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ON KORN’S FIRST INEQUALITY FOR QUADRILATERAL
NONCONFORMING FINITE ELEMENTS
OF FIRST ORDER APPROXIMATION PROPERTIES
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Abstract. We investigate the Korn first inequality for quadrilateral noncon-
forming finite elements of first order approximation properties and clarify the
dependence of the constant in this inequality on the discretization parameter
h. Then we use the nonconforming elements for approximating the velocity
in a discretization of the Stokes equations with boundary conditions involv-
ing surface forces and, using the result on the Korn inequality, we prove error

estimates which are optimal for the pressure and suboptimal for the velocity.
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1. Introduction

Let Q C R? be a bounded domain with a Lipschitz—continuous boundary 02
and let I'P be a measurable subset of 9Q with a positive one-dimensional measure.
The Korn first inequality (cf. e.g. [16]) states that there exists a positive constant
C such that

(1) oo <ClIVo+(Vo)lloe  VveV,

where
V={veH(Q)? v=0 onI'P}.

This inequality guarantees the coerciveness of the bilinear form which is related to
weak formulations of problems from linear elasticity and fluid dynamics in which
forces are prescribed on a part of the boundary of the computational domain 2.

Let 7, be a triangulation of 2 consisting of shape-regular elements K satisfying
the usual compatibility conditions and let V}, be a finite element space build up
over 7T, and approximating the space V. Then a discrete analogue of (1) is the
inequality

(2) Do lnlix <Cu D IV +(Ver)TI5x YV on Vi

KeT, KeT,
For clarity we shall assume that C} denotes the smallest constant for which the
inequality (2) holds. In order to derive optimal convergence results, one usually
needs C, to be bounded from above by a constant Cj independent of h. Such a
constant Cy always exists in the conforming finite element method where V;, C V'
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but if V}, is a nonconforming finite element space, then the dependence of C}, on h
is not clear. It may even happen that, for some vy, € V}, the right—hand side of (2)
vanishes whereas the left—hand side does not and hence the inequality (2) does not
hold for any constant Cj, (cf. [10], [1]). Recently it was shown in [2] and [13] that
Cy, < Cp holds if, for any vy, € V}, and for any edge E of 7;, which does not lie on
OO\ TP, the jump [|v,|] 5 of vy, across E satisfies

(3) [E[\vhnEqdv:o VqeP(E).

Unfortunately, this condition does not hold for the most nonconforming finite ele-
ments of first order approximation properties. In fact it is known that for many of
these elements the inequality C}, < Cj fails but a detailed analysis of the depen-
dence of C}, on h is not available.

In [9], the case of the nonconforming linear triangular Crouzeix—Raviart element
was studied and a modification of the discrete bilinear form a; from Section 5
was proposed which is uniformly coercive with respect to the discrete H' norm.
This modification can be used also for the nonconforming quadrilateral finite ele-
ments considered below and leads to optimal error estimates. However, it has been
observed in numerical experiments with quadrilateral elements of first order approx-
imation properties that the standard discretization, which is simpler to implement,
already shows optimal order of convergence. Up to now there is no theoretical
explanation for such a behaviour. Note that also the technique of [18] for proving
convergence without using (2) cannot be applied in this case since this technique
uses the property (3) which is — in general — not satisfied for first order elements.

Therefore, in this paper, we will focus our attention on a theoretical support
of the unexpected behaviour of nonconforming quadrilateral finite elements of first
order approximation properties observed in numerical calculations. In doing this
we shall concentrate on two questions:

a) characterization of the asymptotic behaviour of the constant Cj, if h — oc;
b) convergence properties of discrete solutions in the case Cj, — oo.

In order to cover most of the used first order nonconforming finite element spaces
on quadrilaterals, we consider a class of finite element spaces V}, constructed using
spaces of the type

(4) span{1,Z,7,0(z) — 6(1)}

defined on the reference square. A precise definition of V}, will be given in Section 2.
The function 6 is usually an even polynomial, e.g.,

() 0(z) = 2?,
)
(6) 0(z) = 2% — 3 zt,
25 7
(7) 9(m)=x2—€x4+§x6.

The function (5) leads to the rotated bilinear element of [17] and the functions
(6), (7) were proposed in [8] in order to improve the properties of the element of
[17]. In the literature one can also find nonconforming spaces which contain the
above—described space as a subspace, cf. [5], [15].

In what follows we shall consider the model case

Q=(0,1)%, P = ([0, 1] x {0}) U ({0} x [0,1]),
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i.e., Qis a unit square and I'? is formed by the two sides of 2 lying on the coordinate
axes. Moreover, for simplicity, we consider uniform triangulations 7, of 2 consisting
of equal squares although rectangles could also be used.

First we show that for nonconforming spaces defined using the reference space
(4) and approximating the space V one has Cj, = O(h™2). One step in establishing
this result will be the proof of the inequality

loalle <C > IVon+ (Vou) 5 ¥ vn € Vi,
KeT,

which holds with a constant C independent of h. This result excludes the case
that the right-hand side of (2) does not define a norm on V}, as it can happen
for the nonconforming piecewise linear element (cf. [10], [1]). In particular, the
corresponding discrete problems can be solved uniquely for each fixed meshsize.

