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Game with random payoft

Definition

By a game with random payoff on a probability space (€2, A, P) we
consider a triplet G = (I, {X;}icr, {ui}icr), where I ={1,...,N} is a
fixed finite set of players, X; is a set of (mixed) strategies of the
player ¢ and u;(x) is A-measurable random variable, for each € X.
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On the probability space

o Let X =X, _; X; be the set of mixed strategy profiles. It follows
that X ~ S C R¥ where S = Xier S; and
S; = {z; € RE: | > pep, Ti(p) =1, 2i(q) = 0, ¢ € P;}, where
K =73, K; is the number of different pure strategy profiles.
e Natural choice is Q = {u € CVT(X) |||ul[cn+(x) < 1}, where
l[ullen+(x)y = D ier SUPgex [ui(x)|. Since u; is linear on X it
follows that u;(x) =< w;,z > +0; for some w; € R%: 0, € R.
o If we set 6, = 0,7 € I we can construct a homeomorphism
H : CNT — REF so that H(u) = (ui(pi))ier pep, € REF. From
which we can construct 2 equivalently as
0 = {w e REF | ||w||gx+ < 1}
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a-Best response

Definition

Let G = (I,{X,;}icr, {u; }icr) be a game with random payoff on a
probability space (2, 4,P) and «; € [0,1]. We define the set of best
response strategies on a confidence level of a; for the player i with
individual constraints, given strategy profile of other players

x_; € X_; as

BRIiai( ) {xl € X; |Vp€P P(uz(xzv ) >uz(p7 )) Zaz}
Similarly we define the set of best response strategies on a confidence

level of «; for the player ¢ with joint constraints, given strategy profile
of other players x_; € X_; as

BRJ(x_;) ={z; € X; | P(Vp € P; : wi(zs, ;) > ui(p,x—;)) > oy}
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a-Nash equilibria

Definition

Let G = (I,{X;}ier, {ui}icr) be a game with random payoff on a
probability space (€2, 4,P) and & = (a;)ier € [0,1]7 be a vector of
confidence levels. We define the a-Nash equilibrium of the game G
with individual constraints as ¢* € X such that

Viel:zf € BRI} (z*,) and a-Nash equilibrium of the game G with
joint constraints as * € X such that Vi € I : 27 € BRJ" (x*;). The
set of a-Nash equilibria of the game G with individual constraints will
be denoted as a-IN E(G) and similarly the set of a-Nash equilibria of
the game G with the joint constraints will be denoted as a-JNE(G).
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Existence and other nice properties

Theorem

Let G = (I,{X;}ier, {ui tier) be a game with random payoff on an
arbitrary probability space (0, A,P) then:
Q@ (Ezxistence) o > 0 and x* € X such that x* € a-INE(G).
@ (Confidence monotonicity) Vo > & it holds that
a-INE(G) C &-INE(G) and a-JNE(G) C &-JNE(G).
@ (Almost sure Nash equilibrium) If o = 1 then
a-INE(G) = a-JNE(G) = NE(G), where NE(G) is the set of
strateqy profiles that are Nash equilibria up to some P -null set.
Q@ (No uncertainty equilibrium) If P = d,, for some w € Q (that is
scenario w occurs with probability 1) then Yo > 0 it holds that
a-INE(G) = a-JNE(G) = NE(G(w)), where by NE(G(w)) we
denote the set of Nash equilibria of the deterministic game with
payoff given by the scenario w € €.
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Unique confidence levels

Theorem

Let G = (I,{ X }icr, {ui }icr) be a game with random payoff on a
probability space (Q, A,P). Then Va € X there exists a unique

a € [0,1])f so that x € a-INE(G) and V& € [0,1]F with

x € &-INE(G) it holds that & < . Similarly, there exists a unique
a € [0,1])f so that x € a-JNE(G) and Y& € [0,1]! with

x € &-JNE(G) it holds that & < .

We can define () as the maximal levels o so that « € a-NE(G).
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The Most likely equilibria

Definition

Let G = (I,{X,;}icr, {u; }icr) be a game with random payoff on a
probability space (2, .4,P). Denote

ANG) ={a€[0,1]|a-INE(G) # 0}. If z* € a-INE(G) such that
Vé € \(G) : & # a we will call * the most likely equilibrium. The
set of most likely equilibria will be denoted as M LE(G). The MLE is
called non-degenerated if Vi € I : a; > 0 in this equilibrium. Set of
the non-degenerated equilibria will be denoted as M LE™(G). For a
x* € MLE(G) we will write a(x*) to denote the set of maximal
confidence levels on which «* is achieved.

