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NSD polynomii

Polynomy jedné proménné nad télesy: Euklidlv algoritmus

Problém: Nad @Q nam za¢nou bé&hem déleni se zbytkem expeneneidiné
velmi rist délky koeficientd

[P¥iklad v Sage]
A neslo by NSD nad Z potitat bez vyletu do Q7
A jak potitat NSD polynomti vice proménnych?

To v8e bude obsahem dne3ni hodiny

Model sloZitosti: Polet operaci na jedné ciffe R
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Primitivni polynomy

@ P¥ipomindm cont(f) je obsah polynomu f; je to NSD vdech
koeficient(

@ Primitivni polynom ma obsah 1

@ Primitivni &3st polynomu f, znagend pp(f) je f/ cont(f)

@ Algebra |: Pokud R je gaussovsky obor integrity, tak R[x] je
gaussovsky.

e Plati f,g € R[x]

NSDR[X](fvg) = NSDR(cont(f),cont(g)) ’ NSDR[X](pp(f)7 pp(g))7

tedy stadi po&itat NSD pro primitivni polynomy
o P¥iklad ze Z[x]:

NSDzp(2x* — 8,10x + 20) = 2NSDyp (x> — 4, x + 2) = 2(x + 2)
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@ Pro primitivni polynomy z gaussovského oboru integrity R plati

NSDgp(f, g) = NSDqq(f. &),

kde Q je podilové téleso R (napf. R=7Za Q = Q)

o Tady NSD g, volime tak, aby leZel v R[x] a byl primitivn{

o Priklad NSDyp,q(x? — 1,x% — 2x 4 1) = NSDgpy(x* — 1, x2 — 2x + 1)

o Jsme zvykli, Ze télesa jsou , lepsi*, nez jenom gaussovské obory, ale
vypolty v Q jsou pomalé

@ Proto praktické pouZiti Gaussova lemmatu je pfekvapivé na vypoclet
NSDg[ pomoci NSDz
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Pseudodéleni

@ Bylo: d&leni fdivg, f mod g v okruhu R[x] funguje jenom kdyz
umime délit vedoucim ¢élenem g

@ Pseudodéleni: Pocitejme

f pdivg = (Ic(g)deef~de8&+1f) div g
f pmod g = (Ic(g)%e&~deee+1f) mod g

@ Vyhoda: Funguje v kazdém euklidovském oboru
@ Nevyhoda: Narista velikost koeficient(

@ Napad: Co b&hem Euklidova algoritmu koeficienty polynom délit
néjakym spole¢nym délitelem
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Polynomial remainder sequence — PRS

f,g € R[x] jsou si podobné, pokud existuji nenulové k,/ € R, Ze
kf = Ig; znalime f ~ g

@ PRS je posloupnost fi, fp,. .., fx € R[x| takova, Ze
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Posloupnost polynomidlnich zbytkd

@ Polynomial remainder sequence — PRS

e f,g € R[x] jsou si podobné, pokud existuji nenulové k,/ € R, Ze
kf = Ig; znalime f ~ g

@ PRS je posloupnost fi, fp,. .., fx € R[x| takova, Ze

Q fi,....,f,ke1 #0, =0
Q degfi > degh
@ fii1~ (fiipmodf)

@ PRS jsou polynomy z Euklida modulo ~

e Pozorovéni: R gaussovsky, fi,..., fx PRS v R[x]. Pak
fk ~ NSD(fly f2)
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Data: f, g primitivni polynomy, degf > degg
Result: NSD(f, g)
fL == f,
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NSD pomoci PRS

@ Kostra algoritmu pro R = Z[x], R = Qly, z|[x] a podobn&
Data: f, g primitivni polynomy, degf > degg
Result: NSD(f, g)
fL == f,
h=g;
while f; # 0 do
it = 2 (fi1 pmod )
i=i+1;
end
return pp(fi_1);

o Jak volit ajy17 Rizné strategie. ..
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NSD pomoci PRS