Then we apply this result to investigate the convergence of finite element solu-
tions of the Stokes equations

() -Au+Vp = f inQ

9) dive = 0 in Q,

(10) u = wu, onlP,

(11) t-o(u,p)n = 0 onI'N=0Q\IP,
(12) u-n = 0 on 'V,

Here w and p are the unknown velocity and pressure, respectively, f is an outer
volume force, u; is a prescribed velocity on I'?, m is the outer unit normal vector
to 00, t is a tangent vector to I and o(u, p) is the stress tensor defined by

olup) = —pI+2D(w),  Dlw) = 5 (Vut (Vu)T)

with I being the identity tensor. Boundary conditions of the form (10)—(12) appear
when a part of the boundary of €2 represents a free surface.

The discretization of the problem (8)—(12) investigated in this paper will be ob-
tained directly from the standard weak formulation of (8)—(12) by replacing the test
function spaces by finite element spaces. We shall approximate the velocity u using
the space V}, and the pressure p using piecewise constant functions. Since the ellip-
ticity condition for the bilinear form in the discrete problem corresponding to the
Laplace operator is equivalent to the inequality (2) and, as we mentioned, the con-
stant C), in this inequality behaves like h~2, there is apparently little hope to prove
any convergence results. Despite these negative expectations we succeeded in prov-
ing an optimal convergence of the discrete pressure py,, namely, |[p —pn|o o = O(h)
and a suboptimal convergence for the discrete velocity uy in the L? norm, namely,
[u—wuplly o = O(h). Moreover, we were able to prove an optimal L? convergence of
the derivatives of the non—rotational component of the velocity. To our knowledge,
these are first convergence results for discretizations of the type described above.
It is surprising that in the literature no deterioration of the convergence rates is
reported when using such discretizations. Indeed, in the numerical experiments in
[19], the velocity error convergences as O(h?) in the L? norm and as O(h) in the
H' norm.

The paper is organized as follows. In Section 2, we introduce the class of first
order nonconforming finite elements on quadrilaterals considered in this paper. In
Section 3, we recall an example showing that C} tends to infinity at least as fast
as O(h~!). Moreover, we give a new example improving this result to O(h~2).
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Further, in Section 4, we prove an estimate of C}, from above with the conclusion
that C}, behaves asymptotically as h~2 indeed. Finally, in Section 5, we establish
the above—mentioned convergence results for a discretization of the Stokes equations
(3)-(12).

Throughout the paper we use a standard notation (cf. e.g. [6]). Particularly, we
denote by |||y ¢ the norm in the Lebesque space L?(G) and by |- . and |-, o the
norm and seminorm, respectively, in the Sobolev space H¥(G) = W*2(Q), k > 1.
For definitions of this notation in case of fractional Sobolev spaces (non—entire k)
we refer to [11]. The notation L3(G) is used for the space of those functions from
L?(G) which have zero mean value over G. As usual, we shall denote by C' a generic
positive constant independent of h.

2. Definition of the nonconforming space V},

Let K = [~1,1]? be the reference square and let El, .. .,E4 be its edges. We
denote by Cz the midpoint of E;, i= 1,...,4, and assume that Cg = (1,0),
CE2 =(0,1), CE3 = (-1,0), and CE4 = (0,-1).

Let 0 € C'(R) be an even function satisfying #(0) = 0 and set

~

(13) Q = span{1,,7,0(2) — 07)} .

We introduce nodal functionals J B0 Jp, on @ defined either by
JEi(ﬁ)zﬁ(CE), i=1,...,4,

or by

~ 1 PSR .
J@(U)Zg/@ vdy, i=1,...,4.

We denote ¢(Z,7) = 6(Z) — 0(y), find
Jg, (0) = =Jg,(0) = Jp,(¢) = —Jp,(¥),

and set

k=4 JE& ((p) .
We assume that 6 is chosen in such a way that x # 0 which is indeed the case
for the three examples mentioned in Section 1. Then the both sets of the nodal
functionals are unisolvent with the space @ and we can introduce a basis g1, ..., Qs
in @ which is dual to the nodal functionals, i.e.,

JEi(Z]\j):(Sij, i,j=1,...,4,

where 6;; is the Kronecker symbol. The basis functions are given by the following
formulas:

GET) = gyt 0@ -0G),
BED) = 0 (6@) - 6E),
BED) = -5t 06 -0,
W@ = i (0F) - 6).

We have

\§1|1j( = ‘6\2|1,f( = \QA3|1,f( = \QA4|1,f(



KORN’S FIRST INEQUALITY 443

and define
(14) M:|@|17k, 1=1,...,4.

