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Clones and clonoids

Clones
AC U, A is a clone on A if
e all 77 € A with 7(x1,...,Xxp) = X

* f.gi,....,.ek€A="fo(g1,...,8) €A (Ao AC A)
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AC U, 1 A" isaclone on Aif
e all 77 € A with 7(x1,...,Xxp) = X
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Clonoids
For clones A, B (on A, B), C C U,>; BA" is a (A, B)-clonoid if
e CoACC,

® BoCCC.
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Clones and clonoids

Clones
AC U, 1 A" isaclone on Aif
e all 77 € A with 7(x1,...,Xxp) = X
.fag17"'7gk6A:>fo(g1>"'7gk)€A (AOAQA)
Clonoids
For clones A, B (on A, B), C C U,>; BA" is a (A, B)-clonoid if
e CoACC,
e BoCCC.

An (A, B)-clonoid is a (Clo(A), Clo(B))-clonoid.
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Clones and clonoids

Clones
AC U, 1 A" isaclone on Aif
e all 77 € A with 7(x1,...,Xxp) = X
* fg,....,.ek€EA=>"Ffo(g,...,8k) €A (Ao AC A)
Clonoids
For clones A, B (on A, B), C C U,>; BA" is a (A, B)-clonoid if
e CoACC,
e BoCCC.

An (A, B)-clonoid is a (Clo(A), Clo(B))-clonoid.
Goal: For given clones A, B, describe the (\A, B)-clonoids.
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Some known results

Pippenger '02 : (A, B)-clonoid = minor closed set/minion.
Minions are equal to Pol(A,B) = {h: A" — B, n > 1} for
relational structures A,B.
Couceiro, Foldes '09 : (A, B)-clonoid = left/right stable under A/B
(A, B)-clonoids = Pol(A, B) for A,B invariant under A,B.
Lehtonen, Szendrei '11 : (A, A)-clonoids
study of clones A with finitely many A-equivalence classes
(F=gefoAd=goA)

Aichinger, Mayr '16 : (A, Clo(B))-clonoid = clonoid with target B

Sparks '19 : The number of (A, B)-clonoid, for |A|,|B| > 2is

1. finite if B has NU operation,

2. w if B has few subpowers, no NU-term,
3. 2¥ else. (*)

Lehtonen '25 : classification of (A, B)-clonoid, for Boolean A, B



Clonoids Uniform generation by minors
00e00 000000000

Erkko's results on Boolean clonoids

Cardinalities of (Cy, C>)-clonoid lattices
[Vo1,V]  [MUg,MU>]  Ug U=
W 1901 (Ao Al [MWEE MW>] Wee W [Log. L] [{SM.MUF;, MWE, }. Q]
J u u U u u U C F
lo, Iy u u u u u u C F
I u u u F B F C F
[ u u u u u u C B
Q1) u u u F F F c F
Vor, Aot u u u u u u F F
Vo, At u u u F F F F B
V., Now u u u u u u F F
V. A u u u F F F F F
MUK, MWE, U u u u u u F F
MU, MWk u u U u u u F F
Uk, WE, u u u u u u F F
UK, Wk u u u u u u F F
Lot u u U u u u C F
Lo., Lot u u U U u U C F
Ls u u U u u U C F
L u u U F H B C F
SM u u U u u U F B
[Mo1,M] c c F F F F F F
()| F F F F F F F F

tonen (Khalifa University) Clonoids 8 April 2025, Sorbonne Abu Dhabi 69/71
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Generating sets of clonoids
For clones A, B on finite sets A, B; F C [J,cny BY

(F) :=BoFoAis the (A, B)-clonoid generated by F.
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Generating sets of clonoids
For clones A, B on finite sets A, B; F C [J,cny BY

(F):=BoFoAisthe (A, B)-clonoid generated by F.
Goal revisited

e Describe the /lattice of (A, B)-clonoids.

® For which A, B is it finite?

® Are there finite generating sets?
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Generating sets of clonoids
For clones A, B on finite sets A, B; F C [J,cny BY

(F) :=BoFoAis the (A, B)-clonoid generated by F.

Goal revisited
e Describe the /lattice of (A, B)-clonoids.
® For which A, B is it finite?

® Are there finite generating sets?