The set of most likely equilibria is a set of efficient solutions of

max a(x).
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Restrict ourselves to the study of a-JNE(G). In this case, we want
to find the efficient values of ¢ : X — [0,1]! defined as

¢(@) = (Plui(z) = ui(p, ®—i), p € P)ier.

This is ¢(x) = Ep f(x) = Ep (I(ui(x) > ui(p, i), p € P;))icr-
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Learning the most likely equilibria

By a repeated version of G we mean a collection of games with
random payoff I' = {G'};en such that Vt e N: It =,

Viel: X! =X, and V{x'};cny C X the associated payoff process
{ul(x") }1en is iid..

During the play of the game, players learn the true value of P by
approximating it based on the empirical measure P = % 23:1 0w, s
that is known at the round 7" + 1.
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Our question is whether

EF(¢r,X) — EF(¢,X), T — 00, P —a.s., (1)

where (Z/;T = E]P’T f
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Learning the most likely equilibria

If we take Fy(z,w;c) = — < ¢, f(x,w) > then from (Rémisch, 2003)
we have that

|Héi§/Fo(w,w;c)dP(w) - Héi)ré/Fo(w,w;c)dQ(wﬂ < dr(P,Q),
where dz(P, Q) = supgex | [ Fo(z,w;¢)(P — Q)(dw)|. Now the
question is whether dx(P,P7r) — 0, T — oo, P —a.s.? Or in other

words if the collection of functions F = {Fy(x;c) |x € X} is strong
Glivenko-Cantelli?
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Learning the most likely equilibria

We need to consider the Vapnik-Cervonekis dimension of collection of
sets C;(p) = {Ci(x,p) |z € X}, where

Ci(z,p) = {w € Q| u;(x,w) < u;i(p,x_;,w)}. From the properties of
the VC dimension, it then holds that finite unions, intersections, and
complements of collections with finite VC dimensions have finite VC
dimensions. In this way, we may construct F as a collection of linear
combinations of indicators over sets with finite VC dimension. Such
collections of functions are strong Glivenko-Cantelli.
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Figure 1: Blue rectangle picks out subset {(2,2),(2,1)} from
{(2,1),(2,2), (4,1)} but it is not possible to find values of z and y so that
[—00, 2] X [—00, y] picks out subset {(2,2), (4,1)} therefore system

C = {[~o0,z] x [~00,y]| (z,y) € R*} has VC dimension of at most 3.
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What is the Vapnik-Cervonekis dimension in our case?

We use the Lemma 2.6.15. from (van der Vaart and Wellner, 2023)
which states that VC (V) < dimV + 2. We show that

dim V;(p) < K + 1 for a collection of functions

Vi(p) = {v(x) = ui(p,z_;) — u;(x) |z € X}, where K is the number
of pure strategy profiles. Consequently

Ci(p) = {Vi(p) > 0} = {{v > 0} |v € V;(p)} has a finite VC dimension.
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What is the Vapnik-Cervonekis dimension in our case?

We have dim X = K. Suppose that dim V;(p) > K + 1 this means

that there exists vy, ...,vk11 € Vi(p) for which
K+1
Zakvkzo = a1 =...ax41 =0
k=1
and so there must be x1,...,xx41 € X such that
vy =v(®1),...,vk+1 = v(€x41). From which and linearity of v(.,.)
in the first argument, we can find non-trivial a;,...,axy1 so that
K+1 K+1 K+1
0=v(0) = v(z axy) = Z arv(xy) = Z aRvk
k=1 k=1 k=1
= a1 =+ =ag4+1 = 0. Which is a contradiction, therefore

dim Vy(p) < K + 1.
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Back to the original problem

maxEp, <c, f(z) > maxEp <e, f(x) >, T =00, P —a.s. (2)
reX zeX

liminfargmaxEp, <e¢, f(z) >=argmaxEp < ¢, f(x) >, P —a.s..
T—oo  gex xeX
(3)

Theorem

Let T be a repeated version of the game with random payoff G on a
probability space (2, A,IP) then (2) and (3) hold.
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Unfortunately, the most likely equilibrium is not well-equipped to be
the best notion of stability.



The classical concept of stability based on the expected payoff

Ep ui(x,w) > Ep ui(p,x_;,w), Vp € P, Vi € I. (4)

This is a very simple stochastic preference...
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Stochastic preference

Definition

We will say that the random preference relation >=* on L (%) is
consistent with stochastic dominance relation generated by G C U if
X =g Y implies X =* Y, VXY € L1 ().

Let p: L1(X) — R be a risk functional and we define the natural
p-preference as X =,Y <= —p(—X) > —p(—Y). (Notice that if
p = E then we receive exactly the classical approach.)
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What are the reasonable choices of p?