Let 7, be a triangulation of ) consisting of n x n equal square elements K of
edge length h = 1/n, where n > 3. We denote by &, the set of all edges E of 7Ty,
by £} the set of the inner edges (i.e., E € &M & E ¢ 00), by EP the set of the
edges lying on I'?, by &N the set of the edges lying on I'V, by Cp the midpoint of
the edge F, and by ng a fixed unit normal vector to E which corresponds to the
outer normal vector m for E C 9. Further, for any inner edge E € £}, we define
the jump [|v|]z of a function v across E by

lvlle = e = @g)le,

where K, I?Nare the two elements adjacent to E denoted in such a way that ng
points into K. For boundary edges, we simply set

[lollg =g
For any element K we denote by zx,yx the coordinates of its barycentre and
we define
o~ Th yh SUSNPN
Then Fk is a one—to—one mapping which maps the reference element K onto K.
We denote

QK) = {vo F's 1€ Q},
where @ is the space defined in (13). Note that

(15) V(0o Fil) = %(%)OF; Voe H(K).
This particularly implies that

(16) Do F'lix =Pl g VOeH(K).
Finally, for any edge E € &, we define a nodal functional Jg by

Je(v) =v(CEg) or Jr(v) = ﬁ /E vdy

in correspondence to the definition of the nodal functionals Jg .
Now, the nonconforming space V}, approximating the space V is defined by

Vi = {vn € L*(Q)?; vplx € QK)? VK €Ty, Je([lvn|]g) =0 VE € EmUEPY.

The condition Jg([|va|]g) = 0 implies that Jg(vi|g) = Je(vn|g) for any inner

edge F, where K, K are the two elements adjacent to E. We shall denote this value
simply by Jg(vy), which is the vector—valued degree of freedom of v}, associated
with E. Note that the degrees of freedom associated with boundary edges lying on
I'? vanish for any function from the space V},.

3. Counterexamples to the uniform validity of (2)

Since the square roots of both sides of the inequality (2) represent norms on
the space V}, it follows from the equivalence of norms on finite-dimensional spaces
that, for any h, there exists a positive constant C}, such that the inequality (2)
holds. However, the constants C} cannot be bounded from above by a constant
independent of h, which will be shown in this section by constructing suitable
counterexamples.
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FIGURE 1. Degrees of freedom of vy,.

For any K € 7, we define a function
2
vi(z,y) = n (Y —yK,rx — )

which represents a vortex in the clockwise direction around the barycentre of K.
Note that

(17) Vg + (Vog)T =0 and vkl =2V2.

Let Thl and ’Th2 be disjoint subsets of 7}, representing a checkerboard decomposition
of 7;, and let 7,! contain the lower left element of 7;,. We define a piecewise linear
function v;, by

%h|K:vK VKG’T;}, %h|K:_vK VKE?}?

Then v, has jumps across all inner edges but it is continuous at the midpoints of
inner edges. Thus,
Je([lvnllg) =0 VEe&”
for both definitions of Jg. The values of v, at the midpoints of edges are depicted
in Fig. 1 for a triangulation consisting of 5 x 5 elements. For each edge F, the value
v (CEg) = Jg(vy,) is parallel to E and of magnitude 1.
Let us define a function vy € Vj by

Je(vy) =Je(®y) VY Ee€&", Je(vy) =0 VE€&, ECON.

Then vy, = vy, on all elements which do not intersect the boundary of € and hence
it follows from (17), (16) and (14) that

YooIVo+ (Vo) 5k = D, IVon+ (Vou)" 5k <16 M7 n,
KeT, KET;,, KNOQAD

Z lonli x> Z lonlf x =8(n—2)°.

KeTy KeT,, KNo=0

This shows that the constant Cj, from (2) has to satisfy C), > (n —2)?/(2M?n) >
h=1/(18 M?). The above function v, is basically the counterexample from [13]. It
is also similar to the counterexample of [10] used for the Crouzeix—Raviart element.

In the following, we construct another counterexample which even shows that Cj >
Ch=2.
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0 0 0 0 0

0 1] 1 1 1 0
1 2 2 2 1

0 2 3| 3| 2 0
1 3 4 3 1

0 2 4 4 2 0
1 3 4 3 1

0 2 3| 3| 2 0
1 2 2 2 1

0 1 1] 1 1 0
0 0 0 0 0

FI1GURE 2. Decomposition of the set of the edges.

We decompose the set &, of the edges of 7j, into the sets £, . .. ,S;Z*l defined in
the following way:
E) ={Ecé&,; FcCony},

i—1

gg:{Eesh\U ELIAE €& ENE #A0NELFEY, i=1,...,n—1.
§=0
Then .
card€;, =4 (n—1), i=0,....,n—1.

The decomposition of &, is depicted in Fig. 2 for a triangulation consisting of 5 x 5
elements.
Now we introduce a function vy, € V}, satisfying
Jp(@y) =iJg(®,) VYE€&,i=0,...,n—1.

Consider any K € 7;,. Then there exists i = ix € {1,...,n — 2} such that all four
edges of K belong to Ei_l U&u EZH. Moreover, either two edges of K belong to
&} or all edges of K belong to 5,2“ = 5}?71. Set
UK = Tplg — ik Unlg -
Then |Jg(uk)| <1 for any edge E C 0K. In addition, either Jg(ug) = 0 for two
edges of K or ug = vp|g. Thus, it follows from (16), (14) and (17) that
lugl, x <2M or Vug + (Vug)T =0.

Consequently, in view of (17), we get
(18) > IV + (Vo) 5k = Y [Vur + (Vur)'[lg x < 16 M>n®.

KeT, KeT,

For any K € 7, the function v, o Fix has the form

o Fx =0a1(0,-1)q1 + 2 (1,0) 32 + @3 (0,1) g3 + 4 (=1,0) @

with some real numbers aq, ..., a4. Since ||1f< is a norm on the spaces span{q, s }

and span{ga, s}, it follows from the equivalence of norms on finite-dimensional
spaces that there exists a positive constant L such that
2

o .

