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Time-dependent Cahn-Hilliard equation:

1y w=A —PV - (|VulP V) + W (w)

for t €2 and t >0,
subject to the Neumann (i.e., no-flux)
boundary conditions

VulP™?(v-V)u=0 and
(2) (V) |-’V (|Vul2Vu) + W (w)| =0
at x € 92 for t >0,

where 1 <p<oo,e>0,and W : R — R is

a given potential function of class C1 whose first
derivative might be only HOlder-continuous. Semi-
linear case p = 2 is well-known; see, e.g.,

R. Temam (monograph by Springer-Verlag).

We abbreviate by Ayu S V- (|Vu[P2Vu)

the well-known p-Laplace operator; of course,

A-> = A is the (linear) Laplace operator.

Material occupies a bounded domain 2 C RN with a
sufficiently smooth boundary 0f2.



If W is of class C? then
the boundary conditions (2) are equivalent with
the Navier boundary conditions

(3) (v - V)u= (v -V)(Apu) =0
at x € 92 for ¢t > 0.

Classical choice of W: double-well potential

W(s) =(1—s2)2 for seR

which attains global minimum at two points, s =
—1 and s, =1 (Cahn and Hilliard).

These points of minimum are nondegenerate,

with W/(£1) =0 and W"(+1) =8 > 0.

Entirely different behavior of
the stationary solutions satisfying

(4) —ePApu+ W' (u) =0 for z€Q;
(5) (v-V)u=0 at z €99,

for classical linear diffusion (p = 2) and
degenerate nonlinear diffusion (p > 2).



Degenerate nonlinear diffusion (p > 2) exhibits
a greater variety of stationary solutions.

One can observe the same phenomenon for
classical linear diffusion (p = 2) if the potential
W is modified to W(s) = |1 — s?|® for s € R,
where « is a constant, 1 < a < 2.

We focus on problem (4), (5) with arbitrary p,a > 1.
More generally, we consider
the potential

W(s)=|1—|s|ﬁ)a for se R,

where p,a, 3 > 1 are constants.

Asymptotic behavior:
W(s) = 5% |1 = |s||” + O (|1 = Isl[*T)
for s — +1,
W(s)=1-als|”+0(|s]*)
for s — 0.

The following constant is important for N > 2,

def BN

1© > 1.
PNG = N_143°

One has p; g=1and pyg>1for N > 2.
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Radially symmetric solutions in a ball

Boundary value problem (4), (5) reduces to

(6) _ P~ (N-1) (TN—l |u/|p—2u/)/ W (w)
=0, O0<r<RH;
(7) w'(0) =0, 4 (R)=0.

This problem applies to any choice N > 1.

N —1
N (|u/|p—2u/)/ + S B |u/|p—2 ' W’(u)
(8) r
=0, 0<r <o
(9) u(0) = -0, 4/ (0)=0,
where ug = —60 € [—1,1] is given.

e reaction (independent from N)

e diffusion

e damping (only for N > 2)



Case N =1.

Problem (4), (5) is the boundary value problem for
all stationary solutions of the so-called
bi-stable equation

up = e <|uw|p_2ux)x — W'(u)

(10)
forO<z<1andt>0,

subject to the boundary conditions

(11) upy =0 atx=0,1, fort>DO0.

Equations (10), (11) describe the gradient flow for
the functional

1 p

Te(u) dg/ (6— Iumlp+W(u)> de,
0 \p

ue WhHP(0,1).

(12)



N nonperiodic

l<p<a<oo, W(s)=|1-s2"

A nonperiodic

\connects the
equilibria

\ 4

icﬁc

l<a<p<oo W(s)=|1-—s2.

\



For 1 < a < p< oo we have loss of unigueness in the
initial value problem for the first integral
of eq. (8),

p—1

(13) el lug(x)|P — W (u(x)) = const,

0<zx<1.

Denote p’ =p/(p—1). Then eq. (13) reads
(we look for a local solution w)

(14) W =sgnub- [p'(W(w) - )]

(15) u(xp) = ug.

