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SHARP ESTIMATES OF THE DIMENSION OF INERTIAL MANIFOLDS
FOR NONLINEAR PARABOLIC EQUATIONS
UDC 517.95

A. V. ROMANOV

ABSTRACT. Sufficient conditions are obtained for the existence of a k-dimensional
invariant manifold that attracts as ¢ — oo all solutions u(z) of the evolution equa-
tion # = —Au + F(u) in a Hilbert space, where A is a linear selfadjoint operator,
semibounded from below, with compact resolvent, and F is a uniformly Lipschitz (in
suitable norms) nonlinearity; these conditions sharpen previously known conditions
and cannot be improved.

§1. INTRODUCTION

Semilinear parabolic equations (SPE) have recently attracted a lot of attention,
primarily in connection with their role in the description of various selforganization
phenomena in nature, often combined in the term “synergetics”.

A very interesting effect which is important for applications is the asymptotic finite-
dimensionality of a SPE, which in the study of steady-state regimes allows us to pass
from, say, partial differential equations to ordinary differential equations (ODE) in
R* . Thus, one can reduce (in some sense) an infinite-dimensional physical system
to a system with a finite number of degrees of freedom and use known properties of
ODE:s in R* for tke qualitative analysis of the behavior of solutions of the original
equation for large time.

In this paper for SPEs in a Hilbert space £ we obtain constructive conditions that
ensure the existence and (under some conditions) the uniqueness of a k-dimensional
(i.e., homeomorphic to R*) invariant manifold H ¢ E, which attracts as ¢ —
+oo all the solutions of the equations; such manifolds are now customarily termed
inertial manifolds. These conditions improve similar results (see [2]-[5], {7], [8] and
also [11]-{15], [17], [21]) and are sharp in a certain sense. Here, in contrast to the
majority of the above-mentioned papers, the property possessed by H to attract the
phase space is established in a form that allows us to really reduce the description
of stable limit regimes of a SPE to the analogous problem for its restriction to H ,
i.e., actually for some ODE in R¥*. In particular, the presence of a k-dimensional
inertial manifold allows us to obtain results about the stability of stationary and
periodic solutions of the SPE (especially for k =1 and k = 2).

The construction of the inertial manifold used here is based on a nontrivial gen-
eralization of an approach originally developed for ODEs by Smith [1].

A natural class of objects on which the effect of asymptotic finite-dimensionality
manifests itself is the class of nonlinear diffusion equations (NDE); a corresponding
example with concrete conclusions about the stationary and periodic solutions of an
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32 A. V. ROMANOV

equation is given in §4. The results of this paper turn out to be meaningful also when
we deal with an ODE from the start; then we talk about the possibility of reducing a
dynamical system in R” to a dynamical system in R¥ with k < n.

The main results of the paper (in a somewhat less final form) were announced in
[6].

All the information about semilinear parabolic equations that are used below can
be found in the monograph [11].

In §2 we give definitions and statements of results. The proof of theorems on the
inertial manifold is given in §3. Finally, §4 applies these results to NDEs.

§2. STATEMENTS OF RESULTS

We consider equations of the form
(N u=-Au+ F(u), u(0) = ug,

in a real separable Hilbert space £ with norm || - || and scalar product (-, -). Here
u = u(t) € E, u(t) is the derivative with respect to t € R, and 4 and F are a
linear and a nonlinear operator in E', respectively.

We assume that A is selfadjoint and semibounded from below, and that it has
a compact resolvent and eigenvalues 4; < A; < --- (including multiplicities). If
A1 > 0, then for 9 > 0 we can define the power 4% with a dense domain of definition
Ey in E; here Ej is a Hilbert space with scalar product (u, u)y = (4%u, 4%u) and
norm |julls = |A%u) (Eo = E, E, D Ey for o < ). We assume that for some
¥ € [0, 1) the nonlinearity F: Ey — E satisfies the following uniform Lipschitz
condition:

(2) 1F(u) — Fu')| < Liju—u'lls

for u, u’' € Ey. For 8 =0 itis possible that 4; <O0.

Under these conditions solutions u(t) of the SPE (1) exist for ¢ > 0 for all
up € Ey. Moreover, for t > 0 we have u(t) € E, C Ey, and #(t) € E, with an
arbitrary o < 1 is a smoothing action of the parabolic equation.

In the case dim E = n < oo equation (1) is an ODE in R”.

In the phase space Es equation (1) generates a completely continuous semiflow
{®:}i0: ®(uo) = u(t), and the evolution operators P, are completely continuous
in Eg for t > 0.

We distinguish the stationary (u(¢) = #y) and periodic (u(t+ p) = u(t)) solutions
of (1).

We assume further that equation (1) has at least one stationary solution @ € Ey .

We say that a set 9t C Eg is invariant if ®9t = 0 for ¢ > 0, and that 91 is
positively invariant if &M c N for ¢t > 0. A standard object in studying steady-state
regimes of dynamical systems is compact invariant (Cl) sets in phase space. We say
that a CI set M C Ey is stable if there exists an open set ® in Ey, ® D N, such
that dist(M, u(¢)) -0 as t — +o0 for up € ®.

It is known that CI sets of equation (1) have finite Hausdorfl dimension. In
case F C C! this follows from the (by now classical) result of J. Mallet-Paret on
nonlinear completely continuous mappings of Hilbert space (see [16]). Recently
various estimates of the dimension of CI sets have been obtained for a wide class of
evolution equations (see the survey [18] and references therein).

We proceed to give precise statements.

In what follows for an estimate of solutions of equation (1), in addition to the
phase space norm || - || we shall also use the norm || - |, with & = 8/2. We note
that |julls > A{{lufl. for u € Ey.
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Definition 1. For y € R we denote by .Z°(y) a set in E3 consisting of trajectories
of solutions u(¢), existing for ¢ € R and such that

lu(t)lo = O(e™") ast— —oo.

We start from the orthogonal sum decomposition £E = X @ Y of E, where X
and Y are subspacesof E and X # {0}, Y CEy, dmY =k (1 <k <o0). Such
a decomposition is called an orthopair (X, Y), and we always denote by P and Q
the orthogonal projectionsin £ onto ¥ and X, x=Qu, y=Pu for ue E. In
particular, we can take ¥ = Y;, X = X, = Y}, where Y, is the eigensubspace of
the linear operator 4 corresponding to the part {4;, ..., A4¢} of its spectrum.

If dimE = oo, we restrict ourselves to the case Y = Y ; if dimE < oo, we
assume ¥ + 0 (except for the counterexample in Lemma 3).