-

ThoFxli g =l @ — s @l f +lae® —cutuli z > L

=1
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Thus, we deduce using (16) that

n—1
> i 2L Y [Je@n)P=2LY > |Je(@)

KeT, Ecéy i=1 Eeé&l

Y

n—1
2 1
= 8L ;(n—i)i2:§L(n4—n2)2§Ln4.

This implies that the constant Cj, in (2) has to satisfy C, > h=2 L/(32 M?).
4. Estimate of the constant C}, from above

In this section we prove that there exists a constant Cy independent of h such that
the constant Cj, from the inequality (2) satisfies C}, < Coh~2. The proof will be
carried out by rewriting the right—hand side of (2) in terms of the degrees of freedom
of v, and by estimating the resulting sum from below by the sum of the squares of
the degrees of freedom multiplied by h?. This expression is equivalent to [[vp[|F g
and hence also larger than C'h* Y. |vn|] x due to an inverse inequality.

First let us investigate the terms from the right—hand side of (2) on the reference

element. Let w; = (u;,v;) € R% i =1,...,4, be arbitrary and set
4
U= w; G u="2-(1,0), v=2v-(0,1).
i=1
Then
-~ ~ ou\ > ou v\’ ov\ >
VA VA T2 > :/ 4 =< 2 = =< 4 = d/\d/\
9o+ 02— [ (5) +2 (G +55) +4(5) @
In view of the definition of the functions ¢i,...,qs, we have
1o} 1 1 ~
67;\ = §(u17U3)+E(U17U2+U37U4)9,(I),
1o} 1 1 ~
67;: 5(11271;4)—;(1)1 —vg +v3 — )0 (Y),
du  Ov

1 1 ,\
@4—%:§(u2—u4+01—U3)—E(U1—U2+U3—U4)9/(y)

1 ~
+ E (U1 — Vg + V3 — U4) 9/(1‘) .
Using the fact that 6’ is odd and denoting
2 1

e=— B [0/ (2)]? dx,

we easily derive that
1o~ S
(19) 3 Vv + (VU)TH(Q)J? =2 (ug — us)® + 2 (v2 — v4)® + (uz — ug + v1 — v3)?
+ 3¢ (ug +ug — uy — uz)?

+3€(’U2—|—U4—U1—U3)2.

To apply the identity (19) to the right-hand side of (2), we have to introduce
a suitable numbering of the edges of the triangulation 7. First, we number the
elements K € 7, by indices i,j = 1,...,n, where i corresponds to the horizontal
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i,n+1/2

i, j+1

i, j+1/2
i+1/2, 5
1/2,j i—1,j ij i+1,5 n+1/2,j
i—1/2,j
i,j—1/2

i,7—1

i,1/2

=1 T=mn
FI1GURE 3. Numbering of the elements and edges.

direction and j corresponds to the vertical direction, see Fig. 3. The indices of
the edges of the triangulation are defined as the averages of the indices of the two
elements adjacent to the respective edge. For edges lying on the boundary of €,
the indices are also defined in this way imagining that the triangulation continues
outside 2, cf. Fig. 3.

Now, for a given function v, € V}, we denote

(Wi j1/2:Vijr1/2) = JEi,j+1/2(vh) , i=1,....,n, j=0,...,n,
(Wit1/2,55Vit1/2,5) = JE 40 0, (VR) 1=0,....,n, j=1,...,n.
Recall that the degrees of freedom associated with boundary edges lying on T'P
vanish, i.e.,
(20) w2 =vi2=0, i=1,...,n, Uyjpj =12, =0, j=1,...,n.
Applying (15) and (19), we obtain for any ¢,7 € {1,...,n}

1
3 Vop, + (Vvh)TIIE,Ki]. = 2(uig1/2; — ic1/2,5) + 2 (Vijr1/2 = Vijo1/2)?

2
+ (U jr1/2 = Wij—1/2 F Vig1/2,5 — Vi-1/2,5)

(21) +3e¢ (ui,j+1/2 + U j_1/2 — Wit1/2,5 — ui—1/2,j)2
+3e (Vijq1/2 T Vij—1/2 — Vig1/2,5 — Ui—1/2,j)2

For investigating the sum of the right-hand sides of (21) over all indices i,j €
{1,...,n}, we shall need the following simple lemma.
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Lemma 1. Consider any n € N and let aq,...,a, be arbitrary real numbers. Set
ag = 0. Then

n 1 n
2 2
(22) ;(ai —ai)’ > — ; o?.

Proof. For any j € {1,...,n}, we have

=1
and hence 4
OZ? <J Z (az - al—l)
i=1
Thus,
- n(n+1) <
S azs 0D S o a,
j=1 =1
which implies (22). O

Remark 1. Setting o; = i for i = 1,...,n, we realize that the factor 1/n? in (22)
is optimal.

First let us analyze the sum of the right-hand sides of (21) for ¢ = 1/3 (this
value of ¢ corresponds to 6 defined by (5) if midpoint—oriented degrees of freedom
are used). The following result is crucial for proving the desired Korn inequality.