Here, we take uy = u/(zq) if v/(xg) # O
(hence, W(ug) — C > 0);

otherwise C = W (ug) and we may take
any number ug € R.

The right-hand side is locally Lipschitz if
u'(xzg) #% 0; local existence and unigueness.
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Shifts of the potential W by a constant C.



A stationary solution for 1 < a < p < oo which
gives a nonperiodic pattern formation:

A

Function ue for m = 3.

A partition of the interval [0, 1] with the points

O=yo<y1 <y <yz<--- <

(16)
Yor < Yok+1 < - < Yom S Yoma1 = 1,

where k. =0,1,2,...,m (m > 0 — an integer),

Yok — Yok—1 = 2U0e = 2e¥; (> 0),

(17)
Yok4+1 — Yo = dp, > 0.



1-D case







Case N = 2.

The first integral of eq. (8) gets
a damping term Z(r),

eP -
gy o WO = W)+ Z() =0,

0 <r< oo,

where the damping term Z(r) satisfies

N —1

(19) Z'(r) = [/ ()P >0  for r > 0.

Rescaling: We replace r by e~ 1r to get ¢ = 1.
If u(0) = sg = £1 (a local minimizer for W) and
u/(0) = 0, then the functions

r—r ()Pt and

r—sr P (Z(r) — 2(0)) : (0,6) — Ry



are monotone increasing, for some 6 > 0 small. (W
is convex in an open interval containing sg.)

From these facts we derive the inequalities

(0<)  w[W(u(r)) — w(u(0)))
(20) < W(u(r)) — Z(r)
< W(u(r)) — W(u(0))
for all » € [0,8), where
Z(0) = W(u(0)) = W(so).
Applying (20) to (18), we arrive at

p/
(o1) LW (u(r) = W (u(0))]
< Ju'(r)[P < p' [W(u(r)) — W(u(0))]
for all r € [0,9).

This means the uniqueness or nonuniqueness of a
local solution w to equation (8) with

the initial conditions u(0) = sg

(where sg is a local minimizer for W)

and +/(0) = 0 at »r = 0, depending on

(22) / 20“ W (s) — W(so)| /7 ds

being infinite (forcing uniqueness)
or finite (forcing nonuniqueness), respectively:
p < « (infinite) or p > o (finite).



el
1AY,
)

-~

@)

Il

*M/<r‘> with, P:,DC'

I<p< Py o
d’o = dac I<p < (stron% 061%]@{%54;071,)
420 ¥4 paa (weak diffesion)

d =0 ¢ Jul@lel, sy #0

3 Factors: reaction
Oétéﬁfwsdm Y B
d.a/m/'o{/ma, (NZ2)




Isolated pure state regions (N > 2)
(Yavdat Sh. Il'yasov, Ufa, Russia)
(Russian Academy of Sciences)

Problem. €,Q1 c RY bounded domains with C?2-
boundaries, Q27 C 2 and the open set

Q) = Q\ Qq is connected.  w: Q)] —R

is called a phase transition solution of

(23)  —div(|VuP?Vu) + W' (uw) =0 in 4

if w e WhP(Q)) verifies eq. (23) above
(in the weak sense) with
the Neumann boundary conditions

(24) ou/Ov =0 on 9] =0QuUioN;
and the “phase transition” property

(25) u=—1 on 92 and u=1 on 9.
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Theorem.

(Nonexistence of a phase transition solution)

2 and €21 as above and 1 < p < N. Further-
more, let €21 be star-shaped with respect to
the origin 0 € RN. Then any weak solution
u € WHP(Q)) of eq. (23) with the Neumann
boundary conditions (24), such that |u|] = 1
on 052, must be a constant = +1.

Proof is based on

Proposition 1. (Pohozhaev's identity)

Let 1 < p < oco. Assume f € L1(Q) possesses
derivatives df /0x; € LE, (), i=1,2,...,N.
Let uw e CL(Q) satisfy

(26) —div(|VulP~?Vu) = f(z) in

in the sense of distributions in €2 and
|Vul? W,é’cl(Q) for some q € (1,p). Then

N

— D

. /Q |VulP dz 4+ /Q f(x) (x-Vu)dx
1

= [, |Vul" (- v(@)) do(a)

2
~ [ 1VulP=2 (2 Vu)(v(2) - Vu) do(z).






