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@ Classical bootstrap assumes independent and identically distributed observations.
@ Time series and dependent data violate the [ID assumption.
@ Resampling individual observations destroys dependence structure.

@ Block bootstrap methods preserve local dependence by resampling blocks instead of
single observations.

@ One of the most important approaches is the Moving Block Bootstrap (MBB).



Why 11D Bootstrap Fails for Dependent Data

Suppose we observe a stationary time series:

X1JX2u-'-7Xn

The IID bootstrap resamples observations independently:

* * *
X17X2""7Xn

This destroys serial correlation:

CoV(Xe, Xe1) # COV(XF Xiip)



Corollary

Corollary

Suppose {X,},>1 is a sequence of stationary m-dependent random variables with EX; =
and 02 = var(X;) € (0,00). If 31, cov(X1, Xi4) # 0and 02, = 02+2 3%, cov(Xi, Xi 1) #
0, then

nILngo[P*(T,j‘ <Xx)—P(Th < x)] =[®(x/0) — P(X/0x)] # 0 a.s.




Basic Idea of the Moving Block Bootstrap

@ Divide the observed time series into overlapping blocks.
@ Each block preserves local dependence.

@ Resample blocks with replacement.

@ Join selected blocks to get bootstrap samples.



Construction of the Bootstrap Sample

Choose: b= | 7], where:
@ ¢ = block length
@ b = number of blocks sampled
Procedure:
@ Randomly sample b blocks with replacement.
@ Concatenate sampled blocks.
@ Form bootstrap series:

X{. X5, Xoy

The resulting sample approximately preserves dependence structure.



Bootstrap Approximation Principle

Key intuition:
@ Dependence is mainly local.
@ Overlapping blocks capture short-range dependence.
@ Resampled blocks mimic the original process.

In MBB, we can generalize 0, = T(Fp) by defining

n—p+1

Fon=(n—p+1)"" Y dy,
j=o

where Yj = (X, ..., Xisp_1). We then define 0, = T(Fp.p).



MBB Estimator

@ Fix block size ¢ suchthat1 </ <n—p+1
@ B=(Y,....Y1), 1<j<n—p—t+2

@ Randomly sample k blocks with replacement from {§1 ey En_p_e+2} to generate the
bootstrap observations Y{, Y5, ..., Yy, m= k(.

@ Define the bootstrap empirical distribution
~ 1"
Fr;,n = E Z JYj*7
j=1

@ The Moving Block Bootstrap estimator is

00 = T(Fp,).



Block Length

@ Small ¢:

o Weak dependence preservation
o High bias

@ Large ¢:

o Better dependence capture
o Higher variance

In general, we need ¢ — oo and % — 0as n— .
Popular choice: ¢ o« n'/3,
Alternative methods:

@ Plug-in estimators
@ Cross-validation
@ Minimum MSE selection



Non-Overlapping Block Bootstrap (NBB)
@ Define the non-overlapping blocks

B1=(X1,...,X[), 82:(X2+1,...,X2e),

for

@ Sample b blocks independently with replacement from
{Bi,....Bp}.

@ Joint the selected blocks to obtain the bootstrap series

k *
X17...7Xbe.



MBB vs Nonoverlapping Block Bootstrap

Advantages of MBB:
@ Uses more blocks
@ Better finite-sample performance
@ Improved variance estimation
Disadvantage:
@ More computationally intensive



Generalized Block Bootstrap

@ Define new series {Y),;};>1 by periodic extention as Y, ; = X; where i = j; (modulo n).

@ Define the blocks B(/,j) = (Yn,..., Yiyj—1) fori>1, j>1.

@ Let I', be a transition probability function on the set R” x @;~,({1,...,n} x N), i.e.,
for each x € R”, I'y(x; ) is a probability measure on

({1,....n xN) = {{i, [}21 1 <ir<n1<l<ocforallt>1}
t=1
and for any set A C @;~;({1,....n} x N), ['n(-; A) is a Borel measurable function from
R"into [0, 1].

@ GBB resamples blocks from {B(i,j) : i > 1,j > 1} as B(h,J1), B(k, J2), ..., where
(h,d1),(k, J2),... is a sequence of random vectors with conditional joint distribution
rn(Xn; '), glven Xn

@ Let X5, X5o, ... denote the elements of these resampled blocks. Then,

07,,(,(,?) = T(F;ff)) for a suitable choice of m > 1.
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Circular Block Bootstrap (CBB)

@ Fori=1,...,n, define
Bi - ()(i?)(i+1)"")(i+€—1)’

where indices are taken modulo n, i.e.

