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Problem formulation — time dependent domain

@ Time dependent domain

Qs(t) = {x = (w1,22) € = x (0,n(t,21))} C R?,

S = (0,L)

@ Incompressible Newtonian fluid in Q¢(t)

@ Thin elastic structure on I'g(t)
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Material description

Incompressible Newtonian fluid
divua =0,

P <aa—ltl + (u- Vu)) =divT,

T = —pl + 2uD(u).

Thin elastic structure

9

_ _on
PsaJrﬁ(U)—f» 5_(%’

L) = —nApn—70,¢—130:& (=-A..
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Coupling fluid and structure

o ALE mapping A,,.
o lts Jacobian F and determinant J = detF.

o Reformulate everything into the fixed configuration Q.

xro ~
Ig=Y
1 S
Q
0 I'p L7 0 I'p Li 21

Coupling conditions

Kinematic coupling : u = £eo,
Dynamic coupling : f=—e- (J(To .A)IF_T) es.
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Weak formulation of FSI on €2,

Let us define

Wy = {(p,%) € W"*(Q) x L*(8) : ¢(2)e2 = p(z,n(2)), =0 on T'n}.

Definition

Let (p,u,&,n) be a solution to the coupled FSI problem. The weak form then
reads

/divuqdsz for all ¢ € L*(Q,)
Q

n

o (Ge+ v divw s ) pda+ [ (- (7) — - (V) v+

n

/Q T.wd“ps/z o dan + as(1,6,€,9) =0

n

for all (¢,v) € W, where w is the speed of deformation, v =u — w and

B an oy ¢ oY 0§ 0y
as(naC,§,1/’) _/ ( 85171 8:];1 T2 8:171 8951 s 85171 0x1 > o
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Weak formulation of FSI on

Definition
Let (p,u, &, n) satisfy the weak formulation on €, with the test functions
(q,¢,¢) € L* x W,,. Let (p,4,0,9) = (p,q,u,¢) o A,. Then it holds

[ JVa-FT§di =0,
Q

ou oJu N Pf A A N ~ —1A 34
M/@(Jaﬁ at2>~<pda:—|— L [16- (Va)—a-(v4)-Flvdi+

R b)
/JT]F_T~V¢d§:+p5/ iwdx1+as(n,<,f,w) =0.
4 < Ot
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A

Finite element method on (2

@ Numerical approximation denoted by (ﬁz,ﬁﬁ,ﬁ’g,éﬁ) at time t*.
o Time step 7, tF = kr.

@ Backward Euler . b
Dtv,li =" "h
-
o y, triangulated uniformly.
e Pair (ﬁﬁ,ﬁfl) € Vhf X Q£ inf-sup stable mini elements
(P1-bubble + P1) .

@ Unknowns Ak,ék P1 elements (V).
"h> Sh h

Vit = {(@,0,0) € Vil x Q) x Vit : @l 1) = ()}

K. Tama Fluid-shell interaction 8/18



A

Linear monolithic scheme on 2

Definition

Fork=1,..., N we seek (ﬁ’ﬁ,ﬁ’,ﬁ,f’g,ﬁ’,ﬁ) € V5 x V# with f’g = Dy
such that for all (¢, q,7) € V5 it holds

[ JEtval - (P "Tgdz =0,
Q

2Ak—1 _ ﬁk
o (21 pit D P sy
o [ (o (Vb — ok - (V) (B )0k i +
Q
/QJfflT(u’ﬁ,pﬁ)(lF’i”)‘T Ve di +

os / Dytlp day + aa(nf, 8, €5, ) = 0.
>
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Theorem