Proposition 2.
(Optimal regularity in weighted WI%CQ)
Assume 1 < p < oo, If p <2 then assume also

Hypothesis. Vu #= 0 a.e. in Og, for 0 > 0 small
enough, where

Os = {z € QU : ds(z) < 5},

Qs =Q\Qs, Qs={reQ:d)<d},
_ 0 if =€ Qy;

d5(5’“’)_{ dist(z,Qs) if =€ Q\ ;.

and

(27) /05 Vul~CP) dg < 0.

Let us construct pg5: Q — [0, 1] as follows:
(28)

_ [ (tds(@)? if @ e Q5U0s;
ps(x) —{ 15 if x € Qa\ (Q_;SU Os).

(a) Then the vector field |Vu|(P/2)=1vy
is in the local Sobolev space Wkl)’CQ(Qg) and

Je

\Y (|Vu|(p/2)_1Vu)|2 ps dr < 0.

/
)



(b) Moreover, u € WI (U) where
U=Qsn{xeQ: Vu(z) # 0}

and one has

/U |Vu|p—2 |V(Vu)|2 psdr < co.

. . 2.2
(c) Finally, if p <2 thenu e WgZ(€25) and V(Vu)(x) =
0 ¢ RVXN holds for almost every

relU =Qsn{xeQ: Vu(z) = 0}.

Consequently, we may write

/Q/ IVulP~2 |V (Vu)|? psdz < oo
5

Remark 3. (The p-Laplacian)
For 1 <p<oo we have Apu

é\f: ou Ou  O%u
|Vu|2 1 Ox; Oz Ox; O

N p—2 ou 8u> 02y

— |Vul[P~2 0j i
Vu z’jzzl ( i T \Vu|? 8z; Oxj ) Ox; Ox;

= |[Vul[P~? (Au +

N

with <5Z-j -+ |%_u‘22 ng g%)ij:1 uniformly elliptic.




Notice that the entries A;; = da;/dn; of the Jacobian

matrix A = (AZ]) ij=1 Of the mapping 7 — a(n) = det
nlP~?n : RY — RY,
(29)
_ XM
A =lnp2 (14 6-2151) | ner (o),

satisfy the ellipticity and growth inequalities, with
some constants O < v < T < oo,

N da;

21¢12 <
vInP 2 e < (amg o = 3 Fh

1,j=1

(30) (1) - &i&;

< T lnfP=2 ¢l
for all n € RV \ {0} and for all £ € RV,






Proof of Proposition 2.
Optimal regularity |Vu|(®/2-1vy e WI2($2))

Take h € RN with 0 < || < 6.
Let ¢ € C5(2), » > 0, be supported in
Qk=Q\Qs={zcQ:d(z) >},

i.e., supp C 5.
Hence, the difference quotient

def p(x + h) — o(x)
I ’

satisfies 8,0 € CA(2). Multiply eq. (26) by ¢ and
integrate over €2,

/Q a(Vu) - V(5yp) do = /Q f (8pe) da

with the notation a(Vu) = |Vul[P~2Vu.
A simple substitution above yields

(31) opp(x) =

x €S2,

/ a(Vu(z + h)) —a(Vu(z)) . V(z)dzx
(32) |h|
o7

Now we use the Taylor formula

a(Vu(x+ h)) —a(Vu(x))

(33) = A(z; h) (Vu(z + h) — Vu(z))



with the abbreviation

Adwih) E /01 A((1-s)Vu(z+h)+sVu(z)) ds € RV

and replace the function ¢ by (dju) ¢ in (32),
/Q <A($; h) 6;,(Vu), 5h(Vu)> @ dx
(34) 4 /Q (A(z; h) 6,(Vu), Vo) (Spu) da

