Group representations 1

Characters, introduction

April 12, 2021



Multiplicity a reminder

Definition

Let R be a semisimple artinian ring and let M be a finitely
generated R-module. Then there are simple modules
51,5,...,5n such that M ~ @7, 5;. If S is a simple left
R-module, the multiplicity of S in M is defined as

{ie{l,....k}|S ~S}

Remark

The multiplicity is correctly defined. That is, if 51,...,5p,
T1,..., Tmm are simple left R-modules and ®7_S; ~ @™ | T; then
for every simple left R-module S

ie{l,....,n}|Si~SH=|{ie{l,...,m}| Ti~ S}



multiplicity = dimension, a reminder

Proposition

Assume that R is a semisimple artininian finite dimensional
[F-algebra, ' algebraically closed. For any simple left R-module the
multiplicity of S in gR coincides with dimg(S).

Proof.
Use the Wedderburn-Artin theorem, there are k € Ny and
ni, ny, ..., € N such that

R ~ My, (F) x --- x M, (F)
as [F-algebras. So we may assume
R = Mg, (F) x --- x M, (F)

and in this case we know that there are simple left modules
51,5,,...,5k pair-wise non-isomorphic such that

RR~S" @& S2 & - ® S So the multiplicity of S in R is n;
which coincides with dimp(S;). =



The regular representation

Let G be a finite group, F an algebraically closed field with
char(F) 1 |G|. Let 51,5z, ..., Sk be simple left FG modules such
that every simple left FG module is isomorphic to exactly 1 of
these modules. We already know that k is the number of
conjugacy classes in G. For 1 </ < k let d; := dimp(S5;).

By the previous proposition the multiplicity of S; in pgFG is
exactly d;, so FG ~ @,’-‘:15,-‘1" as left FG-modules.

Now look at dimensions of these modules: dimp(FG) = |G|,
dimp (B}, S7") = Y1, d7.

Thus we conclude .
Gl =) d?.
i=1



Summary in the language of Repp(G)

Theorem
Let G be a finite group, F an algebraically closed field,
char(F) { |G]|.

1.

Every representation of G over F is equivalent to a direct sum
of irreducible representations.

If k is the number of conjugacy classes of G, then there are
01,92, -, ¢k € Repp(G) irreducible such that every
irreducible representation of G over IF is equivalent to exactly
one of these representations.

If d; is the degree of ¢; then the multiplicity of ;i in regr(G)
is d,'

di dy
—_—— —_—~
regp(G) ~p1 D BP1 D DB -+ B px

‘G’ = le'(:l di2



Representations of finite abelian groups

Proposition

Let G be a finite group and F algebraically closed field such that
char(F) 1 |G|. Then G is abelian if and only if every irreducible
representation of G over F has degree 1.

Proof.

Let k be the number of conjugacy classes in G. Note that G is
abelian if and only if k = |G]|.

Let ¢1,¥2,..., ¢k € Repp(G) be the list of all irreducible
representations of G over F up to equivalence (that is, every
irreducible representation of G over [ is equivalent to exactly one
representation on the list). Let d; be the degree of ¢;. Then

6] =Yk, o2

If |G| = k, then every d; is one which implies that every irreducible
representation of G over [ has degree 1.

Conversely, if d; = 1 for every i € {1,... k}, we get |G| =k, s0 G
is an abelian group. O



Representations of finite abelian groups

Remark
Recall we saw an example of an irreducible representation

¢ € Repg(Zs3) of degree 2.

Example

Find all irreducible complex representations of a finite abelian
group.

Idea: We have to find Hom(G, C*) for a finite abelian group. We
know the size of this set. We use the theorem on the structure of
finite abelian groups and the universal property of coproducts.



Characters, informal intro

Characters can be seen as numerical invariants associated to group
representations of finite degree.

Sometimes one can use characters to decide whether a given
representation is irreducible or not or whether two given
representations are equivalent or not.



Characters, the definition

Definition

Let G be a group and let ¢»: G — GL(n,F) be a matrix
representation of G over a field F. Character of 1 is a function
Xy: G — IF defined by the rule

xy: &+ Tr(v(g)),g €6

Remark

If n =1 then 1) and xy, are essentially the same.

Definition

Let G be a group and let ¢: G — Autyp(V) be a representation of

G over F of finite degree (that is dimp(V) < 00). Character of ¢
is a function x,: G — I defined by the rule

Xo: & = Tr([p(g)ls), g € G

where B is a basis of V.