Observation, for fixed A, B:

Finite lattice < 3k € N: C = (C(¥) for every clonoid C.
& Ik e N: € = (C) for every C = (f)
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Our motivation: Clonoids between affine clones

Clonoids between affine clones «~ 2-nilpotent algebras.
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Our motivation: Clonoids between affine clones

Clonoids between affine clones «~ 2-nilpotent algebras.
Conjecture for affine A, B:
3 finitely many (A, B)-clonoids < gcd(|A|,|B|) = 1.
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Our motivation: Clonoids between affine clones

Clonoids between affine clones «~ 2-nilpotent algebras.
Conjecture for affine A, B:

3 finitely many (A, B)-clonoids < gcd(|A|,|B|) = 1.
wlog A = Clo(A), B = Clo(B) for modules A, B.
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Our motivation: Clonoids between affine clones

Clonoids between affine clones «~ 2-nilpotent algebras.
Conjecture for affine A, B:

3 finitely many (A, B)-clonoids < gcd(|Al, |B]) = 1.
wlog A = Clo(A), B = Clo(B) for modules A, B.

Conjecture confirmed for A:

o I [Fioravanti '20]
e [y x Fy x -+ x Fp, (as regular module) [Fioravanti '21]
e distributive module [Mayr, Wynne '24]
o [k [Fioravanti, MK, Rossi '25]

(in preparation)
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Our motivation: Clonoids between affine clones

Clonoids between affine clones «~ 2-nilpotent algebras.
Conjecture for affine A, B:

3 finitely many (A, B)-clonoids < gcd(|A|,|B|) = 1.
wlog A = Clo(A), B = Clo(B) for modules A, B.

Conjecture confirmed for A:

o I [Fioravanti '20]
e [y x Fy x -+ x Fp, (as regular module) [Fioravanti '21]
e distributive module [Mayr, Wynne '24]
o [k [Fioravanti, MK, Rossi '25]

(in preparation)

All these results were proved by uniform generation by minors.
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Let A, B be clones, f: Ak — B, C = (f). When is C = (C(")?
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Generation by n-ary minors
Let A, B be clones, f: Ak — B, C = (f). When is C = (C(")?

¢ =BofoAM
€My =Bofod™oA
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Generation by n-ary minors

Let A, B be clones, f: Ak = B, C = (f). When is C = (C(")?

cM =BofoAM
<C(")> —BofoAMo A
=Bo{x— f(r(x)):reRr, (A)}
u o (viy ..., vp)(x)
r € Ro(A) & r(x) = : uie A" vie A

UkO(Vl,...7
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Generation by n-ary minors

Let A, B be clones, f: AK — B, C = (f). When is C = (C(")?

c(M = Bofo A
€M =Bofod™oA
=Bo{x+ f(r(x)):re R,(A)}

upo(va,...,vp)(x)
r € Ro(A) & r(x) = : uie A" vie A

ug o (v, ..., vp)(x)
Thus C = (CM) iff 3t € B,r,...,rs € Ry(A):

f=to(fon,for,...,fors).
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Uniform generation by n-ary minors

Definition
For clones A,B, U C BA" is uniformly generated (ug) by n-ary
(A, B)-minors if 3t € B, r1,...,rs € Ry(A):

VfeU:f=to(fon,for,...,fors).



Clonoids Uniform generation by minors
00000 0@0000000

Uniform generation by n-ary minors

Definition
For clones A,B, U C BA" is uniformly generated (ug) by n-ary
(A, B)-minors if 3t € B, r1,...,rs € Ry(A):

VfeU:f=to(fon,for,...,fors).

Example: for term clones of modules A, B:
UcBAis uniformly generated by n-ary minors if dry; € Rg.

VFeU:f= > rmf(Mx).
rk(M)<n
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Uniform finite generation

Observation [Rossi, MK, Fioravanti '25]
For clones A, B, the following are equivalent:
1. BA™" is ug by n-ary (A, B)-minors,
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Uniform finite generation

Observation [Rossi, MK, Fioravanti '25]
For clones A, B, the following are equivalent:
1. BA™" is ug by n-ary (A, B)-minors,
2. Vk : BA" is ug by n-ary (A, B)-minors,
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Uniform finite generation

Observation [Rossi, MK, Fioravanti '25]
For clones A, B, the following are equivalent:
1. BA"" is ug by n-ary (A, B)-minors,
2. Vk : BA" is ug by n-ary (A, B)-minors,
3. (Allur I: BA — BA' are ur by n-ary (A, B)-minors.)
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Uniform finite generation

Observation [Rossi, MK, Fioravanti '25]
For clones A, B, the following are equivalent:
1. BA"" is ug by n-ary (A, B)-minors,
2. Vk : BA" is ug by n-ary (A, B)-minors,
3. (Allur I: BA — BA' are ur by n-ary (A, B)-minors.)