XfH—j = X]

@ Bootstrap procedure:

e Sample blocks By, ..., B;, with replacement from {B;, ..., Bs},
o Join the sampled blocks to form X7, ..., Xg,.

@ Eliminates boundary effects present in MBB and NBB.
@ Ensures every index has the same role in block formation.



Stationary Block Bootstrap (SBB)

@ Let Xi,..., X, be a stationary time series. Fix a parameter p € (0, 1) and define a
geometric distribution:

P(L=k)=(1-p)*'p, keN.

@ Block construction: Choose a starting index /i ~ Uniform{1, ..., n}. Generate a
block of random length L;:

By = (X, Xi,+1, - s Xiy1,-1),

with indices taken modulo n (circular extension).



Stationary Block Bootstrap (SBB)

@ Bootstrap sample generation:
e Generate i.i.d. pairs (/;, L;), where

Iy ~ Uniform{1,...,n}, L; ~ Geom(p),

e Form blocks
B/ = ()(//7 C 7X//'+L/-—1)a

@ Concatenate blocks until at least n observations are obtained,
e Truncate to obtain X7, ..., X;.

@ (X)i>1 is strictly stationary conditional on the data.

@ Random block lengths remove fixed segmentation effects and improve preservation of
dependence structure compared to fixed-length block bootstrap methods.



Smooth Function Model

@ {Xoi}icz is a R%-valued stationary process
@ Borel measurable function f : R% — R9, smooth function H : RY — R

o Parameter of interest is § = H (Ef(Xo))), 8n = H (2 X7, f(Xoi))
° T1,,:\/ﬁ<§n—0>
0)(,'=f(X0,'), i€Z, Xn=(X1,...,Xn)

@ X is the set of ny bootstrap samples based on b blocks of length ¢ from X,
o 6,=H(X,), fn=H(EX,)

@ Bootstrap version: T}, = \/ny (9,*, — 5,,)



Smooth Function Model

Theorem

Suppose that the function H is differentiable in some neighborhood Ny of EXj,
E|a|:1 |[D*H(EX7)| # 0, and that the first-order partial derivatives of H satisfy a Lipschitz
condition of order x > 0 on Ny. Then

sup |P.(T#, < X) = P(Tin < x)| 250, n— o
XER




@ {Xpi}iez a stationary time series with autocovariance function

0= "}/(k) = COV(Xo,',Xo(H_k)), i,k eZ

~ =R 1 n—k _ o 1 n—k
On = (k) = ——¢ > XoiXogi+k) = Xonokyr  Xo(n—k) = Tk > Xoi
i=1 i=1

o Ty,= n—k(@n—e) = Vn—K(n(k) — (k)

o MSE of 7,(2) :
¢n = ET{, = (n— 2)MSE (7,(2))



Xoi — 0.4X0(,'_1) — 0.2X0(,'_2) — 0.1X0(,'_3) =¢;+0.2¢_14+03¢i_o+0.2¢i_3+0.1¢;_4

o {;}icz iid N(0,1), n = 102

Block Size 4 6 8 10 15 20

MBB 1.159 1.085 0.881 0.820 1.078 0.884
NBB 1.299 0.904 1.093 0.763 0.879 1.030
CBB 1.020 1.106 0.951 0.812 0.968 0.808
SB 0.935 0.941 0.898 0.810 0.746 0.642

Table: Block bootstrap estimates of ¢, based on different block sizes. True value of ¢, is given by
1.058. B = 800.



M-Estimators

@ {Xi}icz is a stacionary process taking values in RY
@ Parameter of interest 6 is a solution to the equation

EV(Xi,..., Xm 0) =0

@ M-estimator 8, of ¢ is a solution to the estimating equation

n—m+1
1

FE—— Z W(Xi, ..o, Xigm-1,0n) =0
i=1

° T2n=\/ﬁ<§n—9>



M-Estimators - bootstrap version

Yi=(X", .. XL, )T, i=1,...,n—m+1
® Y, ..., Y, n_q denote the block bootstrap sample of size n+ m — 1 drawn from Y

@ Bootstrap version 6}, of 0, is a solution to the equation

1 n—m+1
= TR

@ Alternative bootstrap version 8;* of 6, is a solution to the equation

n—m+1
1

n—m-+1
w2 (w(y"’e”)_n mEi lz viy; "’n)D:O

i=1

o T3 =vn—m+1(6;—6,), T3 =vn—m+1(6; —0,)