Basic properties of characters

Proposition
Let G be a group and let F be a field.
a) Equivalent representations of G over F have equal characters.

b) Character of any representation of G over F is constant on
conjugacy classes of G.

c) Character of a direct sum of representations is the sum of
characters of the summands

d) If g € G is an element of order n € N, E an extension of F
containing all roots of x" — 1 and ¢: G — GL(d,F) a matrix
representation of degree d. Then x,(g) = 27:1 i, where
A, ..., Aqg € E are roots of x" — 1.

e) IfF =C and g € G is an element of finite order, the
xu(g7Y) = xu(g) for every matrix representation
¥: G — GL(d,C) of G over C.




Proofs of a) and b)

We consider matrix representations only (proofs for linear
representations are essentially the same).

The crucial property is that Tr(AB) = Tr(BA) for every pair of
matrices A € My ((FF) and B € My «(F).

a) Assume 91,¢2: G — GL(d,F) are equivalent representations of
G over .

That means, there exists a matrix X € GL(d,F) such that for
every g € G

P1(g) = Xepo(g)X L.
Apply trace:
Xer (8) = Tr(Xeba(8)X 1) = Tr(ha(g) X X) = xy,(8)

b) Let ¢»: G — GL(d,F) be a matrix representation of G over F
and let g, h € G in the same conjugacy class. That is, there exists
x € G such that h = xgx~!. Then

Xu(h) = Te(v(x)(g)v(x) ™) = Tr(v(g)v(x) ' (x)) = xu(g)



Proof of c)

Again we prove this part for matrix representations only.
Fori=1,2,... . klet ¢;j: G — GL(d;,[F) be a matrix
representation of G over F. We want to prove

k
X1 ®-+py = Z Xapi
i=1

But this is obvious from the definition of direct sum of
representations: Recall

V=1 BB DYy G — GrL(fo:1 d;,F) maps an element
g € G to a block-diagonal matrix ¥1(g) @ ¢2(g) ® - - - ® Yk(g).
Then the sum of diagonal entries of 1)(g) is the sum of all diagonal
entries of matrices 11(g), ¥2(g), - .., ¥k(g). In other words

k
Xu(8) =D xu:(g)
i=1



Proof of d)

Since g" =1 and Y is a group homomorphism, we obtain
¥(g)" = E. If X € E is an eigenvalue of ¢(g), then \" = 1.

Indeed, let v € E be a nonzero vector satisfying 1(g)v = Av.
Then

v=(H(g)"y = \"v

which implies A is a root of x” — 1 € F[x], so by our assumption
AeE.

From linear algebra we know that Tr(¢)(g)) is the sum of all roots
of characteristic polynomial of 1/(g) regarding their multiplicity.
Since each of these roots is an eigenvalue of ¢/(g), we obtain
A1,A2,...,Ag such that A7 =1 for every 1 <i < d and



Proof of e)

Again consider g € G such that g” =1 and let ¢v: G — GL(d, C)
be a homomorphism of groups. Then 1(g)"” = E. We know that
every d X d matrix over C is similar to an upper triangular matrix
(for example to its Jordan canonical form).

Let X € GL(d,C) be such that Y := Xv(g)X ! is upper
triangular.

Let A1,...,Aq be elements on the diagonal of Y. Then

xv(8) = Tr(y(g)) = Tr(Y) = Z Ai

Note also that

Xo(g™h) = Te(v(g) ™) = Tr(Xe(g) "X 1) = Ta(Y ™)

Of course, Y~ is also upper triangular with entries

/\1_1,)\2_1, .. .,)\;1 on the diagonal.

Recall that in part d) we proved A7 =1, in particular |);| =1 for
every 1 </ <d.



Proof of e)

Hence )\i_l = \; and therefore

d d
Xolg™ ) =D X = Xi=xulg).
i=1 i=1

Remark

Recall that the Jordan canonical form of 1)(g) is diagonal, since if
B is a Jordan block with nonzero eigenvalue and size bigger than
1, then B" # E for every n € N.

Remark

From the proof it follows that if ¢»: G — GL(d,C) is a complex
representation of G and g € G has finite order, then |x,(g)| < d.
We will recall this fact later.