Consequence
BA"" is ug by n-ary (A, B)-minors = (A, B)-clonoid: C = (C(")
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Uniform finite generation

Observation [Rossi, MK, Fioravanti '25]
For clones A, B, the following are equivalent:
1. BA"" is ug by n-ary (A, B)-minors,
2. Vk : BA" is ug by n-ary (A, B)-minors,
3. (Allur I: BA — BA' are ur by n-ary (A, B)-minors.)

Consequence
BA"" is ug by n-ary (A, B)-minors = (A, B)-clonoid: C = (C(")

Example [Fioravanti '20]

For a field IF, coprime module B:
{f: F2 — B} is ug by 1-minors = C = (C1)) for (I, B)-clonoids
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Example: Uniform generation by binary minors

Let A = Clo({0,1},-,0), B = Clo(Z).
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Example: Uniform generation by binary minors
Let A = Clo({0,1},-,0), B = Clo(Zy).
Represent f: {0,1}3 — {0,1} by polynomials over Z:

f(x,y,z) = aixyz + aaxy + -+ + arz + ag
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Example: Uniform generation by binary minors
Let A = Clo({0,1},-,0), B = Clo(Zy).
Represent f: {0,1}3 — {0,1} by polynomials over Z:

f(x,y,z) = aixyz + aaxy + -+ + arz + ag
I(F)(x,y,z):=f(x,y,0)+ f(x,0,z) + --- + £(0,0,z) + 7(0,0,0)

Then (f — I(f))(xyz) = aixyz.
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Example: Uniform generation by binary minors
Let A = Clo({0,1},-,0), B = Clo(Zy).
Represent f: {0,1}3 — {0,1} by polynomials over Z:

f(x,y,z) = aixyz + aaxy + -+ + arz + ag
I(F)(x,y,z):=f(x,y,0)+ f(x,0,z) + --- + £(0,0,z) + 7(0,0,0)

Then (f — I(f))(xyz) = aixyz. Moreover

J(F)(xyz) = (f = I(F))(xy, xy, 2) = F(xy, xy, 2) = I(F)(xy, xy, 2)
= arxyz.

By f = I(f) + J(f), 3-ary functions are ug by 2-ary (A, B)-minors
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Example: Uniform generation by binary minors
Let A = Clo({0,1},-,0), B = Clo(Zy).
Represent f: {0,1}3 — {0,1} by polynomials over Z:

f(x,y,z) = aixyz + aaxy + -+ + arz + ag
I(F)(x,y,z):=f(x,y,0)+ f(x,0,z) + --- + £(0,0,z) + 7(0,0,0)

Then (f — I(f))(xyz) = aixyz. Moreover

J(F)(xyz) = (f = I(F))(xy, xy, 2) = F(xy, xy, 2) = I(F)(xy, xy, 2)
= arxyz.

By f = I(f) + J(f), 3-ary functions are ug by 2-ary (A, B)-minors

= C = (C®) for clonoids from A to B. [Couceiro, Lehtonen '24]
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Example: Uniform generation by binary minors
Let A = Clo({0,1},-,0), B = Clo(Zy).
Represent f: {0,1}3 — {0,1} by polynomials over Z:

f(x,y,z) = aixyz + aaxy + -+ + arz + ag
I(F)(x,y,z):=f(x,y,0)+ f(x,0,z) + --- + £(0,0,z) + 7(0,0,0)

Then (f — I(f))(xyz) = aixyz. Moreover

J(F)(xyz) = (f = I(F))(xy, xy, 2) = F(xy, xy, 2) = I(F)(xy, xy, 2)
= arxyz.

By f = I(f) + J(f), 3-ary functions are ug by 2-ary (A, B)-minors
= C = (C®) for clonoids from A to B. [Couceiro, Lehtonen '24]

(1, J are uniformly representable (ur) by 2-ary (A, B)-minors.)



