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Theory

Theorem 1 (substitution). 1. Let F' be an antiderivative of f on (a,b). Let ¢: (o, 8) —
(a,b) have a finite derivative at each point of («, ). Then

/f@@»d@ﬂng@@D on (o, B).

2. Let ¢ be a function with a finite derivative in each point of («, ) such that the
derivative is either everywhere positive or everywhere negative, and such that
¢((o, B)) = (a,b). Let f be a function defined on (a,b) and suppose that

/ﬂﬂMd@&gGw<mWﬂ)

Then
/f(x) dz £ G(p ' (z)) on (a,b).
Theorem 2 (integration by parts). Let I be an open interval and let the functions f

and g be continuous on I. Let F' be an antiderivative of f on I and G an antiderivative
of g on I. Then

/f(ac)G(x) dz = F(x)G(x) — /F(sc)g(x) dz on I.
Remarks 3. Per partes can be expressed also as
/u’(m)v(m) dz = u(z)v(z) — /u(w)v’(m) dz na I.

Remarks 4. Let P(x) be a polynomial. The following table can help with choosing
and v.

v(z) | u(x) v(x u'(x)

P(x) - e P(x) ke P(xz)-In"x In" z P(x)
P(z) - ak* P(x) ah® P(z) - arcsin (kz) | arcsin (kx) | P(x)
P(z) -sin(kz) | P(x) | sin(kx) P(x) - arccos (kx) | arccos (kz) | P(x)
P(z) - cos(kx) | P(x) | cos(kx) P(x) - arctan (kx) | arctan (kx) | P(x)
P(z) - arcctg (kx) | arcctg (kx) | P(x)
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sin x
tan r =
cos T
Exercises

1 sin x

sin x

sin x sin”® x

1—cos?z

cos® z = cos z-cos® x = cos (1 —sin® z)

1’4 — (l’2)2

Find F - the antiderivative of a function f at the maximal (open) set. (Specify the set.)

1. Substitution

(a) / sin® x cos z dz.

(b) /—21‘6362 dz
2. Per partes

(a) /mcosxdx

3. Mixture

()/1 smldgg

arcsin z dx

3—21‘2

22 sin 2z dz
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