= | (6n) (6u) ¢

We used V[(fpu)p] = ¢ - 0,(Vu) + (dpu) - V. We
estimate the integrals on the left-hand side in (34)
by the inequalities (30), combined with Cauchy’'s in-
equality, and abbreviate

(35) a(z; h) & /01 (1—8)Vu(z+h)+sVu(z)P~2ds,

in order to get, with ¢ = 5 from (28),

v | ale; h) 18,(Vw)|Pps da

(36) =T [ a@im) 16, (V0)| Vs [5ul da
o

+ | 18,F110pul g5 da

To estimate the first integral on the right-hand side
in ineq. (36), we use

(37) Vps(@)[? < C5 2 ps(x), x€Q\d0s,



then apply Cauchy’s inequality, thus arriving at

v [ @i h) 15, (V) s da (by (37))

< r01/25—1/0 a(z; h) 16,(Vu)| - or/? - |6pul da

o
+ | 180F1100ul 5 d

1/2
<rcl/2s-1 </O a(z; h) 16, (V)% ps da:*)
5

1/2
X </05 a(z; h) |6,ul? d:z:)

+ | 18nF1100ul 5 de

< J o a(x; h) |(5h(Vu)\2g05 dz
5

1
+ =472 05_2/ a(z; h) |6,ul? dz
2 Os
+ | 18nF1100ul 5 de
which vields
| i ) |,(Vu) o5 da <

C (T /(76))? /05 a(x; h) |0pul? da

+(2/7) | 18nF118pul 05 da



We state a few geometric inequalities

Let 1 <p<ooandp#2. Assume that © € L°°(0,1)
satisfies © > 0 in (0,1) and T = [3 ©(s)ds > 0.
Then there is a constant ¢, = ¢(©) > 0 such that,
for all a,b € RYV:

If p> 2 then

(38)
p—2

1
p—2 <Q/ p—2
cp(©) <Om§8a§><1 la + sb| . la + sb| ©(s)ds

p—2
§T-<max |a—|—sb|> :
0<s<1

and if 1 <p <2 and |a| 4+ |b| > 0 then
(39)

p—2 1
T - ( max |a + sb|> < / la+ sbP72 O(s) ds
0<s<L1 0

p—2
< p—2 .
< cp(©) (Orgsagl la + sb|)

Equivalently, in both cases (p #= 2), the ratio

1 p—2
p—2
/O la + sb| ©(s) da:/ (Orgsagl |a—|—sb|>

IS bounded below and above by positive constants,
whenever |a| 4+ |b| > 0.



Now we apply inequalities (38) and (39) to the ex-
pression a(x; h) (defined in (35)) in order to conclude
that there exist constants CY,C5 > 0 such that
(40)

| aai ) 18, (Tu)P; da <

C1 [, @m0yl da o+ b [ 1641 |dul o5 o

where we have abbreviated
(41)

def p—2
a(x; h) = ( max |[(1 —s)Vu(x + h) + sVu(:c)|> :

0<s<1

Now we recall our hypothesis [o |V f|dx < oo and
the regularity result |Vu| < const < oo in 2, together
with hypothesis (27) if 1 < p < 2. Applying these
inequalities to the right-hand side of (40), we arrive
at

(42) /Q a(z; h) 16, (Vu)|?psdr < C' < oo
where the constant C’ > 0 is independent from h €

RN with 0 < |h| < 6.

Finally, we deduce from (29) that the Jacobian ma-

trix B = (Bj;);j;=; of the mapping 1 — b(n) =



in|(?/2)=1p : RN — RN equals
(43)

_ —2N®
B(n) = /% 1(I+p2 "wz"), n € RY\ {0},

In analogy with the Taylor formula in (33),
b(Vu(xz + h)) — b(Vu(x))