Definition

We will say that the random preference relation >=* on L (X) is
consistent with stochastic dominance relation generated by G C U if
X =g Y implies X =* Y, VXY € L1 ().

We want to know, for what measures p the associated preference is
consistent with the FSD?
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Distortion measures

It turns out that p has to be a distortion measure. For more detail see
(Follmer and Schied, 2016).

Definition

Let (92, A,P) be a probability space. Non-decreasing function

¥ : [0,1] — [0, 1] that satisfies (0) = 0, (1) =1 is called distortion
function. By the dual distortion function corresponding to ¥ we mean
P*(z) :=1—(1 —2x), z € [0,1]. The monotone, normalized set
function defined on (€2,.4) as ¥(.) = ¢(P(.)) is called the distorted
version of P or v-distortion of PP.

p is a distortion measure if it is the ’expectance’ with respect to some
distorted version of P.
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Figure 2: Graph of the distortion function ¥ (z) (blue) and its dual ¥*(x)
(red) defined on [0, 1].
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Choquet integral

Since ¥ from the previous definition in general isn’t a proper
measure, we need to define a new type of integral.

Definition (Choquet integral)

Let Q be an arbitrary set and A be a collection of subsets of 2. Finite
set function ¢ : A — [0, 00) is called monotone if VA, B € A: AC B it
holds that ¢(A) < ¢(B). Let f: Q — R be any function, the Choquet
integral with respect to finite monotone c is defined as

0 [e'S)
%fdc = [ (c({w € Q| f(w) > t})fc(Q))dt+/O c({w € Q| f(w) > t})dt,

where the integrals on the right-hand side are standard Lebesgue
integrals.
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If f > 0 this is simplified to just

%fdc: /000 c({w € Q| f(w) > t})dt.

Notice the similarity with

EPX:/OOIP’({weQ|X(w) > t})dt



In some settings the distorted measure V¥ is a proper probability
measure. Namely, we need that v is a subadditive function. In
general U is just a monotone, normed set function (Capacity).
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Some properties of the distorted integration

Theorem

Let (Q, A, P) be a probability space and ¥ be a distorted version of P
then

Q@ If X =psp Y then § Xd¥ > §YdT
Q@ — § XdV¥ = § —Xdv*
Q § Xd¥ =maxgeg Eqg X < 1 is a concave function.

Consequently we may consider the risk measure p(—X) := § —Xd¥*
then clearly X =rsp Y = X =, Y because we have

—p(—=X) = — f{ —XdU* = ]{Xd\IJ > j{Yd\IJ = f{ —YdU* = —p(=Y)
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Modules of stability

Definition

Let G = (I,{X }ier, {vitier) be a game with random payoff on a
probability space (€2, A,P). Mapping M : [0,1] x X — [0,1] that
satisfies following:
@ For any player ¢ € I it holds that
Ya_; € [0, 1}7l g limai*)() M(ai, a_;, ) = M(O, a_;, ) =0,
© M is non-decreasing and right-continuous as a function of the
confidence levels,
@ if for some x € X, ¢ € I and y; € X; it holds
a(z) = a((yi, z—;)) = a € [0,1] and we define
G(x_;,P) ={u;(.,,z_;,w) |w € Supp(P)} then if
Yu; € G(x—;,P) : ui(x) > u;(y, z_;) then
M(a,z) > M(a, (yi, —;))-
is called the Module of stability of the game G.
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Most stable equilibria

We may define the most stable equilibrium as ¢ € a-NE(G) that
maximizes M (a(x), x).

The idea is to create a stochastically robust analog of the variational
inequalities to ensure that our model doesn’t predict unreasonable
equilibria which are never the best responses.
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Some more structure for the module?

We want to especially consider modules of the type

M(a(x),z) = Hzel M; (ozl( ) x) and more specifically

M;(ci, ) = fi(ay, $ ui(x ) for some distortion measure

U;(.) =¥(P(.) and f; : [ } [0,1] — [0, 1] is non-decreasing in
both arguments and continuous and vanishing in 0. f; may be
interpreted as an endogenous probability that the player ¢ will choose
to play x;, given they know that the probability of x; beating x_; is
a; and their prospect resulting from « is § u;(x)d¥;.
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Open questions

o What are the properties of the mapping ¢(.)¥(.) : X x D(Q) - R
which maps (z, Q) — ¢ u;(z,w)dy(Q(w))?
o How to design the module of stability for a given use?

o Can we construct a sufficient and necessary condition on the
existence of the most stable equilibrium?

e Can we connect the deterministic equivalents based on distortion
measures with the a-NE?
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