Let {(aF,pF, €8, AR}, be the solution of our numerical scheme. Then the

following stability result holds for allm =1,..., N

- —ily= oh k 0
™ 9 k1 ovaf (FF1) 1) 2 4z H h - E
P [ RITuE @) PaE o G 4Dl = B
where for any k =0, ..., N the total energy EF and the numerical dissipation
DE, .. read
oy o’y
Ek:ﬂ/k k(2 ga 4 Poyiek)2 EH h‘ H h
= Q77h|11h| &+ S lénllz2m) + 5 o1 2 T 522 |lpacz
8§k 2 2 a2§k 2
SR A e
num = th| hl2di+ 5 5 | t$h||L2(z)+ Bz L2 922 | 12(x)

@ We need to preserve 17f > 0. This holds due to no contact between the
upper and the bottom surface. (Talk by J. Fara, Thursday 16:00.)
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Convergence rate

Errors:
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We study the error between our numerical solution (ﬁh,ﬁh,éh,ﬁh) and
target smooth solution (0, p, &, n) of FSI problem existing in the following
class of strong solutions (Grandmont and Hillairet, ARMA 2016)

n>mn,n € L*(0,T; W>2(2)) nW>*(0,T; W>?*(%)),
a e L0, T; WH2(Q; R?)) N L2(0, T; W22 (Q; R?)),
%‘; e L2(0,T; WH2(Q; R?)),

peL>0,T;L*(Q)), Vp e L*((0,T) x Q).
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Convergence rate

Theorem

Let {(0f,pk,EF AF)}N_| be the solution of our numerical scheme, and let
(t,p,&,n)(t),t € (0, T) be the strong solution of given FSI problem
belonging to the class on the previous slide. Then for any k =1,..., N it
holds

k X k
el omamay + Nl + 522 o2, Hmo 1,22(9)

Oek
= ‘ ST+h
L2((0,T)x %)

lle€llzoeo.mz2(2)) + Vel L2 0.y xry + 73
((0,T) Orq
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Numerical implementation

e FEnICS finite element code.

@ Instead of height of the structure 7, we take a shift n =n—1
and then linearly extend it to the whole domain via n = .

@ Displacement n* is computed on T' using

n*=n""1+7u onT.

@ Direct solver MUMPS.
@ Whole simulation consists of two steps:
Step 1 For known 77’“_1 we solve for velocity u”, its
Laplace ¢* and pressure p* using the weak form.
Step 2 We linearly prolongate the displacement 7 to
whole Q2 by solving

on Ot
T 48 =0
Q (91‘2 (9%'2
with zero BC at the bottom, and 1 = n*~! + 7}
at the top, where u5 is obtained in Step 1.
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Problem description

Domain Q is a rectangle 2 x 1.
Periodic BC on lateral sides, no-slip at the bottom.

Parameters pyf = ps =1, 1 = 0.01, 71 =2 = 0.1, 73 = 0.

Flow driven by force acting on the shell

_ [200tsin(27z) t<0.2,
B 0 t>0.2.
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Simulation

Time: 0.0000 s 9.0e+00 -5 0 5  9.0e+00

I-\ | \,i
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Experimental order of convergence

e te[0,7],T=1.0
o 6 different time steps, six different meshes.

@ Topin = 1 X 1074, Apin = 8.84 x 1073 used as reference solution

h leullzo 2y | llecllzoew2) | llenlloewe) | [Venlloey | llecl=@?) | IVeullr2(r2)
283 x 1071 | 1.20 x 10° 284 x 107 [ 2.22 x 107" 1.41 x 107 9.22 x 107 1.23 x 10T
141 x 1071 | 319 x 107" | 5.80 x 1071 | 5.99 x 1072 | 3.79x 107! | 2.42 x 10° 7.51 x 10°
707x1072 | 1.05x 107" | 1.39x 107" | 1.52x 1072 | 1.34x 107" | 6.02x 107" | 4.11 x 10°
354 %1072 | 278 x 1072 | 3.31 x 1072 | 3.65 x 1073 | 6.57x 1072 | 144 x 1071 | 2.12 x 10°
177 %1072 | 591 x 1073 | 6.64x 1073 | 7.32x 107* | 2.94x 1072 | 2.89 x 1072 | 1.04 x 10°