= B(x; h) (Vu(z + h) — Vu(z))
with the abbreviation

(44)
B h) & /01 B((1—s)Vu(z+h)+sVu(z))ds € RNV
Now we treat the L2-norm
L 185 (B(Va)) 2 5 da
(45) = | (B(a:h) 8,(Vw), B(wi k) 5,(Vu)) o5 da
= | (B n)?6,(Vu), 6,(Vu)) g5 da
where, using the abbreviation
n(s) = (L —s)Vu(z+h)+sVu(z) e RY, 0<s<1,

we have
(46)

B(z; h)? = /01 /OlB(n(s))B(n(t))dsdt —
[ [} @I ®2 n(o] @121 Cn(s). m(ry) dat



with the (N x N)-matrix

p—2a®a p—2b®b NxN
C(a,b) = |1 1 R
@v) = (1423255 (1+257 57

being uniformly bounded for a,b € RV\ {0}, cf. (43).
Furthermore, C(a,b) = C(a) C(b) where

def p—2a®a
C(a) = (I—I— 7 Tap ) e RVXN

IS @ symmetric matrix with the eigenvalues 1 and p/2
(if N > 2). Consequently, there is a constant " > 0
such that the kernel

B(n(s)) B(n(t)) of the quadratic form contained in
the integrand on the right-hand side of eq. (45) sat-
isfies

(B(n(s))B(n(t))§, & = (B(n(t)) &, B(n(s))§)

< B@()) &l B(n(s)) &

< [B(n()] - 1Bm(s))| - 1€]°

< ()| /27 n(s)| /D71 g2
for € € RY and s,t € [0,1] with n(s),n(t) # 0. We
first integrate this inequality with respect to s,t €
[0, 1], then apply it to (46) to get
(47)

<1’3(a;; h)2 ¢, 5} <TB(z; k)2 €2 forall ¢ e RY,




with the abbreviation
_ 1
b ) E [ n(s)#/ " s

1
= /O |(1 —8)VU($—|—h) —I—SVU(a?)l(p/z)_ldS)

in analogy with (35). This integral is estimated from
above by inequalities (38) and (39),

(48) b(z; h) < Cpb(z;h),
where Cp > 0 is a numerical constant depending only
onp (1 <p<oo) and

)(p/Q)l

b(z: h) det (Orga<x1 (1 — s)Vu(x + h) + sVu(x)]

We combine inequalities (47) and (48) and apply
them to the quadratic form contained in the inte-
grand on the right-hand side of eq. (45),

(49)

| 1880 (Tu) P oy de < T [ 5wih)? (6, (V) Pis d
<r” /Q b(z: h)? \(5h(Vu)|2905 dz,

with the constant " =T"CZ > 0. As
a(z:h) =b(z; h)? by (41), ineq. (42) implies

(50) | 1n(Bb(Tu)P psdz < ¢ < oo



where the constant C” > 0 is independent from h €
RN with 0 < |h| < 6. We are now ready to derive all
conclusions of our proposition from this estimate.



Proof of Proposition 1. (Pohozhaev's id.)

Np—p/Q |VulP de + /Q f(x) (- Vu) dx
1

_ ;/8Q VulP (= - v(z)) do(z)

_2
~ o IVulP™< (2 - Vu)(v(z) - Vu) do(x) .

We begin with the formal calculations
div ((z - Vu) |VulP?Vu)
= (z - Vu) Apu
(51) + V(z-Vu) - |[VulP~?Vu
1
= (- Vu) Apu 4+ |VulP + —x - V|VulP,
p
(52) div (z |VulP) = N |VulP 4+ z - V|VulP
which are valid pointwise in Q if u € C2().
From eq. (51) we subtract (1/p)-multiple of eq. (52)

and observe that the difference
(53)

divv(z) = div ((a: V) |Vu|p_2Vu> _ % div (z |VulP)

= (z - Vu) Apu + (1 — E) |VulP
p
N—p

= —f(z) (z-Vu) — [Vul?



belongs to L1(), with the vector field

1
v(x) det (z - Vu) [VulP™°Vu — =z |[VulP
p

being continuous in €2, i.e., v € [C()]Y. We com-
plete the proof of Pohozhaev's identity by applying
the divergence theorem to eq. (53). ]