Suppose also that &, & > 0 and that ¢: ¥ — X N Ey is a mapping such that

(3a) lo() = (¥ Ma < &Y = ¥'llas
(3b) o) —a(¥Ms <<y~ ¥'lls
for y,y' €Y.

Definition 2. The set

(4) H={ueEy:u=y+o(y),yeY}

is called a k-dimensional inertial manifold of equation (1) in the orthopair (X, Y),
dimY = k, if it is invariant, attracts Ey and consists of trajectories of solutions
with bounded exponential growth as ¢t —» —oo:

(A) for uy € H there exist solutions u(¢) for t € R and u(t) e H;

(B) for every uy € E3 there is a fip € H such that

(5a) lu(t) — a(n)lls < Clluo — follae™

for t > 1, and
lluo — @olle < Cilixo ~ a(o)lla

where the constants C, C;, and y > 0 do not depend on uy or #p;
(C) H=Z(y') with y <y.

Remark. Property (C) turns out to be important in establishing the uniqueness of an
inertial manifold.

The inertial manifold H is homeomorphic to R¥. The mapping w(y) = y +
o(y): Y — Ey is called the generating function of H. We have y(Y)=H, P(H) =
Y and u—y(y) =x—oa(y) for u=x+y € E. It follows from the invariance of
H and the smoothing action of the parabolic equation that H € E; .

A consequence of the definition of inertial manifold is the convergence of the
solutions u(t) to their natural projection w(y(¢t)) on H. Indeed, u(t) — w(y(t)) =
x(t) — a(y(t)) = x(t) — (1) + x(t) — a(y(¢)) . By (3b) we have [|x(¢) —a(y(D)lls <
Elp(t) —y(lls , and from (5) we deduce (for ¢ > 1):

lu(®) = w (Ol < HIx(®) = x(Dlls + &'lly (D) — 7(O)lls
< (L +E)u(t) - a(tlls < Calluo — w(vo)llae™".

Definition 3. Equation (1) is said to be asymptotically k-dimensional if there exists
a k-dimensional inertial manifold in Fjp.

Let M be a CI set of equation (1), u € M, and ¢t > 0; then u = P,(yy) for
up € N. Since M is bounded in Ey, and, a fortiori, in E,, by property (B) of
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the inertial manifold H the quantity ||u — ®,(io)|ls (fip € H) becomes arbitrarily
small as ¢ grows, i.e., ¥ € H. Thus, the inertial manifold contains all the CI sets of
equation (1).

If H isa k-dimensional inertial manifold and u, € H, then u(f) = w(y(t)), and
y(t) = Pu(t) satisfies the following ODE in Y ~ Rk :

(6) y=-PAy(y)+ PF(y(y)), y(0) = yo = Puy.

Under our hypotheses the right-hand side of (6) is uniformly Lipschitz. Indeed, for
PFy this follows from conditions (2), (3b) and the equivalence of the different
norms in Y. The mapping PAy is uniformly Lipschitz in the case dimE < oo,
and PAy = PA if dimE = oo, where PA is a bounded linear operator in Y .

Actually equation (6) is the restriction of the SPE (1) to H ; we denote by n CI
sets of (6). The mapping y establishes a one-to-one correspondence between the CI
sets of equations (6) and (1): w(n) =N, PN = n, and the rather strong nature of
the attraction of the phase space E; by H easily allows us to reduce the problem
of describing the stable CI sets of the SPE (1) to the analogous problem for the ODE
(6) in Rx.

Lemma 1 (reduction principle). If there exists a k-dimensional inertial manifold H
in the orthopair (X, Y), then the CI sets M of equation (1) and the CI sets n = PO
of the ODE (6) are simultaneously stable.

Proof. The stability of n clearly follows from the stability of 9t. Now suppose that
n is stable. This means that there exists an open set ® D n in Y such that for yg €0
the solutions y(t) of the ODE (6) tend to n for large time. We shall assume that
the E,-norm is defined in ¥ ~ R* . We set

D={ucEy:u=x+y,yen, lu—y®ls <AC{'p()},

where p(y) is the distance from y € v to the boundary of 9, and C; is the constant
from (5b). The open set © D M = y(n) and, by property (5a) of inertial manifolds,
for up € ® we have |ju(¢) — a(t)|| — 0 as t — +oo with #; € H. Using (5b), we
find that

o — Polla < o — Biolla < Cilluo — w(o)lle < ATCillte — w(o)lls < (Vo) ;

hence, yo € » and y(t) - n as t — +oo. Since #(t) = w(F(?)), it follows that
() » N and dist(M, u(¢)) — 0 as t — +oco. This proves the lemma.

The main results of this paper, the existence and uniqueness of inertial manifolds,
are stated in the following way.

Theorem 1 (existence). Let k > 1 and suppose that the conditions

(7a) Ak+l — A > 2L, 'lk+l > L
hold for 8 = 0, or the conditions
(7b) A=A >, —ADL, A4 >0

hold for 8 > 0. Then there exists a k-dimensional inertial manifold of equation (1)
in the orthopair (X, Yi).

Theorem 2 (uniqueness). For each k > 1 there exists at most one k-dimensional
inertial manifold in Eg.

The meaning of the relations (7) is that the nonlinearity F must be “sufficiently
small” in comparison with the gap Ax,; — A;x between adjacent eigenvalues of the
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operator A. Various results of this kind, containing undetermined constants, can
be found in [11]-{15], [17], [21]; these are, for example, conditions of the type
Aks1— A >M, 4 >0 (8=0,and M > 0 does not depend on k), guaranteeing the
existence of a finite-dimensional inertial manifold for the SPE (1), when supA; ., —
Ay =00 {k >1). If it is necessary to establish the existence of an inertial manifold
of a given dimension, then sufficient conditions are needed that depend explicitly on
the data of the problem, say, on the parameters &, L, {i;}.

The first constructive conditions of the type (7) were obtained in [2]. A very
general (but not very concrete) theorem on inertial manifolds is given in [11], Chapter
6; by modifying the proof from [11] somewhat, one can obtain (see [3]) sufficient
“conditions for the existence of a k-dimensional inertial manifold for (1) for 4 =0
in the form

Akgr — A = 4L, A1 2 0.

Finally, in [4], [5] (see also [7]) these conditions (also for ¥ = 0) were improved
to
A1 =M 22V2L, A > 2L,

and it was shown that the constant factors of L cannot be less than 2 and 1, respec-
tively.