° fiy1:= ﬁ(fi—l pmod f;)

o Euklidovska PRS: aj11 =1
@ Primitivni PRS: a1 = cont(fi—1 pmod f;)
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NSD pomoci PRS

fiv1:= ﬁ(fi—l pmod f;)
Euklidovska PRS: a1 =1
Primitivni PRS: a1 = cont(fi_1 pmod f;)

Primitivni PRS je pomald nap¥. pro R[x] = T|y, z|[x]
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Euklidovskd PRS

Jednoducha na implementaci

Délka koeficienti roste zhruba exponencidln&

Heuristicky argument: Necht f; m3 koeficienty délky ¢;
Pro ndhodné polynomy bude typicky deg f; = degfi_1 — 1
Potom fi 1 = Ic(f;)?fi_1 — (ax + b)f;

Pak zhruba ¢; 11 = 20; + ;1
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Euklidovska PRS, Il

@ Mame rekurenci ;1 = 20; + 01
e Zkusime dosadit ¢; = \/

o Pak A2 =2\ +1;

@ tomd ¥edeni A =1++2

Alexandr Kazda (Univerzita Karlova) Potitatova algebra 17. dubna 2020 10/23



Euklidovska PRS, Il

Mame rekurenci £; 11 = 20; + {;_1
Zkusime dosadit ¢; = \/

Pak \2 =2\ +1;

to ma Yedeni A =1+ /2

[Numerické experimenty v Sage]
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Primitivni PRS

e Linedrni narist délky koeficientd (to dokazovat nebudeme)
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Primitivni PRS

e Linedrni narist délky koeficientd (to dokazovat nebudeme)
o [Priklad v Sage]
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Redukovana PRS

fir1 = ;= (fioi pmod ;)

Znatme §; = deg f; — deg fiy1
Redukovand PRS (J. J. Sylvester, cca 1850): a3 = 1;
Qjp1 = |C(f;.71)deg fi_o—degfi_1+1

Vlastné délime multiplikdtorem pro pseudodéleni z pfedchoziho kroku

Neni jasné, pro¢ «js1 déli fi_; pmod f;
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@ Délka koeficientil typicky roste linedrné
@ Heuristicky argument: Necht f; m3 koeficienty délky /;
@ Zase predpokladejme degf; =degfi_1 —1
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Délka koeficientl typicky roste linedrn&

Heuristicky argument: Necht f; m3 koeficienty délky ¢;
Zase predpokladejme degf; =degfi_1 —1

Potom fi,1 = (Ic(£)?fi_1 — (ax + b)f)/ Ic(fi_1)?
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Délka koeficientl typicky roste linedrn&

Heuristicky argument: Necht f; m3 koeficienty délky ¢;
Zase predpokladejme degf; =degfi_1 —1

Potom fi,1 = (Ic(£)?fi_1 — (ax + b)f)/ Ic(fi_1)?

Pak zhruba ¢;11 =20; + 0;—1 —20;_1 = 20; — (i3
Tedy ljp1 — 4 =4; — 4i1

€;+1 — {1 = (€;+1 — f;) + (5,’ — K,'_l) + -+ (53 - 52) + (fz — 51)
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Redukovana PRS, Il
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@ liyy—Lli=1t;—li_q,
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@ liy1—ti=1t;— {1,
@ To popisuje linearni rist!
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vand PRS, Il

@ liyy—Lli=1t;—li_q,
@ To popisuje linearni rist!
o [Priklad v Sage]
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Redukovana PRS, Il

@ liyy—Lli=1t;—li_q,
@ To popisuje linearni rist!
o [Priklad v Sage]

@ Redukovand PRS bé&ha v praxi o néco malo rychleji nez primitivni PRS
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Redukovana PRS, IV
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Redukovana PRS, IV

@ Asymptotické chovani
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Redukovana PRS, IV

@ Asymptotické chovani

@ Necht degf =n, degg =n—1,
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Redukovana PRS, IV

@ Asymptotické chovani
@ Necht degf =n, degg =n—1,

o PYedpokladejme deg fi = n+ 1 — i pro vSechna i a {; = ci pro n&jaké c
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Redukovana PRS, IV