Lemma 2. Let u;j11/2, Vijy12 withie = 1,....n, 7 = 0,...,n, and u;41/2;,
Vig1/2,; with i = 0,...,n, j = 1,...,n be arbitrary real numbers satisfying (20).
Then
n
(23) Z {2 (wig1/2,5 — wic12,5)° + 2 (Vijo1y2 — vijo12)”
i,j=1

2
+ (Ui 1172 = Uij—1/2 T Vig1/2,5 — Vim1/2,5)

2
+ (Ui jr1y2 + Wig—1/2 — Wit1/2,5 — Wim1/2,5)

2
+ (Vijg1/2 FVij—1/2 = Vix1/2, — Vi—1/2,5)" }

1 S 2 2 2 2
Z 182 PR AP S ARYE STV R SRV S
i.j=1

Proof. Let us denote for i,7=1,...,n
Q5 = Ui41/2,5 — Wi—1/2,5 5
bij = Vi j+1/2 = Vij-1/2,
Cij = Wi j+1/2 — Uij—1/2 T Vit1/2,5 — Vi-1/2,5 5
dij = Uj j41/2 + Ui j—1/2 = Wit1/2,5 — Wi—1/2,5>
€ij = Vijy1/2 T Vij-1/2 = Vit1/25 — Vi-1/2,5 >
sij =2a3; + 205 + ¢+ di; + el

Then the left-hand side of (23) is 327", _; si;.

For any real numbers a, b, we have

a’® + b > (a+b)2

N =
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and hence, for any real numbers a, b, ¢, d, e, we derive

1 1 1
20 +20° + & +d* +¢€* > 5(a+b+c)2+§(al+e)2 > E(a+b+c—|—d+e)2.

Consequently,

(24) sij = 7 (@i +bij+cij +di +ei)? = (Wi g2 HVigan/2 = Wim1j2,5 = Vic1/2,5)°

and

1
(25) sij > 7 (aij+bij+eig—dig—eis)* = (Wi jo1/2+Vij1/2 = Uig1/25—Vis1/2,4)”
We denote

fi7j+1/2:ui,j+1/2+vi,j+1/27 izla"'anv j:O,...,n,
Jit1/2,5 = Wit1/2,5 + Vig1/2,5 5 1=0,...,n, jg=1,...,n

Then, according to (20),

(26) fi,1/2:07 Z'::l,...,’fl, f1/2,j:07 jil,,n
For convenience we further set
(27) fO,j+1/2:Oa j:07"'an> fi+1/2,():07 12077,”

It follows from (24) and (25) that

255 > (fijr12 — ficiy25)? + (Fijo12 — fivrj2.5)% ,7=1,...,n.

In view of (26) and (27) we have

Z (fijt1/2 — f¢—1/2,j)2 :Z (fijt1/2 — fi—1/2,j)2 +Z (fij—1/2 — fi—1/2,j—1)2
4,5=1 »y=1 y=1
1—j<0 i—j=>0
0 n+k n—1 n
Z Y Fiiowrre = ficvjpi i)+ Y (Fuick-12 = ficrjzin-1),
k=1—-n i=1 k=0 i=1+k

where now the summation runs over diagonals. Similarly,

Z (fij—1/2 — fi+1/2,j)2 :Z (ficij—1/2 — fi71/2,j)2 +Z (fij—1/2 — fi+1/2,j)2
ig=1 ig=1 ij=1
1—j<0 1—j>0
0 n+k n—1 n
Z Z (fictik-1/2 = fic1j2i-k)" + Z Z (fiimk-1/2 = fis1/2i1)%-
k=1-n i=1 k=0 i=1+4+k
Thus,
0 n+k
2 Z Sij Z Z Z{ le k+1/2 — f1 1/2,i— k) (fifl/Q,ifk - fifl,i7k71/2)2}
3,j=1 k=1—-n i=1

n

n—1
=+ Z Z {(fi+1/2,i—k - fi,i—k—1/2)2 + (fi,i—k—l/Q - fi—1/2,i—k—1)2} .

k=0 i=1+4+k
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Applying Lemma 1 to each inner sum on the right—-hand side of this inequality, we
obtain

n
QZsij

i,j=1 k

1 n+k
Ant+h)? Z {fiQ,i—k-i-l/Q + fi2—1/2,i—k}
=1

NE

1-n

i
L

1 L )
+ In—k)2 DR VLRI Y

k=0 i=1+k
I 1 <
2 2 2 2
> 1 Y ARt it D0 Ul + Road
= =
i2j<o i2j=0

Due to (26) we have

n n n n
2 _ 2 2 _ 2
E fi71/2,j = E fi+1/2,j ) E fi,jfl/Q = E fi,j+1/2'
ij=1 i5=1 ij=1 ij=1
i—5<0 i—j<0 i—5>0 i—j>0

This implies that
n 1 n
(28) Z Sij = Sn2 Z {fiQ,j+1/2 +fi2+1/2,j}'
ij=1 ij=1

To obtain another lower bound of the left-hand side of (23), we observe that
(20) and Lemma 1 imply

NIE

1

.
I

1 n
2 E 2 :
(ui+1/2,j —ui_l/QJ) Z 77’12 ui+1/27j, J = 1,...77’1,.
i=1

Similarly, we derive
n

J

—

1 n
2 2 -
(Vij4172 = Vig-1/2)" 2 —5 Y 0, i=1,.,m.
=1

Thus, we have
n 2 n
(29) > s> o D Auiiyo 040}
ij=1 i,j=1

Using the fact that for any 4,5 € {1,...,n}

2 2 2 2 2 2
Figrrse tVigene 2 5 U 11/2 fiv1y2 T ¥iva25 2 5 Vier/25

and combining (28) and (29), we obtain the lemma. O

As corollaries of the above lemma we can now state the following two Korn
inequalities representing the main result of this section.
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Theorem 1. We have