We note that in many papers (including [4] and [5]) the attracting property of the
inertial manifold H is formulated in a weaker form than condition (5):

tginoo dist(H, u(t)) =0

for all 4y € Ey; in general this does not allow us to establish the reduction principle
(Lemma 1), which in turn makes it difficult to use properties of ODEs in RX to study
steady-state regimes of equation (1).

In [8] results that partially overlap with the conclusions of Theorem 1 are given.
Here, however, there are differences both in the restrictions on the nonlinearity F
(significantly more special in comparison with (2)), and in the very definition of
an inertial manifold. Namely, in [8] the inertial manifold H is constructed as a
local (contained in some ball) positively invariant (but not invariant) manifold, and,
moreover, the attracting property of H is defined in the weak form (8).

Various aspects of the theory of invariant manifolds for ODEs with a small pa-
rameter were considered in [10], but the question of sufficient conditions in the form
(7) for the existence of such manifolds was not explicitly raised there.

In what follows the existence theorem for inertial manifolds will be stated and
proved in more general terms. Thus, the following proposition allows us to explicitly
express the constants that characterize the inertial manifold, in terms of the param-
eters 9, L, {A}.

Theorem 3. Let k > 1, 0 < h < 1, w(h) = (h?> + h~%)/2, and suppose that the
conditions

(9a) Akr1 — A > (L + w(h))L, Ak > L,
(9b) Akgr — A > (A, + (WAL, i >0

hold for 8 = 0 or O > 0, respectively. Then there exists a k-dimensional inertial
manifold H in the orthopair (X, Y;) with constants

E=h, y=Mp —AQ, L, ¥ =X +ALL.

Remark. The constant &' from (3b) is expressed in a more complicated way.
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Of course, Theorem 1 is a special case of Theorem 3 (with the same constants vy,
y" and with £ < 1).

We also note that, by replacing 4 by A+ T and F by F + T in equation
(1), where T is a bounded linear selfadjoint operator in E (for example, a scalar
operator), one can sometimes make conditions (7), (9) hold if they do not hold with
T = 0. In particular, this approach allows us to treat the case ¢ > 0, 4; <0, not
considered here, if we set T = bl with b > —A; (I is the identity operator in E).

It turns out that conditions of the type (7) for the existence of a k-dimensional
inertial manifold are already the best possible in a certain sense {for more about this
see also [4], [5])-

Lemma 2. If 8 =0 and c,, ¢c; > 0 are constants such that under the conditions
Ayt — A > oL, Aiy1 > 2L

there always exists a k-dimensional inertial manifold for the SPE (1), then ¢ > 2
and ¢c; > 1.

Proof. Let E = R?, u = (uy, uy), Au = (Auy, Aauy) with 4; < 45, and F(u) =
(up, —uy). Then L =1, and if 1, > ¢, but ¢; < 4 — 4y < 2, then the stationary
point # = 0 is a focus, and hence, there does not exist a one-dimensional inertial
manifold for this ODE.

Now suppose F(u) = (u;, uz). Then L=1,andif 4,4, >¢c; but ca <A, < 1,
then the point # + 0 is an unstable node and in this case there does not exist a
one-dimensional inertial manifold either. This proves the lemma.

Lemma 3. If 8> 0, and c;, c; > 0 are constants such that under the conditions
}*k+l — A > (Cllzﬂ + Czlg)L, Ar>0

there always exists a k-dimensional inertial manifold for the SPE (1), then ¢; > 1
and ¢, +¢c > 2.

Proof. Let E =R?, u = (u;, uy), Au = (Ajuy, Aup) with 0 < Ay < 4, F(u) =
(u2, —u1). Then L=A7?, (128 + 2A?)L = c1k + ¢, where k = (12/41)® > 1, and
if x iscloseto 1, but ¢; + ¢ < ¢k + ¢z < A — 41 < 2, then the stationary point
u = 0 is a focus, and hence, there does not exist a one-dimensional inertial manifold
for this ODE.

Now let F(u) = (AJuy, Auy) and A, < 1; then L = 1. Assume that ¢ < 1
and that ¢, is arbitrarily large. If 4, is sufficiently close to 0 and 4, is sufficiently
close to 1, then (14§ +¢24%)L < A, — 4, but u =0 is an unstable node, and in this
case there does not exist a one-dimensional inertial manifold either. This proves the
lemma.

In the majority of the cited papers the mapping : Y — X whose graph is the
inertial manifold A , has been constructed as a fixed point of a certain transformation
in the metric space of Lipschitz mappings from Y into X, most often with the use
of the classical Krylov-Bogolyubov scheme (see [9], [10] for ODEs and [11] for SPEs).
Here we have used an essentially different approach (different from the one presented
in [7], (8] as well), which develops and generalizes the techniques for lowering the
dimension of dynamical systems in R”, proposed in [1], to the problem (1), (2) in
an infinite-dimensional phase space.

In the orthopair (X, Y) equation (1) is written in the form

(10) X =-—Ax+QF(x+y), y=-A1y+PF(x+Yy),
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where A4y = PA, A, = QA. For ¢ > 0 on E3; we define an indefinite quadratic
form
V() = (X, X)a =8 (¥, ¥)a  (a=1/2)
in the orthopair (X, Y). We denote the corresponding negative and positive cones
by
7" ={ueEg:Vi(w) <0}, 7+ ={ucEy:Vi(u)>0)

The following result (with the natural change of statement) is, in particular, proved
in [1].
Theorem 4. Let E = R”, and let F: R" — R" be a locally Lipschitz mapping.

Suppose that all solutions of equation (1) exist for t € R, and there is a stationary
solution € E. Then if in some orthopair (X,Y), dimY = k > 1, the inequality

(1 L (v u(t) ~ (1)) < ~eefutt) ~ W (D2

holds with © =0, £ =1, y> 0, and e > 0, for solutions of (1), then in E there
exists a k-dimensional invariant manifold H of the form (4) with Lipschitz constant
1 in (3), containing all the CI sets of the ODE (1).

Later on, relation (11) will be used in the somewhat weaker form:

(12) Ve(u(t) — u'(2)) < Vi(ug — up)e™2"
or even (in case ¥ = 0 is a solution of (1))

(12a) Ve(u()) < Ve(ug)e™"

for t > 0.

We shall show that in our situation inequality (12) is a consequence of conditions
(9) in Theorem 3. We note that (#, u), = (u, A%u) for u € Ey.

Lemma 4. Suppose conditions (9) hold with k > 1 and h < 1, w(h) = (h*+h™?)/2,
and the form V; is defined in the orthopair (Xy, Yy). The inequality (12) holds for
the solutions of (1) for £ € [h, k™11 and y € [y, y1] with

(13) vo=Ax +@MAL, =k ~AL, L.