T llewllzoe(r2y | lleelln=cz2y | lenll=rey | IVenllr=re) | leclli=rey | Veullr2r2)
5.00 x 1073 | 255 x 1071 [ 550 x 107" [ 4.23 x 1072 [ 2.66 x 10~' 1.67 x 10° 1.61 x 10°
250 x 1073 | 1.36 x 107! | 2.87 x 10~ | 221 x 1072 | 1.39x 107" | 8.74 x 107" | 8.52 x 10~"
125 x 1073 | 6.87x 1072 | 1.43x 107" | .10 x 1072 | 691 x 1072 | 4.35 x 107" | 4.28 x 10!
6.25 x 107 | 325 x 1072 | 6.73 x 1072 | 5.17 x 1073 | 3.25x 1072 | 2.05 x 10! | 2.02 x 107!
312x107% | 1.37x 1072 | 2.83x 1072 | 217 x 107% | 1.36 x 1072 | 8.60 x 1072 | 8.45 x 1072
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Experimental order of convergence

e tc|0,T],T=10
o 6 different time steps, six different meshes.

@ Tin = 1 X 1074, Apin = 8.84 x 1073 used as reference solution

100 E e
E | | |- lleullzo<(22)
g 107t 3| legllpe e
:E [ I e Iler/”LOC(L'-’)
z [ ] _"_”VFUHIAO(L?)
2 1= lleclizee ey
% ) - [Veull 22
S E
ﬁ r ]
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Experimental order of convergence

e te[0,7],T=1.0
o 6 different time steps, six different meshes.

@ Topin = 1 X 1074, Apin = 8.84 x 1073 used as reference solution

100 |

—— |leull Lo r2)
order 1 —a— ”(’EHLm(lﬂ)
== |lenll (2
1 == IVeylliner2)
- HQ‘HL»C(L?)
- ||Veullp2(r2)

Errors to reference solution

= I I | I H
1036 10-34 1032 10-3 10-28 1026 10-24 10—22

T
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Linear semi-implicit scheme vs fully implicit scheme

@ Fully implicit = non-linear scheme with all unknowns.

e Main difference in time splitting, compare errors for different
time steps 7 on finest mesh.

@ Linear semi-implicit scheme: 410880 DOFs in Step 1 + 153920
DOFs in Step 2 in every time step.

o Fully implicit scheme: 564 000 DOFs in every Newton step.

/ —— ||Veul|2(z2) semi-implicit

—— |[Veullz2(z2) fully implicit
[ 1 |=== I Veyllpe(r2) semi-implicit
——[[Veyll Lo (r2) fully implicit
107t E

= I I I I I L g
1073.6 1073,4 1073.2 1073 1072.8 1072.6 1072.4 1072,2
T

=
=)
)

1ce solution

3
2
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Linear semi-implicit scheme vs fully implicit scheme

@ Fully implicit = non-linear scheme with all unknowns.

@ Main difference in time splitting, compare errors for different
time steps 7 on finest mesh.

@ Linear semi-implicit scheme: 410880 DOFs in Step 1 + 153920
DOFs in Step 2 in every time step.

e Fully implicit scheme: 564 000 DOFs in every Newton step.

o CPU time matters! Intel Xeon Gold 6240 CPU.

Scheme T Avg Newton its  CPU time [min]
Fully implicit | 5.00 x 10~ 3 135.5
Semi-implicit | 5.00 x 1073 24.5
Fully implicit | 3.12 x 10~* 2 1310.7
Semi-implicit | 3.12 x 1074 338.0

K. Tama Fluid-shell interaction 17/18



Conclusion

FSI linear semi-implicit scheme.

Energy stable, linear convergence in space and time.
Implemented in FEniCS, convergence rates confirmed.
Our linear scheme outperforms fully implicit scheme.
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