Asymptotické chovani

Necht degf = n, degg = n —1,

Ptedpokladejme deg fi = n4+1 — i pro vSechna i a ¢; = ci pro néjaké c
f;_1 pmod f; m4 sloZitost O((n — i + 1)(ci)?)
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Redukovana PRS, IV

Asymptotické chovani

Necht degf = n, degg = n —1,

Ptedpokladejme deg fi = n4+1 — i pro vSechna i a ¢; = ci pro néjaké c
f;_1 pmod f; m4 sloZitost O((n — i + 1)(ci)?)

Slozitost O(>-"_;(n— i +1)c2i?) = O(c?n Y1, i%) = O(c?n*)
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Subrezultantova PRS
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Subrezultantova PRS

o fiy1 = =L (fi1 pmod )

i+1
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Subrezultantova PRS

o fii1:=—1-(fi_1pmodf)

Ajt1

@ Znatme §; = deg f;_1 — deg f;
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Subrezultantova PRS

o fiy1 = =L (fi1 pmod )

Ajt1

@ Znatme (5,’ = deg f;'fl _ deg fl
o Necht 3, = Ic(f)%; Bit1 = Ic(fiy1)% 8"
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Subrezultantova PRS

fir1 = ——(fi—1 pmod f;)

Ajt1

@ Znatme §; = degfi_1 —degf;
o Necht 8 = Ic(£)%; Biy1 = Ic(ﬁ+1)6fﬂ}_6i
e Pak a3 = 1; ajy1 = Ic(fi—l)ﬁ?fll
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Subrezultantova PRS

fir1 = 7=(fi-1 pmod f;)

Qi1
Znalme §; = deg f;_1 — deg f;
Necht B, = lc(£); Bi1 = Ic(fisr)% L7
Pak a3 = 1; aji1 = Ic(fi—l)ﬁ?fll

Uff. Pro §; = 1 to je redukovanad PRS:
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Subrezultantova PRS

,+1(f 1 pmod ;)
Znalme §; = degf;_1 —degf;

Necht £ = Ic(£)%; Bit1 = lc(fiy1)? 51 o

Pak a3 = 1; ajy1 = Ic(fi_1)B ?',11

Uff. Pro §; = 1 to je redukovanad PRS:

B2 = Ic(h); Biv1 = |C( fir1) B =le(figa);
i1 = le(fio1)Bl g = le(fii1)?

fiy1:=
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Subrezultantova PRS

,+1(f 1 pmod ;)
@ Znatme §; = deg f;_1 — deg f;

o Necht 8y = Ic(£)%; Biy1 = lc(fip1)% 51 o

o Pak a3 =1; ajq1 = Ie(fi1)B ?',11

o Uff. Pro §; =1 to je redukovana PRS:

o B2 =lc(R); Biy1 = |C( fiy1)t8] 7 = Ie(fivr);
aiy1 = le(fiz1) B = le(fio1)?

@ Redukovanad PRS (J. J. Sylvester, cca 1850): a3 = 1;
Qip1 = |C(fl._1)deg fi_o—degfi_1+1

o fiy1:=

Alexandr Kazda (Univerzita Karlova) Potitatova algebra 17. dubna 2020 16 /23



Subrezultantova PRS

,+1(f 1 pmod ;)
@ Znatme §; = deg f;_1 — deg f;

o Necht 8y = Ic(£)%; Biy1 = lc(fip1)% 51 o

o Pak a3 =1; ajq1 = Ie(fi1)B ?',11

o Uff. Pro §; =1 to je redukovana PRS:
o B =lc(h)!; Biv1 = |C( fir1)' Bt = le(fir);
ajr1 = le(fii1) B}y = le(fiz1)?