Remark. 1If (9) holds, we have y; < y; and y; > 0. For § > 0 we always have
19 > 0; for 8 = 0 we may possibly have y, < 0.

Proof. Weset X=X, Y=Y,,andfor u=x+y, v =x"+y € Es we set
J=(F(x+y)-Fx' +y), £2x-x" =& -y))).
We write equation (1) for #(z) and #'(¢) in the form (10). Then
X-X'=-Ay(x~x)+ Q(F(x +y) - F(x' +y")),
y—y =—-A4i(y -y + P(F(x +y) - F(x" +)")).

Taking the scalar multiple in E of the first of these relations by A%(x — x’) and of
the second by 4?(y — »’), and denoting the left-hand side of (11) divided by 22
by Z(t), we have (omitting the dependence on ¢):

Z=yVi(u—-uw)+ (X —%,x=xY0=E@ =¥,y =¥)a
=pV(u—w) = (A2(x = X'), x = X )a +EH (Y = V), ¥y =V )a + J.
From condition (2) on the nonlinearity F we find that
< Lilx—x"+y—plls-llx —x" =& = ¥)lls.
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Using the orthogonality of X and Y in E; and the elementary inequality ((a + b)
x(a+chb)2 <a+cb with ¢ =(1+¢)/2 (and a = |lx -x'|3, b=y -3,
c =¢4), we obtain

S Lix—x", x = x"Yo + L&y~ y', y = ¥')s

with & = (1 4 &%)/2. Furthermore, for u € Ey we have (A%u, u), = (u, u)p and
Ax = Ayx, Ay = A1y, so that

Z<yx-x',x=xNa~yE8@~¥,y-¥)
+ (TZ(x - x,)’ X — xl)a + (Tl(y "y/) » Y _y’)a s
where T) = LA? — A4 and T} = L&E AP + 24 (A® = I) are linear self-adjoint
operators. We see that u = L& A? + &4, is the maximal eigenvalue of T} in Y, so
that (71y, V)a < #(y, ¥)a for y € Y. Moreover, let u; = L2% ~4; (j>k+1) be

the eigenvalues of 75 in X, and let k; = 4;4;, . Then u; = LA, k8 =y, and
since Agyy) > 0 and pyyy < 0 in (9), it follows that x; > 1, u; < ukﬂx}? < lgat,
and hence, (12X, X)o < U1 (X, X)o In X .

Finally we conclude that
Z<(x=x", x=xNa(y + LA = Aar) + (0 =V, ¥ =¥ )a(—7E + LEA] +E244) < O

in view of the estimates (13) for y and the condition ¢ € [A, A~1] (from which it
follows that &;¢2 = w(§) < w(h)). The inequality Z(f) < 0 is equivalent to (12),
and the lemma is proved.

The constructions of [1] make significant use of the finite-dimensionality of the
phase space. In the proof given below, this technique is essentially revised, which
allows us to cover the case dimE = oo, to obtain sufficient conditions for the ex-
istence of the inertial manifold H in the form (7) suitable for applications, and to
establish the attracting property for H in its strongest form (5) (including the case
dim £ < 00).

§3. EXISTENCE AND UNIQUENESS OF THE INERTIAL MANIFOLD

Theorems 1 and 3 start from a given representation of the right-hand side of (1) as
a sum of a linear operator and a nonlinear one, and also from a prescribed orthogonal
decomposition of E = X ® Y with X = X; and Y = Y, . Here we prove a more
general assertion.

Theorem 5. Suppose 0 < h < 1, y < 71, 1 > 0, and suppose that inequality
(12) holds in some orthopair (X, Y), dimY = k > 1, for the solutions of (1), with
Ee{h,h ™"}, y=y1,and E=1, y =yy. Then there exists a k-dimensional inertial
manifold H in the orthopair (X ,Y) with constants E=h, y=y, 7 =.

Remark. The parameter &2 is included linearly in relation (12), and thus in the
hypotheses of the theorem inequality (12) also holds for all values of (£, y;) with
Eefh, h '], including & = 1, y = y,. In the sequel, we use the notation g = A~1.

Theorem 3 is a consequence of Theorem 5 and Lemma 4. Indeed, under the
conditions of Theorem 3 inequality (12) holds (by Lemma 4) for ¢ € {h, h~'},
71 = Aky1 — AL, L and for & =1, 7 = 4 + AL, and hence by Theorem 5 there
exists a k-dimensional inertial manifold with constants E=h, y =9, Y = 7.

Without loss of generality we assume that equation (1) has the stationary solution
u=0 (e, F(0)=0).

Before passing directly to the proof of Theorem 5, we establish some estimates.
For £ € (0, 1) weset K; = (1271,



INERTIAL MANIFOLDS FOR NONLINEAR PARABOLIC EQUATIONS 39
Lemma 5. Let (X, Y) be an orthopair, 0 <& <1, n=¢71, uy, uy, us € Ey, and
Vi=y2, 1 —u3 EZ;*, uz—u367€‘. Then

llx1 = x3lla < KellX1 — X2lla-
Proof. We have
X1 = Xs3lle < (X1 = X2lla + [IX2 ~ X3]la
< Jlxr = x2lla + Elly2 — ¥3lla < X1 — Xa2fla + E2Ixy — X3lla
(since y; = y;), from which the desired estimate follows.
Lemma 6. Let (X,Y) be an orthopair, 0 < <n, and ue 7,*. Then
2
ful? < o Vet
in particular, for ¢ <1 and n =& we have ||lu|2 < K¢Ve(u).

In fact, for u € 7,* we immediately deduce

_ 14192
Il < (14 n72elR < o= V),

and the lemma is proved.

The following assertion reflects the compactness property of the semiflow {®,}
and, apparently, is well known (although we have not been able to find an exact
reference).

Lemma 7. For uy, uy € Ey, a=9/2, and t >0 we have
llu(t) — ' (D)o < Mllug — uglla»
where M = M(t, 3).

Proof. Let 6 = A;. For g €[0,1) and ¢t > O the operator 4%¢~4! is bounded in
E and ||APe=4|| = |le~ 4| g < Mgt—Be~9 (see [11], p. 27). From this, for u € Eg,
e ulls = ||A% ™" A%u|| < Mot~ |lulla.