Schur’s lemma in Repp(G)

Lemma
(Schur) Let G be a finite group and let F be a field.

a) Assume that ¢, € Repp(G) are irreducible. Then every
0 € Repp(G)(p, ) is either O or an isomorphism.

b) Assume that IF is algebraically closed and ¢ € Repy(G) is
irreducible. Then every 6 € Repp(G)(y, ¢) is a scalar multiple
of identity.

Remark

Recall that every irreducible representation of a finite group G over
F corresponds to a simple left F G-module. Every such a module is
obtained as a factor of FG modulo a maximal left ideal, so every
irreducible representation of a finite group has finite dimension
(you can prove this directly showing that every nonzero
representation of a finite group has a nonzero invariant subspace of
finite dimension).



|deas of the proof of Schur's lemma

a) Let ¢: G — Autp(V) and ¢: G — Auty(U) be representations
of G over F.

Recall 8 € Repy(G)(¢, 1) means that 6 € Homp(V, U) satisfies
that for every g € G

0o p(g)l =[v(g)lob

For this it is easy to see that Ker 0 is p-invariant subspace of V
and Im 6 is ¢-invariant subspace of U.

If ¢ is irreducible then 0 is either a monomorphism or zero.

If v is irreducible then @ is either onto or zero.

If both representations are irreducible then @ is either an
isomorphism or zero.

b) Assume ¢: G — Autg(V) irreducible and F algebraically
closed. Since dimp (V) is finite, § € Endp(V) has an eigenvalue
A € F. This means that 6(v) = Av for some v # 0.

Consider ' := 0 — A1y € Repp(G)(p, ¢). By a) this is is either an
isomorphism or zero. Now v € Ker 6 and hence 6/ = 0.



Schur’s lemma in matrix form

Lemma
(Schur) Let G be a group, F be a field.

a) Assume ¢: G — GL(n,F), ¢: G — GL(m,F) are irreducible
matrix representations of G over F. Let C € M, o(IF) satisfies

for every g € G. Then either C=0orm=nand C is
regular.

b) Assume that IF is algebraically closed, ¢: G — GL(n,TF)
irreducible and C € M,(F) satisfies

for every g € G. Then C = \E for some \ € F.



Proof of the matrix form of Schur's lemma, part a)
It is possible to use linear representations associated to matrix reps
and apply the previous version of Schur's lemma (at least for finite
groups). Let us write here a direct argument.
a) Consider Ker C :={v e F"| Cv =0} <F",
Im C:={Cv|veF"} <F™.
An easy computation shows that Ker C is a ¢-invariant subspace,
ie.,
veKer C=VgeGlp(g)]veKerC.

If Cv =0 then C[p(g)]v = [¢(g)]Cv = 0.
Similarly Im C is v-invariant subspace: If w = Cv for some

v € F", then [¢(g)]w = [¢(g)]Cv = C([¢(g)]v). Thats,
welm C=VgeGlp(g)welm C.

If ¢ is irreducible, then either Ker C =0 or Ker C =F". If ¢ is
irreducible, then either Im C =0 or Im C =TF™.

If both representations are irreducible, then either C =0or n=m
and C is regular



Proof of Schur's lemma, part b)

In this case C is a square matrix. Since F is algebraically closed,
there exists A € F an eigenvalue of C.

Note that for every g € G we have

[p(g)](C — AE) = (C — AE)[¢(g)]- So we can apply part a) for
the matrix C — AE. This matrix is not regular, so it has to be zero.
That is C = AE.



Some applications

Corollary
Let G be a finite group. If p: G — GL(n,F) and
¥: G — GL(m,F) are irreducible matrix representations of G over
IF which are not equivalent and X € Mp, ,(IF) is an arbitrary matrix
then

> v(g)Xp(g ) =0

geG

Proof.
Let Y := decw(g)X@(g_l). Then for every h e G is

P(h)Y =Y (hg)Xp(g th h) = Y v(hg)Xe((hg) H)]e(h).

geG geG

In other words 9(h)Y = Yy(h) for every h € G. By Schur's
lemma, Y =0o0or m=nand Y is regular. If Y is regular, we
obtain ¢(h) = Y(h)Y 1! for every h € G, that is, ¢ and 1) are
equivalent. E]



Some applications, cont.

Corollary

Let G be a finite group. If p: G — GL(n,F) is an irreducible
matrix representation and F is algebraically closed, then for every
X € M, (F) there exists A € F such that

D w(g)Xe(g™h) = AE
gea

(the proof is similar as the proof of the previous corollary)



The end

That's all for today.
Thnk you for your attention.