@ Redukovanad PRS (J. J. Sylvester, cca 1850): a3 = 1;
Qg1 = Ic(f,-_l)deg fi_p—degfi_1+1

° fii1:=

@ Rezultanty budou. ..
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Subrezultantova PRS

,+1(f 1 pmod ;)
@ Znatme §; = deg f;_1 — deg f;

o Necht 8y = Ic(£)%; Biy1 = lc(fip1)% 51 o

e Pak a3 =1; ajy1 = Ic(fiz1)5 ?Lll

o Uff. Pro §; =1 to je redukovana PRS:
o B =lc(h)!; Biv1 = |C( fir1)' Bt = le(fir);
ajr1 = le(fii1) B}y = le(fiz1)?

@ Redukovanad PRS (J. J. Sylvester, cca 1850): a3 = 1;
= Ic(fi_q)degfi-2—degfi1+1

o fiy1:=

Qi1
@ Rezultanty budou. ..

o Lze dokazat, Ze délka koeficientl roste vZdy linearné a vypolet o1
je rychly

Alexandr Kazda (Univerzita Karlova) Potitatova algebra 17. dubna 2020 16 /23



13. Rezultant a Sylvestrovo kritérium nesoudélnosti

Bud' R gaussovsky, @ jeho podilové téleso, Q algebraicky uzavér Q.
Bud'te f,g € R[x], deg f,g > 1. PNTJE:

O NSDgpq(f,g) #1

Q deg NSDR[X](f,g) >0

@ du,v e R[x]\ {0}, Ze

degu < deg g
degv < degf
uf +vg =0

v
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13. Rezultant a Sylvestrovo kritérium nesoudélnosti

Bud' R gaussovsky, @ jeho podilové téleso, Q algebraicky uzavér Q.
Bud'te f,g € R[x], deg f,g > 1. PNTJE:

O NSDgpq(f,g) #1

Q deg NSDR[X](f,g) >0

@ du,v e R[x]\ {0}, Ze

degu < deg g

degv < degf
uf +vg =0

Q f.,g maji spoletny koten v Q

v
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® Gaussovo lemma: NSD g (f, g) # 1 < deg NSDgp(f,g) > Op
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® Gaussovo lemma: NSD g (f, g) # 1 < deg NSDgp(f,g) > Op
@ Necht

degu < degg
degv < degf
uf +vg =0
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® Gaussovo lemma: NSD g (f, g) # 1 < deg NSDgp(f,g) > Op
@ Necht

degu < degg
degv < degf
uf +vg =0

o Pak flvg a degf > degv, tedy f, g maji spoletny ireducibilni faktor
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® Gaussovo lemma: NSD g (f, g) # 1 < deg NSDgp(f,g) > Op
@ Necht
degu < degg
degv < degf
uf +vg =0
o Pak flvg a degf > degv, tedy f, g maji spoletny ireducibilni faktor

Nechd d = NSDgy(f,g). Pak volba u = g/d, v = —f/d ndm da (3)

uf + vg = (g/d)f + (—f/d)g = gf /d —gf /d =0
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NeTe

@ Rozmyslete si, ze Euklidiiv algoritmus v Q a Q b&%i zcela stejné
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Dikaz Il

@ Rozmyslete si, ze Euklidiiv algoritmus v Q a Q b&%i zcela stejné
o Necht NSDgp(f,g) # 1. Pak NSDq4(f, g) # 1.
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Dikaz Il

@ Rozmyslete si, ze Euklidiiv algoritmus v Q a Q b&%i zcela stejné
o Necht NSDgp(f,g) # 1. Pak NSDq4(f, g) # 1.

e Tedy f, g maji spoleny linearni faktor v Q[x]
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Dikaz Il

Rozmyslete si, e Euklidiiv algoritmus v Q@ a @ b&% zcela stejn&
Necht NSDq((f, &) # 1. Pak NSDg, (f, g) # 1.
Tedy f, g maji spolegny linedrni faktor v Q[x]

x — a|f, g znamend, Ze f(a) = g(a) =0
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Polynomy u, v
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Polynomy u, v

e Vratme se k bodu (3)

Alexandr Kazda (Univerzita Karlova) Potitatova algebra 17. dubna 2020 20/23



Polynomy u, v

e Vratme se k bodu (3)
@ Berme m>n

f=fox"+fax" 1+ fy
g =&gmxX" +gm1x" 1+ + go
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Polynomy u, v