We set b = |lup — uhlla, ¢(1) = e |lu(t) —u'()||s . Writing the SPE (1) as an integral

equation, we have
’ t
w(t) — ' (8) = e~ (g — ) + / e~ A=) (F(u(s)) — F(u'(s))) ds.
e
Multiplying this equation by e%', we obtain, using (2),
t
o(t) < Myt~ + LM,;/ (t —s5)%p(s) ds.
0

Now applying the generalized Gronwall inequality (see [11], p. 188), we find that
o(t) < bM’(t,8), and hence, the assertion of the lemma is also true with M =
M'edt,
The proof of Theorem 5 is divided into four steps:
construction of the manifold H in the form (4) (§3.1);
invariance and Lipschitz property of H (§3.2);

attraction of the phase space £y by H, in the form (5) (§3.3);
H=Z () (§3.4).
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3.1. Construction of the manifold H in the form (4). Following [1], for 7> 0 and
yeY we set

& () = PO.(y),
and we show that under certain conditions the mapping g; is a homeomorphism of
Y onto itself.

Lemma 8. Ifin some orthopair (X, Y) inequality (12) holds for solutions of equation
(1) with £ > 0 and y € R, then the mapping g.: Y — Y is a homeomorphism for
all t>0.

Proof. We have & ly||l2 = —V;(y) for y € Y and &2||y||2 > —Ve(u) for u € Ey.
From this and inequality (12) (multiplied by —1) we find that
(14) lg:(¥) = & Ma 2 e |ly = ¥'lla

for y,y' € Y. The mapping g; of Y ~ R into itself is continuous, since the
semiflow {®,} is continuous in Ej3, and from (14) we see that g, is one-to-one and
the inverse map g; ! is uniformly Lipschitz. Hence, using Brouwer’s invariance of
domain theorem we deduce that g7 ! is bounded on all of Y, and the lemma is
proved.

We may assume that inequality (12) for solutions of (1) holds with & € {h, 1, g},
y =7y andwith £ =1, y = y,. Here it follows from up—u; € Wé‘ that u(t)—u'(t) €
%‘ for ¢t > 0, and, conversely, u(¢) — u/(t) € %* for some ¢ > 0 implies that
Uy — u() c %*’ .

For t>0,teR,and yeY weset z(7,y)=g ' (y) €Y,

(15) x(t, y) = hm @ (2(z, ),

where the existence of the limit is still to be established. We note that by the definition
Of g‘r’ P(DT(Z(13 y)) Ey
Lemma9. For tc R and y € Y the limit (15) exists in the Ey norm.

Proof. Passing to Cauchy sequences and using Lemma 7, we find that the convergence
of (15) for t =ty in the E, norm implies the existence of the limit for ¢ > fp in
the E; norm as well. Thus, it suffices to prove that for t < 0 and y € Y the
mapping t — ®.,,(z(7, p)) satisfies the Cauchy criterion in E, for 7 — +o0o. Let
T >T>T1>—t,andlet u=x+y, v +x'+y" be solutions of (1) with

up=z(11,¥), . Up=Prq(z(12, 7).
We have y(7;)=y'(11)=9, xo=0,and for t<0
(T + 1) — (v + 1) = O (2(11, §)) — Pryie(2(12, §)) € 75T,

since u(t;) —u'(t) € X C Z,;*. Applying (12) with £ =1 and y = y;, we obtain
(16) Vi(u(ti + 1) — o' (11 + 1)) < e (|12 = flyo — voll2).

Now setting £ =1, y = yp in (12a), we see that

e Vi(u(t1)) < Miuo),

and since Vj(ug) = —||yoll2 and Vi(u(t;)) > —||y))2, it follows that
(17) I¥oll2 < €27 |12,
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Using the elementary Hilbert space relation {lyo —v§li2 > (llyolla — lI¥4lla)? and the
fact that u, € 7,7, since z(72,¥) € Y C Z,”, in the right-hand side of (16) we
have

(18) 11z = llvo = ¥ollz < A2Uvollz = (wolla — Ivolla)® < wllyollz

if kK = k(h) > 0 is so large that the quadratic trinomial (1 — A2){%2 — 2+« + 1
is positive definite (we write { = ||yglla/ll¥olla; for yo = O inequality (18) holds
trivially). Since ¢ = u(t;+¢)~u/'(t;+2) € Z;* ,by Lemma 6 with { =1 and n=g¢
we have [lg|lZ < M'(q)Vi(9).

Finally, combining relations (16)-(18), we obtain

(s +2) = o' (11 + DI < Me™2n=0)0 | p|

with M > 0 independent of t;, 7. Moreover, this inequality is true with 7; re-
placed by t < 7| on the right-hand side, and thus the mapping ®...(z(7, 7)): Rt —
E,, actually satisfies the Cauchy criterion as 7 — +oo. This proves Lemma 9.

Now we set w(y) = x(0, y), a(y) = Qu(y) for y € Y, and from (15) it follows
that Py(y) = y. We denote by H the manifold of the form (4) with defining
function w(y) =y + a(y), and the first step of the proof of Theorem 5 is complete.

3.2. Invariance and Lipschitz property of H .

Lemma 10. For t€ R and y € Y we have x(t,y)€e H.

Proof. We set x(t,y) = u', P = y'; then ¥’ — w(y’) € X. Further, w()') =
x(0,¥'), and we can replace T by 7+ ¢ in the definition (15) of x(0, y’). Hence

W= y() = im (Peyi(2(7, ¥)) = ezt +1, ) € %47,

because z(t, y)-z(t+t,y )€Y C 7,7 ;since XNZ,” =0, we have v'—y(y') =0,
and the lemma is proved.

Now let uy = xp+yo € H, ug = x(0, yo), and ¢t > 0. Using the continuity of
the evolution operators ®; in Ey, we find from (15) that ®,(1y) = x(¢, yo) € H.
In exactly the same way, uy = ®,(x(—1, yo)), where x(—t, yo) € H, and we have
proved the invariance of H .

For y,y’ € Y we have

v) = w() = lim (®:(2(7, y)) - Pu(2(z, 1))

Since z(7, y)—2z(r,)') € Y C 7,”, we also have ®,(z(1, y)) - P®:(z(7,y) € 7, ,
from which y(y) - w(y') € 7,7, ie., |lo(y) = d(¥')lla < Ally ~ ¥'ll« , and we have

obtained the estimate (3a). For u,«' € H and ¢t =1 we now set u = ®,(up) and
u' = ®,(ug) with ug, uy € H. Applying inequality (12) with £ =1 and y = 59, we
find that

lloe = x"I2 = ly = ¥'l12 < e o({|x0 — xp1i2 — llvo — woli2)
from which, in view of (3a),

(1= HB%)e ||y — yoll2 < llv — V112
Using this estimate and Lemma 7 with ¢t =1, M = M(9) and inequality (3a) again,
for u, u’ € H we have '
llx — x"lls < llu~u'lls < M(B)lluo ~ uplle
< M@O)(1+h)2yo - yolla <&Elly = ¥'lls,
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where £’ does not depend on yp, y; (we have also used the equivalence of norms
in Y). Thus, the Lipschitz conditions (3) have been completely established.