(30) [oallo <C > IVon+ (Vou) I8 Von€Va,
KeTy,

where C = 18 ||§1||§ 7/ min{l,3¢}.
Proof. For any vy, € Vj, and any K € 7y, one easily derives that

lonlls e < P2 lIGNZ 2 D [ Telon).
' ECOK

Summing up these inequalities over all elements K € 7, and applying (21) and
(23), we obtain (30). O

Theorem 2. There exists a constant Cy independent of h such that
(31) ST onlik <Coh Y Vo + (Vor)T 5k YV on € Vi
KeT, KeT,

Proof. Tt follows from the equivalence of norms on finite-dimensional spaces that
there exists a constant C' such that, for any K € 7 and any v, € Vj,

[nly,x = vno Fxly g <Cllono Frllgzg =2Ch™" [loallgx -

Thus, we have

Y lonlix <4CPh7F unlgq
KEIZ—}L

and the theorem follows from (30). O

The results of Section 3 show that the estimate (31) is sharp.

5. Convergence analysis for a nonconforming finite element discretiza-
tion of the Stokes equations

In this section we analyze the convergence of the discrete solutions of the Stokes
equations (8)—(12) discretized using a suitable subspace of the space V}, introduced
in Section 2. We shall only consider the mean—value—oriented degrees of freedom,
i.e.,

1
Jep(v) = 3] /E vdy.

The subspace of V}, will be used for approximating the velocity uw whereas the
pressure p will be approximated by piecewise constant functions from the space

Qn = {an € L3(Q); anlx € Po(K) VK € T} .
We shall assume that the data of the problem (8)—(12) satisfy f € L?(2)? and

up,-n=0 onIV, / up -ndy=0.
D

Moreover, from now on, u; will denote a lifting of the boundary condition satisfying
up € ! (Q)2



452 P. KNOBLOCH AND L. TOBISKA

To introduce a weak formulation of (8)—(12), we first define a test function space
W={veV;v-n=0onIV}.

Then the standard weak formulation of (8)—(12) reads: Find u € H'(Q)? and
p € L3(Q) such that w — u, € W and

a(u,v) +b(v,p) = b(u,q) = (f,v) VveW geLj(Q).
Here, (-,-) denotes the usual inner product in L?(2)? and
a(u7v) = 2(D(u),D(v)), b('l),p) = 7(pa diV’U) :

Since the Korn first inequality (1) implies that the bilinear form a is W—elliptic
and since the spaces W and L3() satisfy an inf-sup condition (see [12]), it can be
proved that there always exists a unique weak solution of (8)—(12) (cf. e.g. [4] or
[12]). In what follows we shall still assume that this solution possesses at least the
regularity w € H2(Q)2, p € H*(2), which implies that the functions u, p satisfy
the equations (8)—(12) almost everywhere.

For piecewise H' vector—valued functions v, we define the ‘elementwise’ differ-
ential operators Dy and divy by

1 . .
Do)l = 5 (V(oli) + (Vol)T) . (divav)| = div(vly) VK €T,
and we set

ah(uvv):2(Dh(u)7Dh(v))v bh(’U,p):—(p,dth’U)-
Further, we define a discrete analogue of | - [, o by

1/2
|”|1,h = ( Z Uﬁ,K) .

KEIZ—}L

Obviously, it is a norm on V}, and the discrete Korn inequality (31) assures that,
for each h, the bilinear form ay, is Vj,—elliptic with respect to this norm.
We introduce the spaces

W, = {vy €Vi; Je(vy) n|g=0 VEE€&},
Wi = {vn e L2Q)% vilg € QK)? VK €Ty, Je([lvnl]p) =0 VE € &"
and an interpolation operator i, : H(Q)? — W), such that
Je(inv) =Jgv) VEc&, ve HY(Q)?.
Further we define an operator jj : L3(2) — Qj, by

. 1
(th>|K=@/quxdy VK €T, qc L3(Q).

Then (cf. e.g. [3] or [6])
(32) [[lv —invllgg+hlv—inv|, < Ch? vl VoveH*(Q)?,
(33) la=inaloq < Chladha  VaeLi(@NH(Q).
Note also that i, v € W}, for any v € W and that i), v is discretely divergence—free
if dive =0, i.e.,

b (ipv,qn) =0 Y qn € Qn, v e H(Q)? divv =0.
The spaces W), and @, satisfy the inf-sup condition

bn(Vh, qn)

(34) sup  ———— = Bllanllog Y qn € Qn
vneWn\{0}  [Vnlyp

A
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with a positive constant 3 independent of h (cf. [17], [7]).

It is natural to define the discrete solution of (8)—(12) as functions uy € W), and
pr € Qp such that

up — ipup € Wy,

and

(35)  an(wn,vn) + bp(vn,pr) — bn(wn, qn) = (f,vn) Vo, € Wh, gy € Q.