Clonoids Uniform generation by minors
00000 0000@0000

Products

Observation 2 [Rossi, MK, Fioravanti '25]
e BA! ug by n-ary (Az1, B)-minors
e BA5 ug by n-ary (A2, B)-minors
= B(AxA)" ug by n-ary (A; x Az, B)-minors!
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Products

Observation 2 [Rossi, MK, Fioravanti '25]
e BA! ug by n-ary (Az1, B)-minors
e BA5 ug by n-ary (A2, B)-minors
= B(AxA)" ug by n-ary (A; x Az, B)-minors!

Example [Fioravanti '21]
For A=TF; x Fy x --- x F,,,, B coprime: C = <C(1)>.
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Products

Observation 2 [Rossi, MK, Fioravanti '25]

e BAl ug by n-ary (Az1, B)-minors

e BA5 ug by n-ary (A2, B)-minors
= B(A1xA)" ug by n-ary (A1 x Az, B)-minors!
Example [Fioravanti '21]
For A=TF; x Fy x --- x F,,,, B coprime: C = <C(1)>.
Example [Mayr, Wynne '24]

Conjecture true for uniserial modules A = true for distributive
modules.
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Polynomial equivalence

A, B... clones
A... polynomially equivalent to a module A. Then
Observation 3
o BA“ ug by n-ary (Clo(A), B)-minors =
BA“ ug by (n + 1)-ary (A, B)-minors.
o AB" ug by n-ary (B, Clo(A))-minors =
AB“ ug by n-ary (B, A)-minors.
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Polynomial equivalence

A, B... clones
A... polynomially equivalent to a module A. Then
Observation 3
o BA“ ug by n-ary (Clo(A), B)-minors =
BA“ ug by (n + 1)-ary (A, B)-minors.
o AB" ug by n-ary (B, Clo(A))-minors =
AB“ ug by n-ary (B, A)-minors.

Example [Couceiro, Lehtonen '24]
= C = (C®) for (A, B)-clonoids

A = Clo({0,1},-,0)
B = Clo({0,1},x — y + 2).
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Useful in the affine case:

Lemma [Wynne, Mayr '24]

Lemma 2.14. Let A be an R-module, B an S-module, k,n € N, U C F(A, B)'®
and d: U — F(A,B)®, f— f'.

(1) Then d can be uniformly represented by n-ary A, B-minors on U if and only if
there erists s: {r € R¥*:1k(r) < n} — 5 with finite support such that for all
fell and all x € A%,

fliz) = Z s(r)f(rz).

reRExE ceirj<n

(2) Assume that d can be uniformly represented by n-ary A, B-minors on U and
that {f —d(f): f € U} is uniformly generated by n-ary A, B-minors. Then LT
is uniformly generated by n-ory A, B-minors.

Let £ € M and let My,... M, be submodules of A. Assume that F(M;,
B)'® is uniformly generated by n-ary M;,B-minors for each i € [f] and
that

IE}

Ug:={f € F(4,B)®: f{(ME) =0 for all i € (]}

is uniformly generated by n-ary A, B-minors.
|T.Paer.| F(A,B)"® iz uniformly generated by n-ary A, B-minors.

u}
o)
I
i
it
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Beyond affine clones

Example [Sparks '19]
For a clone B with n-ary NU-operation:
Vk : {f: Ak — B} is ug by |A|"-ary (A, B)-minors.

= only finitely many (A, B)-clonoids.
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Beyond affine clones

Example [Sparks '19]

For a clone B with n-ary NU-operation:

Vk : {f: Ak — B} is ug by |A|"-ary (A, B)-minors.
= only finitely many (A, B)-clonoids.

Caution
Not all finiteness results are covered by ug)!
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Beyond affine clones

Example [Sparks '19]
For a clone B with n-ary NU-operation:
Vk : {f: Ak — B} is ug by |A|"-ary (A, B)-minors.

= only finitely many (A, B)-clonoids.

Caution
Not all finiteness results are covered by ug)!

Example [Lehtonen, Szendrei '11]

There are only finitely many (Q4, A)-clonoids, for Qa = [J,cn AY".

But Vn: AA""" is not ug by n-ary (4, A)-minors.
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Thank you!
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