T
T ey
(arctgz)"” = —2(142%)? +22-2(1 +2?)2z  —2(1+2?) + 822 _ —2 + 622
(1+22)* (1+2%)3 (1+22)3
; 2 1
T80 — 04z 4+ 0-2% - 2% = — Zab
6 3
1
0
Tgcosac —1— 51,2
L o 3 L 3 3 L s 13 3 5 3 3
cosx~arctgx:(1—§x +0(x ))(a:—gx + o(x ))zx—gx — 5% +0(z )zx—éx +0(z?)
. 2
T2 ’O(x):2+2x+2%:2+2x+x2
e2% 0 2‘1‘2 2
Ty "(z)=1+2z+2 ?:1+2z+2x
(26" — ™ — 1) = x(2 + 2z + 2% — (1 + 2z + 222 + 0(2?)) — 1) = z(—2? + o(2?)) = —2® + 0(2®)
" coszarctgr —x r— 22 +0(z®) —x . 223+ 0(x%) 5
-0 (26 — €22 — 1) a0 3+ 0(x?) z=0 3 +0(x3) 6
£)
lim (V26 + 25 — {/26 — 25) = lim = | { 1+17 o/ 1) lim 1(\6/1+ /1 —y) = ()
T—00 X X y—>0+y
1 5 1 5
(VIHy—YT=p) = 20+ F+ 2=y~ F = BV V0) — 04 2y 4+ ofy)
6/ S - 1 1
(x) = lim i Y=~ lim 3 oly) _1
y—=0+ Y y—=0+ Y 3
g)

(%) =

y~>0+

p VIFUEVIZy -2

li = lim —— % 7 __Z
im im 1

y? y—=0+ y?
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h)
1 : In(1 +y)
Jm (@ —2%In(l+ 2)) = lim, (y — e y>) B T ()
In(14y),0 1
T2(+y) =y §y2+0(y)
—In(1 —(y—59° +o(y? 3y% + o(y? 1
() = lim Y n(2 ) _ oy Y ¥ W) _ ., 2Y 2(9 ) _ L
y—0+ Y y—0+ Y y—0+ Y 2
i) lir% 261_6“;# Oznaéme f(r) = "% a g(x) = €M%, Jelikoz je ve jmenovately ¢len %, tak uréime
T—
Taylorovy polynomy funkci v ¢itately do stupné n = 5.
flz) =em7, f0)=1
f(x) = e " cosx, f(0)y=1
f"(x) = ™% (cos® x — sin ), f70)=1
" (x) = ™% (cos® x — coswsinx — 2cosxsina — cosz) = 5" ¥(cos®  — 3coswsinz — cos ), 770)=0
W () = e (cos? 2 — 3cos? zsinz — cos® z — 3cos? zsinz + 3sin? 2 — 3 cos® & + sin )
M7 (cos?  — 6 cos? xsinx — 4 cos® x + 3sin® x + sin ) @) =-3
fON(z) = e (cos® 2 — 4 cos® & — 6cos® z + cosx + ...) FO0) = -8

Pi#i uréovani f(®) (x) poéitdme jen ¢leny, které neobsahuji sinz (¢leny obsahujici sin 2 pfi dosazeni v nule nemaji

vliv).
Tgf’o(x):1+x+%2—34—‘f—85—ﬁ5.

g(z) = garesing 9(0)=1
g(z) = earcsinxﬁ7 9'(0)=1
g(z)!! = eoresin (<1 —2?) 4 (1-2?)" %x) ’ g"(0) =1
g(x)" = erresine ( (1 —z? +(1—2H 2z + (1 —2H) 220+ (1 - x2)7% + g(l — x2)32x2)

= earesinz (2(1 —a?) 72 431 - 2) 2w+ 3(1 - 5172)7%952) , g"(0) =2

gD () = earesine (2(1 243(1—a?) 3x4+6(1—2?) 32431 —-2%)"2+6(1—2) 32+ )
_ parcsing (5(1 2 4 15(1 — 22)” S ) , gD (0)=5
9O (z) = emresine (5(1 ) 3 15(1—2?)E 4 ) 9®(0) = 20

P#i urcovani g* (r) pocitame jen ¢leny, které neobsahuji x2, 23, ... v éitately, pfi uréovani g(5)(x) pocitame jen
2 .3

¢leny, které neobsahuji z, 22, #3 v ¢&itately. Tyto ¢leny nemaji na hodnoty g(*(0) a ¢(® (0) vliv.