Remark. In particular, we have proved that -’ € 7, for u, v’ € H, and since
u' =0 is a solution of (1), HC 7, .

We note that on the invariant manifold H the semiflow {®;},>¢ restricts to a
flow {®}er; g=h""! for he (0, 1).

3.3. Attraction of the phase space by H. We recall that in the hypotheses of The-
orem Sweset a=9/2 and K, = (1 —h?)~" for he(0,1) and g =h""'.

Let u(t) = x(¢)+y(t) be an arbitrary solution of equation (1) for ¢ > 0 with uy =
X0+ Vo € Ep. Since H is an invariant manifold, we may set #y(t) = ®_,(w(y(1))),
and @o(t) € H. Since u(t) — y(y(¢)) € X C Z;*, we also have up ~ #ip(t) € 7,7 .
Now we can apply Lemma 5 with u; = uy, uy = w(¥g), us = fip(t). Indeed,
uy—us €7, y1=y2=yo,and u, —u3 € 7,”, since u,, u3 € H. By the lemma,
(19) lxo — Zo(Hlla < Knllxo — o (¥o)lla-

We need to prove the convergence of an arbitrary solution u(t) as t — +oc to
a certain solution #(f) € H. Since ug — @p(t) € 7;*, the uniform boundedness of
X0 — Xo(?)|l« for ¢ > 0, established above, implies the uniform boundedness of the
set {Jo(¢)}:>0 in the finite-dimensional subspace Y . Following a well-known scheme
(see [11], pp. 150-151), we single out a sequence yo(f,) — Jo as f, — +oo; since
p(t) € H C 7, , we also have Xo(t,) — Xo, #o(fy) — %o € H in the E, norm. We
denote by #(t) a solution of (1) with #(0) = #,. From the invariance property of
H we see that #(t) € H for t > 0, and, using Lemma 7, we find that, for ¢ > 0,

(20) a(t) = Hm & (o))

in the Ey norm. Furthermore, for ¢, > ¢ we have
Dy, (ug) — @y, (0(t)) = u(ty) ~w(y(t)) € X C 7",
and hence, u(t) — ®,(f1p(t,)) € Z;* . It now follows from (20) that u(t) —ua(t) € 7;*
for t > 0. According to (12) with £=h and y =y,
Vi(u(t) — a(t)) < Vi(uo — Bo)e ™"

for t > 0. By Lemma 6

flu(e) = a(t)l3 < KnVa(u(t) - a()),
and since V;(uo — i) < ||uo — #oll3,

lu(e) = a(D)lla < K, *lluo ~ follae™"
for t > 0. By Lemma 7,

lu(t) — a(Olls < Miju(t — 1) — a(t ~ 1)||a

for t > 1 with M = M(8), and property (5a} is proved.
Now passing to the limit in (19) as ¢ = ¢, — +oo and Xp(f,) — X, we see that
fixo — Xolla < Killxo — o(yo)ll . Since up — @1 € Z;*, it follows that

llo — upllZ < (1 + B?)llxo — Xoll} < Ki(1 + A2)lixo — a (o)l

i.e., we have obtained estimate (5b), which completes the third step of the proof of
Theorem 5.

In particular, it has been shown that we always have u(t) — a(t) € Z;* for t > 0
for ug € Eg.

34, H=%(y).
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Lemma 11 (see also [1, p. 345]). Let 0 < h < 1, yy < 1, and suppose that inequality
(12)y with £ =h, y =y, and & = 1, y = py, holds in the orthopair (X,Y) for
solutions of (1). Then for any two solutions u(zt) and u'(t), existing for Tt€ R,

(21) lu(z) — &' (7)lls = O(e™™7),  T— —o0,

if and only if u(t) —u'(tr) € Z,~ for 1 <0.

Proof. From Lemma 7 and the estimate || - ||s > 42| - [l we see that the Eg-norm
can be replaced by the E,-norm in (21). For u(z) — #'(t) with 7 < 0 relation (12)
gives

(22) Vi(uo — ) < e V(u(7) — o (7).
If u(t) —u'(t) € 7, , then, setting { = 1 and y = yp, we find from (22) that

e?(1 = h)|ly(r) — ¥ (D)II2 < llyo - voli2»

1 — h2 ! 2 2

—_—— - < g~ <ot — I3,

Tl — W @12 < ey~ )12

Conversely, let ||u(t) — /'(1)||o < ce " for 7 < 0. Setting £ = A, y =y, in (22)
and using the fact that V;(u) < [[u||2 for u € E; we have

I/;'(uo - u6) S czez(}’l—yo)"

for 1 <0, from which ¥} (up —up) < 0; making a shift in time, we obtain ¥}, (u(t)—
(1)) <0 for 7 <0 in the same way, and the lemma is proved.

Corollary. Since v’ = 0 is a solution of (1), under the hypotheses of the lemma
u(t) € Z(yo) is equivalent to u(t) € 7,~ for every solution u(t) that exists for t € R.

We continue the proof of Theorem 5. It has already been shown that H C 7,~,
and according to the corollary, H C Z(y) with y = y,. Now suppose up € Z(y)
and uy = w(Pup) € H; then uy — uy € X. On the other hand, it follows from
up € Z(y) and u € Z(y) that u(t)—u'(¢) satisfies the estimate (21) for 1t <0, and
by Lemma 11, up — uy € 7, . Hence up — uy =0, i.e., H =2 (yy), and Theorem
5 is completely proved.

It remains to establish the uniqueness of an inertial manifold of a given dimension.

Proof of Theorem 2. Let H and H' be k-dimensional (k > 1) inertial manifolds
in orthopairs (X, Y) and (X', ¥’) with defining functions v and y', H = Z(y)
and H' = Z(y'), and let P and P’ be the orthogonal projections onto Y and Y’
in E. If y=9y',then H= H'. Let y < y; then Z(y') C Z(y), and hence
H' ¢ H. The mapping Py': Y’ — Y is continuous; we show that it is one-to-one.
If yi,y: €Y' and y, # y2, then ¥'(y1), ¥'(y2) € H' C H and y'(1) # ¥'(»2),
Py'(y1) # Py'(y;). Actually Py’ is a mapping from R¥ to R, and by Brouwer's
theorem its image is an open set. For ¥ € H' C H we have w(Pu) = u, and hence
Py:Y — Y’ is a left inverse for Py’, and since P'y is uniformly Lipschitz,
(Py"h(Y')=Y, PH' =Y ,and H' = H. The case ' > y is examined analogously.
This completes the proof of Theorem 2.