@ Vratme se k bodu (3)
@ Berme m>n

f=fx"+ fix" 14+ + 6
g =gnx"™ + gm-1x" 1+ 4 go

o

@ Hledani koeficienti polynom u, v omezenych stupii
je soustava linedrnich rovnic

,2e fu+gv=20
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Polynomy u, v

e Vratme se k bodu (3)
@ Berme m>n

f=fox"+fax" 1+ fy
g =&gmxX" +gm1x" 1+ + go

o

@ Hledani koeficienti polynom u, v omezenych stupii
je soustava linedrnich rovnic

,2e fu+gv=20

@ Rovnice:

fallm—1 + 8mVn—-1 = 0
fo—1Um—1 + fam—2 + gm—1Yn—1 + 8mVn—2 = 0

foup + govo = 0
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@ Matice soustavy fu+ gv =10

Alexandr Kazda (Univerzita Karlova)

0o ...
0 oo 8m—-1
fn 8m-2 8m-1

fa
fi

Potitatovd algebra

gn .- 0

82
81

o

8n—1
8n—2

80
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@ Matice soustavy fu+ gv =10

0
0
o

fa
fi

fo

8m 0 0
8m—1 gm 0
Em—2 8Bm-1 8m

80 81 82
0 80 81
0 0 0

o Netrividlni fedeni u, v pravé kdyz det(M(f,g)) =0

Alexandr Kazda (Univerzita Karlova)
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Rezultant |
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Rezultant |

o degf =n, degg = m; berme m > n
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Rezultant |

o degf =n, degg = m; berme m > n

@ Sylvesterova matice je (n+ m) x (n+ m) matice M(f, g), jejiz
prvnich m ¥adk({ m3a tvar

()0, Fyfoitsens £,0,...)
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Rezultant |

o degf =n, degg = m; berme m > n

@ Sylvesterova matice je (n+ m) x (n+ m) matice M(f, g), jejiz
prvnich m ¥adk({ m3a tvar

(...,0,fp, fp—1,...,%,0,...)
@ a zbylych n ¥adki tvar

("'7O)gm7gm—17"'7g0507"')
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Rezultant |

o degf =n, degg = m; berme m > n

@ Sylvesterova matice je (n+ m) x (n+ m) matice M(f, g), jejiz
prvnich m ¥adk({ m3a tvar

()0, Fyfoitsens £,0,...)

@ a zbylych n ¥adkid tvar

("'7O)gm7gm—17"'7g0507"')

@ Rezultant polynomi f, g je res(f,g) = det M(f, g)
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Rezultant Il

Ptiklad: res(x? — 5x + 6, x — 6) v Z[x]

1 -5 6
det|1 -6 0 | =36+6-30=12
0 1 -6
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Rezultant Il

Ptiklad: res(x? — 5x + 6, x — 6) v Z[x]

1 -5 6
det|1 -6 0 | =36+6-30=12
0 1 -6

Theorem (Sylvesterovo kritérium)

Bud' R gaussovsky, Q jeho podilové téleso, f,g stupné > 1 nad R.
PNTJE
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Rezultant Il

Ptiklad: res(x? — 5x + 6, x — 6) v Z[x]

1 -5 6
det|1 -6 0 | =36+6-30=12
0 1 -6

Theorem (Sylvesterovo kritérium)

Bud' R gaussovsky, Q jeho podilové téleso, f,g stupné > 1 nad R.
PNTJE

Q f,g jsou soudélné v Q[x]
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Rezultant Il

Ptiklad: res(x? — 5x + 6, x — 6) v Z[x]

1 -5 6
det|1 -6 0 | =36+6-30=12
0 1 -6

Theorem (Sylvesterovo kritérium)

Bud' R gaussovsky, Q jeho podilové téleso, f,g stupné > 1 nad R.
PNTJE

Q f,g jsou soudélné v Q[x]
Q res(f,g) =0
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