The properties of the bilinear forms a; and b, immediately imply that the discrete
problem always has a unique solution.

Since the space W}, is nonconforming, the exact solution u, p does not solve the
discrete problem. Indeed, multiplying (8) by a function v, € W, integrating by
parts over each K € 75, and summing up, we obtain

(36) an(w,vp) + bu(vn, p) = (f,vn) +en(u,p;vn)  Vop € W,
where the consistency error ey, is defined by
nlwpv) = 3 [ ol olup) noxcdy
KeT, oK

with ngi being the outer unit normal vector to the boundary of K. For estimating
the consistency error we shall use the following lemma.

Lemma 3. Consider any K € T;, and denote for any z,v € H' (K)
ex(z,v) = Z / z(v—Jg(v))nak dy.
ECoK ' E
Then ex (z,v) = 0 for any v € Q(K) and any function z € H'(K) having the form
z(z,y) = z21(x) + 22(y).

Proof. Let us denote z; = z; 0 Fi, i = 1,2, and set z(Z,y) = 21(Z) + z2(y). Then
ex(z,v) = 3 hep(Z,v 0 Fk). Denoting

9O =~ + (00) — 0(6)
we have
xE@) = (1L0) [ 9@ E1LH) - EH10)d

x AN fps ~~ ~
+ 0 [ (G- 9@)EEY - 26 1)z
—1
Since 2(1,7y) — 2(—=1,79) = 21 (1) — z21(=1), 2(z,1) — 2(Z, —1) = Z3(1) — 25(—1) and
1
| o= [ aa=o,
-1 Es
we obtain ez (2,q1) = 0. It is easy to see that the basis functions gz, g3 and g4
can be obtained from ¢ by rotating the coordinate system through angles of 7/2,

7 and 37/2. Since these rotations preserve the additive form of Z, we deduce that
ez(Z,q5)) =0fori=1,...,4. O
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Now we can prove an error estimate for the above—defined discrete solution wup,,
Ph-

Theorem 3. Let the weak solution of (8)—(12) satisfy w € H*t*(Q)? and p €
H*(Q) for some o € [0,1]. Then

lu —unllo.q + [|Dn(w —un)lloq + 1P = Prlloe < Ch¥ ([uloa0 + [Plitan)
where C' is a constant independent of h, u and p.
Proof. According to (35) and (36), we have
(37) an(w — up,vp) + bp(vn, p — pr) = en(w,p;vp) ¥V op € Wy

Since wy, = uy — ip u belongs to W), and is discretely divergence—free, we derive
from (37) with v;, = w), that

(38) 2| Dn(wp)lI§ o = an(w — inw, wp) + b (wp, p — jn p) — en(w, p;wn) .
Using (32) and (33), we get

(39)an(u — ip u, wp) 2w —ipuly g, | Da(wn)lloq < Chlulyq [ Da(wn)loq
(40) bp(wh,p — jnp) P = dnpllo.q ldive wrllg. o < Chiply o I1Dh(wn)lloq -
Further, we have for any v, € W),

ntwpv) = 3 3 [ (il = o) - olup) mox .

KeT, ECOK

<
<

Let us denote by P;(K)?*? the space of 2 x 2 matrices whose entries are linear
functions on K. Applying Lemma 3 componentwise, we get

P 0R) = inf —J ~lo(u,p) = dy.
rwrn) = 32t S @l Jelon) (o) =2 ma i
€Th ECOK
In view of Lemma 3 from [7], we derive
/ (vnlx = Je(vn)) - (o(u,p) = z) nor dy < Chlo(u,p) = 2[1 g [vnli -
E
Since each component of o(u, p) belongs to H!T%(Q), we get by virtue of [11] and
(6]
inf - < Ch” .
zepll(nK)ZM o(u,p) — 2|1 x < o (w, P)|1 10,
Thus, using the Cauchy—-Schwarz inequality, we deduce that
en(u, p;vp) < Ch'te |J(u7p)|1+a,51 |”h\1,h < Ch'te (‘u|2+a,ﬂ + |P|1+a,sz) |vh|1,h

and, applying the discrete Korn inequality (31), we obtain

(41) en(w,p;vp) < Ch” (|U|2+a,sz + \P|1+a,sz) HDh(Uh)”o,Q-
Combining (38)—(41), we get
(42) [Drn(wn)llo0 < Ch* (Julsran + IPlitan)

which, together with (32), immediately implies the estimate for |[Dp(u — up)|lg o-
Applying the discrete Korn inequality (30) to (42) and using (32) once again, we
derive the estimate for [|u — upl|y - Finally, in view of (37), we have

br(Vn, ph — Jnp) = an(uw — up,vp) + bp(vn,p — jnp) —en(w,p;vn) Vo, € Wy

and the estimate for [[p—pp||y o follows from (34), (33) and (41) using the estimate
for ||Dh(u—uh)|\079. O
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Remark 2. It is easy to see that Lemma 3 also holds for any parallelogram K if
we consider z € P;(K). Consequently, Theorem 3 remains valid for triangulations
consisting of shape-regular parallelograms provided that Theorems 1 and 2 still
hold.

Remark 3. We were not able to prove the convergence of w, with respect to
the seminorm | - [, ,. For this, it would be sufficient to prove the convergence of
[rot(w — un) ||y o, which, however, seems to be a difficult task. At least, using (42),
(31) and (32), we can prove that |up|, 5, is bounded.