§4. SOME SUPPLEMENTS AND APPLICATIONS

We assume that the above-described apparatus can be used for the qualitative
analysis of steady-state regimes of partial differential equations as well as for ODEs.
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In connection with this it is necessary to make the standard remarks concerning the
global nature of condition (2) on the nonlinearity F, which does not seem to be
a realistic condition for specific problems. We assume that the Lipschitz condition
(2) holds only locally (on bounded sets in Ey), but there exists a closed convex
bounded positively invariant set Q in Ej, on which (2) holds with the constant
L(Q2). We note that for SPEs describing real physical processes without peaking
regimes (i.e., without solutions that go to oo in finite time), such a set € usually
exists. We extend F from Q to Ej to a uniformly Lipschitz mapping F; (ideaily
with the same constant L(€2)). Then equation (1) is equivalent in Q to the equation
u = —Au + Fy(u), where F, already satisfies a Lipschitz condition in the whole
space Ej, and the theorems on inertial manifolds can be used in the study of steady-
state regimes of the semiflow {®;} in Q. In particular, one can speak about the
asymptotic k-dimensionality of equation (1) on the positively invariant set Q C Ey.
We now consider applications of our approach to nonlinear diffusion equations
(NDEs), restricting ourselves to the case § = 0 to start with. Consider the problem
(23a) %g=dAU+BU+f(U), U0, x) = up(x)
in a bounded domain G c R (N > 1) with a sufficiently smooth boundary T.
Here U=U(t,x)=(Uy,...,Uyp), m>1; t>0 and x € G; B is a symmetric
scalar (m x m) matrix, f: R™ — R" is a locally Lipschitz mapping, and f(0) =0;
d is a diagonal scalar matrix with elements d; > 0 on the diagonal, and A is the
Laplace operator. The boundary condition is

(23b) (1~ NS + BV =0,

where n 1is the exterior normal to I', f(x) a sufficiently smooth function on I', and
0<B(x)<1.

We let {u;};>; denote the eigenvalues of the operator (—A) with boundary con-
dition (23b).

Usually in the study of NDEs one attempts to establish the existence of stationary
or periodic solutions U(z, x) which are stable as ¢ — +oco and inhomogeneous for
x € G. Here it is natural to consider the convergence of solutions in C-norms, not
in L%-norms.

Let Ty ={x €T :p(x)=1}, and let

E =L*G;R™), Co={ue C(G;R™ :ulp, =0}

be spaces of vector-valued functions. The problem (23) can be written (formally) as
an equation of type (1) in the Hilbert space E':

(24) it = (dA+ B)u + F(u), u(0) = ug,

with u(t) = U(t, -) and F(u)(x) = f(u(x)). Mora [3], [19] showed that equation
(24) generates a local semiflow S;: up — u(?), 0 <t < @w(up) < oo in the Banach
space Cy C E. Here, if uy belongs to Q, a bounded domain in Cp, positively
invariant for {S;}, then the solutions u(¢) exist for ¢ > 0, the semiflow {S;};>o is
completely continuous in Q, and the corresponding semitrajectories are relatively
compact in Cp.

If there exists an invariant manifold H C E for equation (24) in the Hilbert space
E, then H C Cy, which is a consequence of the smoothing action of the parabolic
equation and the appropriate embedding theorems (see [11], Example 3.6, for an
instance of similar arguments).
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We now assume that the domain
D={veR":q;,<v;<b;, 1<i<m}

is positively invariant for the ODE ¢ = Bv + f(v) in R”, and O € & . The usual
arguments of maximum principle type for parabolic equations show (see also [20])
that the domain

Q={ueC:ux)eZ, xe€G}

is positively invariant for the semiflow {S;}. Let {i;}«>, denote the eigenvalues of
the family of matrices (du; — B) (j > 1), in increasing order, and let

(25) L(Q) = sup |/ (v)|sp,
vED

where f’ is the Jacobian matrix of f, and |- |s; is the spectral norm of matrices.

Let f; be a uniformly Lipschitz extension of f(v) from & to R™ with the same
Lipschitz constant L() (it is not hard to construct such an extension via reflections).
Here L(Q) is a Lipschitz constant for the nonlinear mapping Fi(u)(x) = f;(u(x))
in the Hilbert space E. Now if there exists a k-dimensional inertial manifold H,
for the SPE & = (dA + B)u + Fi(u) in E, then H, C Cp and H; 3> 0. In this
case we call the local manifold H = HHNQ c ¢y (H 3 0, since Q > 0) an
inertial manifold of the problem (23) in the domain Q C C,, and we say that
the NDE (23) is asymptotically k-dimensional in Q. Simple arguments, based on
the relative compactness of semitrajectories of the semiflow {S;} in the positively
invariant domain Q, show that the manifold H attracts  not only in L2, but also
in the C-norm.

From Theorem | we now get an assertion that strengthens similar results in [3],
[41.
Theorem 6. For the problem (23) suppose that k > 1 and

Akt — A > 2L(Q), Aky1 > L(Q).

Then in Q there exists a k-dimensional inertial manifold attracting Q in the C-
norm.

We exhibit these results using the example of the system of equations (see also [4])

%‘Ll = AU, + Uy — (1 + 8)U} + 6UUZ,
(26) ot
' 7972 = d)AU, + U, — (1 + 8)U3 — 6UEU,.

Here
G=(0,n), d=1/12, Ut,)=U(t,n)=0,
ui=(J—1/2), B(0)=0, B(n)=1, Iy ={n},
Q={ueC:|lu(x)| <1, [ua(x)| < 1}.

In Q there is one homogeneous stationary solution u = 0. We write this system in
the form of a SPE (24) with B = kI, where I is the (2 x 2) identity matrix, and
Kk 1is a real parameter chosen in order to minimize the value of L(£2) in (25). For
Kk =—15/24, L(Q) < 15/8. We also set d_ = min(d,, d»), d; = max{(d,, d>),
r=15, s=r/8.

Applying Theorem 6, we find that the NDE (26) is asymptotically one-dimensional
in the domain Q for d_ > s, d, — d_ > r and asymptotically two-dimensional in
Qford.>s,d, +r<9d_ andfor d_>s/2,d,—r>9d_.
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Now using the elementary properties of ODEs in R! and RZ?, and also the fact
that the homogeneous stationary solution % = 0 is unstable for d_ < 4, we come to
the following deductions about limit regimes of the system (26):

1) Let s<d_ <4 and d, —d_ > r. Then in € there are no periodic solutions
and there are at least two stable nonhomogeneous stationary solutions; moreover, the
number of such solutions is even.