M-Estimators

Theorem

Assume that W(y,t) is differentiable with respect to t for almost all y and the first-
order partial derivatives of W satisfy a Lipschitz condition of order x € (0, 1]. Also, as-
sume that EV(Y;,6) = 0 and Xy and Dy are regular. There exists a § > 0 such that
E||D*W(Y1,0)|>+° < oo for all a € Z$ with |a| = 0,1, and A(r,5) < co. Assume that
(=" +n12¢ =0o(1) and p+ (nPp)~" = o(1). Then,

o {5,,},,21 is a consistent for 8 and

V(0 — ) -L5 N(0, DyZyDy)

sup |P*(T2*n SX)_P(TZn SX)| L>0, n— oo
XERS
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Stationary AR processes

@ {Xj}icz is a stationary autoregressive process of order p

AR(p) : Xi = 1 Xi1 + -+ BpXiptei, €L

@ Infinite-order moving average representation :

Xi=> bei
j=0
@ Suppose Xi, ..., X, is observed
@ Let 31,,, . ,Epn denote the least squares estimators of 34, ..., 5p based on Xj,..., X,



Stationary AR processes

°gi=Xi—,31nXi—1—---—,3ani—p, i=p+17"'an
~ ~ = _ 1 n ~
© 5 =E—En  En=pp lipp i

@ Generate the bootstrap error variables ¢ by sampling randomly with replacement
from {€pt1,...,En}

© Xi=PinXi 4+ BonXi e, €L
@ Let {X*}icz be a stationary solution
@ The autoregressive bootstrap (ARB) of T, = t,(X1,..., X, b1, ..., Bp, F) is given by

T; = tn(X1*7 .- '7Xr>]k7§1n7 e 7/§Pn7 ﬁn)

@ Let 3;, denote the bootstrap version of 3y



Stationary AR processes

Theorem

Assume that {¢;}cz is a sequence of iid random variables such that Ecy = 0,
Es2 =1,E% < oo and

limsup |E exp(i(e1,e)t)| < 1.
[[t]|—>o0

Also, suppose that all roots of the characteristic polynomial z° — 81z°P~1 — ... — B, lie inside
the unit circle. Then

P. (VAZY(By - Ba) < x) - P (VE'2(Br - B) < X>‘ =0 (%) as.

sup
XERP




ARB Example

AR(1): Xi =0.5X;_1 + ¢j, ei ~ N(0,1) iid
@ n=100

@ We want to approximate the sampling distribution of
n—1 1/2
T = (Z Xf) (Bin— 1)
t=1

@ ARB version T based on B=500 bootstrap replicates

@ True distribution of T, using 10 000 simulation runs



ARB Example

AR(1) : X; = 0.5Xi_1 + &/

CDF comparison for ARB and MEB

|
—— TRUE
©
&1 — ARB
w | — MBBES
w 2 | —— MBBE10
° w |
S
™
a
[
=




ARB Example

AR(1): X; = 0.5Xi_1 + &/

Method Cllower Cl upper
True 0.4639  0.7456
ARB 0.4717  0.7423

MBB /=5 0.3511 0.6137
MBB /=10 0.4092 0.6594

Table: 90% confidence intervals for 51 under different methods



Stationary ARMA processes

@ {Xj}icz is a stationary ARMA(p, q) process
Xi = P1Xic1 4+ BpXip + €+ argiq + -+ Qgfing, (€L

i p q—1 s
g = Z aj_1 (— Zﬂkxi+1—j_k> + Zs—s (Z ai+1+s—kak> , i>1—-q
= k=0

k=0 s=0
@ Suppose Xj_p, ..., X, is observed

o Let 31,,, e ,Bp,,, Qin, . . ., 0gn denote the estimators of the parameters based on
Xi—p, ..., Xy such that

p

>

=

q
Bjn_fgj‘+2|ajn—aj| £50, n—o o
=1



Stationary ARMA processes

°
i p
é\i:Zaj—Ln _Zﬂkn)(i+1—j—k ) i:17"'7n
j=1 k=0
~ ~ = _ 1 n o~
@ Zi=¢ —gp, En= 1 i1Ei

@ Generate iid bootstrap error variables ¢} by sampling randomly with replacement from
{g1 P ,gn}

© Xi=PinXi, + o+ Bani*—p tef dQineiy o+ Agnelg, 121 -max(p,q)

@ X =0, =0, i< —max(p,q)

o T[); = tn(X1*_p7"'7Xr>;<7/81n7"'7ﬁpnaa1na"'7aqn7 Fn)



Thank you for your attention!
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