Remark 4. For the midpoint—oriented degrees of freedom Jg(v) = v(Cg) Lemma 3
does not hold for z € P;(K), which prevents us from proving convergence results
using the techniques applied above. Therefore, we consider only the meanvalue—
oriented degrees of freedom in this section.

If u € H3(Q)? and p € H*(2), then it follows from Theorem 3 that

[1Dn(w —un)lloo +[lp = Prlloo < Ch(lullso+ lpl2e) -

This estimate is optimal with respect to the convergence order but the required
regularity of the weak solution is higher than usually. In fact, one would expect
that there exists a constant C' such that

[1Dn(w = wn)lloo+ 1P = pulloo < Ch(lullzo +p

as soon as the weak solution satisfies u € H*(Q)?, p € H*(Q). However, according
to (37), this would imply that

en(w, p;on) < Ch(|lullzo + lIplh o) IPr(on)lloe ¥ vn € Wa

for any uw € W N H?(Q)? and p € L3(2) N H'(Q2). Unfortunately, such an estimate
of the consistency error does not hold as it follows from the following theorem.

1.0)

Theorem 4. There exists a constant C' independent of h such that
1
Vh=—,n>2 3JpclQnHY(Q), v, €W :
n

en(0,p;vn) > Cpll1 [Dr(vn)loq -

Proof. Cousider any h = 1/n,n > 2. For any F € &, let tg = v;(Cg) be a tangent
vector to F, see Fig. 1. For any element K € 75, we introduce a triangulation
depicted in Fig. 4, where the distances between the vertices of K and the nearest
points in the interiors of the edges are h/4. We define a function p € LE(Q)NH(Q)

0 0
h/4
h/2
0
h/4
0 0

FIGURE 4. Triangulation of an element K.

which is piecewise linear with respect to the triangulation of any element K. We
set p = 0 at the vertices and centres of the elements K and p =1 or p = —1 at the
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points in the interiors of edges. These values are chosen in such a way that, for any

Ee 5h;

Ip
C

5ts E) >

Then ||pllo.q = 1/v/6 and Ipliq = 2V/6/h so that 1Pl <5/h.

Let 9}, € W), be the function constructed in Section 3. Let F be any inner edge
of 7T;,. Then (possibly after a rotation of the coordinate system), the directions of
the degrees of freedom of v}, associated with the edges of the two elements adjacent

plg is odd and

FIGURE 5. Directions of the degrees of freedom of vy,.

to E are like in Fig. 5. Let us denote by E1, ..., E4 the four edges sharing a vertex
with E which are perpendicular to E. Let (g vanish at the midpoint of E and
satisfy

os _ 1

otg b’
Then

[[onl] e (Z | e, (O ) Cenp +€p(Th),

where the function &€ (vy) is even along E. Since p is odd along E, we see that

4
—/ pllonlls -nedy= <Z IJEk(vh)|> / pCedy.
E 1 E
Consequently,
ho
~ [ plnllenedy=§ 3 16 (@)
E k=1
and hence

h )
~ [ bl s> i vEeE izt -1,
E
If E C 09, then we have
_ h
= | plonllg - medy > ¢.
E

Thus, we derive using (18)

n2 -1 _ n? 1 _
en(0,p;05) > *n-l-h Z 6 > 6 > 60 M ||p||1,9 ||Dh(’vh)||o,ﬂ~

O
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The above theorem shows that for p € LZ(Q) N H(2) the estimate
en(0,p3vn) < Clpllio IDn(vn)lloe YV on €Wy

cannot be improved. This is also the reason why it is impossible to improve the
results of Theorem 3 using the Aubin—Nitsche duality technique.

Remark 5. A triangular counterpart of the quadrilateral finite elements considered
in this paper is the piecewise linear Crouzeix—Raviart element, see [7]. Thus, let us
now assume that 7j, consists of triangles and V}, is defined as in Section 2 with Q(K)
replaced by P;(K). It is known that, for certain types of triangulations, the finite
element spaces V}, contain functions vy, for which Dy, (vp,) = 0 so that the inequality
(2) cannot hold for any constant C}, (cf. [10], [1]). However, if we construct 7j, from
the mesh in Fig. 3 by dividing each square by its diagonal from the lower left vertex
to the upper right vertex, then Dy (vy) # 0 for any v;, € Vj, \ {0} and hence the
natural question is whether one can prove similar results as above. This question
was investigated in [14] where it was proved using similar techniques as above that
Theorems 1 and 2 still hold and that the dependence on h in Theorem 2 is optimal.
However, for the consistency error, one can only prove that

len(u, p;vn)| < Cllvnlloq s len(u, p;vn)| < C[Dn(vn)lloq Voup €Wy

with C' independent of h. It was shown in [14] that these estimates cannot be
improved (also not for infinitely smooth functions). That leads to error estimates
of the type [|u — upllyg = O(1), | Dalu —u)lg = O(1), fu —usl,, = O(h~?)
and ||p — pullg.o = O(1) which were also confirmed by our unpublished numerical
experiments. Moreover, in the numerical tests, the convergence of the used solver
was very bad compared to the case when the bilinear form " .- T, /, x VuVodrdy
is used instead of ay,.
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