2)Let s<d_<4,d,+r<9d_,d,~d_<rors/2<d_-<s,d.,—-r>
9d_. Then in Q there is at least one stable nonhomogeneous stationary or periodic
solution. v

We point out that these deductions are generically true in the parameters (d; , d3) .

§5. CONCLUSION

Conditions (7) and (9) for the asymptotic k-dimensionality of semilinear parabolic
equations proposed in this paper appear to be rather constructive in the sense that
all the parameters (¢, L, {A;}) appearing in them are computable in principle or,
in any case, lend themselves to estimates. Results about nonhomogeneous stationary
or periodic solutions of NDEs, obtained via the construction of inertial manifolds
of small dimension, can be complemented (but not in general overlaped) using the
traditional methods for studying SPEs: bifurcation theory, rotations of completely
continuous vector fields, et al.

We also note that the method of inertial manifolds can be used not only for the
qualitative study of steady-state regimes, but also for the numerical solution of non-
linear parabolic equations (see [21] and references there).

Shortly after this paper was submitted for publication, the author learned of the
paper [22], in which a construction of an inertial manifold was given that is similar
to ours. However, the sufficient conditions presented in [22] for the existence of
a k-dimensional inertial manifold with an “asymptotic completeness™ property (of
type (5a)) turn out to be more rigid in comparison with our conditions (7).

Very recently an interesting paper by Miklav¢i¢ [23] appeared, in which a result
analogous to Theorem 1 is obtained (by an absolutely different method).

BIBLIOGRAPHY

1. Russell A. Smith, Poincaré index theorem concerning periodic orbits of differential equations, Proc.
London Math. Soc. (3) 48 (1984), no. 2, 341-362.

2. Ricardo Maiié, Reduction of semilinear parabolic equations to finite dimensional C! flows, Geom-
etry and Topology (Proc. Third Latin Amer. School Math., Rio de Janeiro, 1976), Lecture Notes
in Math., vol. 597, Springer-Verlag, Berlin, 1977, pp. 361-378.

3. Xavier Mora, Finite-dimensional attracting manifolds in reaction-diffusion equations, Nonlinear
Partial Differential Equations (J. A. Smoller, ed.), Contemp. Math,, vol. 17, Amer. Math. Soc.,
Providence, RI, 1983, pp. 353-360.

4. A. V. Romanov, Asymptotic finite-dimensionality of semilinear parabolic equations, Dokl. Akad.
Nauk SSSR 307 (1989), no. 3, 548~551; English transl. in Soviet Math. Dokl. 40 (1990).

, On the dimension of the central manifold for semilinear parabolic equations, Ukrain. Mat.

Zhu. 42 (1990), no. 10, 1356~1362; English transl. in Ukrainian Math. J. 42 (1990).

, Conditions for the asymptotic k-dimensionality of semilinear parabolic equations, Uspekhi
Mat. Nauk 46 (1991), no. 1(277), 213-214; English transl. in Russian Math. Surveys 46 (1991).

7. Peter Constantin et al., Nouveaux résultats sur les variéés inertielles pour les équations différentielle
dissipatives, C. R. Acad. Sci. Paris Sér. 1 Math. 302 (1986), no. 10, 375-378.

, Integral manifolds and inertial manifolds for dissipative partial differential equations,
Springer-Verlag, Berlin, 1989.




10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

INERTIAL MANIFOLDS FOR NONLINEAR PARABOLIC EQUATIONS 47

. N. N. Bogolyubov and Yu. A. Mitropol’skii, Asymptotic methods in the theory of nonlinear oscil-

lations, 4th ed., “Nauka”, Moscow, 1974; English transl. of 2nd ed., Kindustan, Delhi, 1961, and
Gordon and Breach, New York, 1962.

Yu. A. Mitropol’skii and O. B. Lykova, Integral manifolds in nonlinear mechanics, “Nauka”,
Moscow, 1973. (Russian)

Dan Henry, Geometric theory of semilinear parabolic equations, Lecture Notes in Math., vol. 840,
Springer-Verlag, Berlin, 1981.

M. P. Vishnevskii, Integral sets of nonlinear parabolic systems, Dinamika Sploshnoi Sredy Vyp. 54
(1982), 74-84. (Russian)

, Invariant sets of nonlinear parabolic systems, Some Applications of Functional Analysis
to Problems of Mathematical Physics (S. L. Sobolev, ed.), Inst. Mat. Sibirsk. Otdel. Akad. Nauk
SSSR, Novosibirsk, 1986, pp. 32-56. (Russian)

Ciprian Foias, George R. Sell, and Roger Temam, Inertial manifolds for nonlinear evolutionary
equations, J. Differential Equations 73 (1988), no. 2, 309-353.

John Mallet-Paret and George R. Sell, Inertial manifolds for reaction diffusion equations in higher
space dimensions, J. Amer. Math. Soc. 1 (1988), no. 4, 805-866.

John Mallet-Paret, Negatively invariant sets of compact maps and an extension of a theorem of
Cartwright, J. Differential Equations 22 (1976), no. 2, 331-348.

Roger Temam, Infinite-dimensional dynamical systems in mechanics and physics, Springer-Verlag,
Berlin, 1988.

O. A. Ladyzhenskaya, Finding minimal global attractors for the Navier-Stokes equations and other
partial differential equations, Uspekhi Mat. Nauk 42 (1987), no. 6 (258), 25-60; English transl. in
Russian Math. Surveys 42 (1987).

Xavier Mora, Semilinear parabolic problems define semiflows on C* spaces, Trans. Amer. Math.
Soc. 278 (1983), no. 1, 21-55.

K. N. Chueh, C. C. Conley, and J. A. Smoller, Positively invariant regions for systems of nonlinear
diffusion equations, Indiana Univ. Math. J. 26 (1977), no. 2, 373-392.

Mitchell Luskin and George R. Sell, Approximation theories for inertial manifolds, RAIRO Modél.
Math. Anal. Numér. 23 (1989), no. 3, 445-461.

P. Constantin et al., Spectral barriers and inertial manifolds for dissipative partial differential equa-
tions, J. Dynamics Differential Equations 1 (1989), no. 1, 45-73,

Milan Miklav¢ic, A sharp condition for existence of an inertial manifold, J. Dynamics Differential
Equations 3 (1991), no. 3, 437-456.

Received 21/JUNE/91
Translated by J. S. JOEL