2 943 gt 2040
T90() = 1404 & 4 2 500 200

2 3! 4l 5!
- et _ SinT _ parcsinz . 22?:0 ﬂé; _ (1 4x % _ % _ %) (1 L4z _|_ 2?:)v’ + oz:' + 20:1: )+O(.TE5)
r—0 x5 x—0 x5
W SR ek et GOy (. N Co ) N
z—0 x° z—0 5! 0 12°
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9. a) Pouzijeme Taylortiv polynom 7¢ (x) = 1 + 2 + TQ—? +..+ % vbodé x =1
e*o nal evo nal e®o 3
- = 1-0 = < .
@)l = mry @ =) CESIA it " (nr1)
Potfebujeme tedy takové n, aby (n + 1)! > 3000.
n 11213 4 5 6
(n+ 1)1 | 2624120 | 720 | 5040
1 720 + 7204+ 360+ 1204+30+6+1 1957
~1+1 — = = = 2, 718056.
Rty 2' Tt 720 20
Pro porovnani e = 2, 718282
b)
@) = Vi¥e
1
@)= 5 +a)s
1
fa)=—(1+a)3
F(@) = 214 a)
Zvolme a = 3 (jelikoz a = 3 je blizko x = ¢ = a /1 + 3 = 2). Pak R,,(z) = fz:r(f;?) (x—a)" Tt = fz;r(f;?)( —3)n+L,
kde z¢ = (e, 3). Jelikoz |z — a| = |e — 3] < 0, 3, pak
f" (o) 2 ‘ _i 2 ‘ _i 9 -2 9 -2 -3
Ri(z)| = e—=3) | =|—"=(€e-3)" |~ 0,3 — 107" =—-100"=1,5-10
R = | e =9 = | e 9 = | 097 = 4
f" (o) 3 ’ % 3 ‘ g 3 3’ -3 _ 27 3 -
Ry(z)| = e—3)°|=|—"—=(€e—-3)’| =~ | ————=(0,3)’| = - 107° = 1073 ~0,5-107*
oo = (PP e =9 = [ o= g 0| = 0t =

K aproximaci tedy pouzijeme Taylortiv polynom funkce f(x) =
dostateéné malé).

V14 x v bodé a = 3 stupné

fla)=vV1+3=2
1 1
fla)=5(1+3)7% = ¢
1
f'a) =-11+2)7F = %
1 1
7?%@=2+1w—® @
VIFem 2+ 2(—0,282) — —(—0,282)2 ~ 2 — 0,0705 2 0t —1,0295 - =
eEeTT 64° ~ 64 - 4
=1,9295 — 0,0012025 ~ 1, 9283.
Pro porovnani /1 + e = 1,928285.
¢) Pouzijeme Tayloriv polynom T35 *°(z) = & — %? + .. (=1)nFt (gz o« =0, L.
- 1
|fﬁ(z)|:|f@(x)\:|445§?fo3|< 6-10*3::(L0001666
|R3(z)| = |Ru()| = |CO“0 2% < 5-0,8333-1077
Tedy
0,13
5 = 0.1-0,1666 1073 = 0,0998333.

Pro porovnani sin0,1 = 0,09983342.

n =2 (|[Ry(z)| je

1074
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d) K aproximaci pouzijeme Tayloriv polynom Tzinx’% (), tedy a=F ax = %7‘( =a+g-
2
— g I 1
Ry(o)] = | 2520 (e (6 1 g2z 0,00125
2! 2 8
— cos(zo) J (&) 0,000125
|R2(2)] = |——(z —a)’| < R ~ 0,000021
3! 6 6
Rafa)] = |00 — qye| < LB Q000021 00055
SN =\ Ty e u T g T '
Tedy volime n = 3.
sin 33° ~ T5" () = sina + cosa(z — a) + ?(m —a)? 4+ — (;(;S@(w —a)®
1 371 2 m2 § T3
_ S VI 3 (TN D2 (TN ) 5446380,
2+ 2 60 2 (60) 6 (60) ’
Pro porovnani sin 33° = 0, 54463904.
e) Zvolime funkci f(z) =212, a=1ax=1,1.
" 1,2-0,2- —0.8 1,2.0,2
Rao)) = (L5 | = |PERE 0 e < 2202002 1 000
" ~1.92. 2. . -1,8
|Ry(z)| = ‘f ?E'xo)(x —a)?| = ‘ 20, ;’8 @) | < 1,2 1072 % 1071 = 0,32 107,

Tedy volime n = 2.

. " 1,2-0,2
L2 R 90 = )+ )01+ 10 001 =14 1,2.0,1+ 2202

1
5 5 0,0
=1+40,12+0,0012 = 1,1212.

Pro porovnani 1,112 = 1,121169.




