4.5. Functions of the classC".

Definition. Let G C R™ be a nonempty open set. Let a functibnG — R have at each point
of the set’7 all partial derivatives continuous (i.e., functien— af ( ) are continuous oty for

eachj € {1,...,n}). Then we say thaf is of theclassC' onG. The set of all these functions is
denoted by?l( ).

Remark.If G C R™ is a nonempty open set and arfidg € C!(G), thenf + g € CY(G),

f—g € CYG), and fg € C(G). If moreover for eachc € G we have: g(a:) 0, then
flg € CH(G).
Proposition 4.13 (weak Lagrange theorem)etn € N, [1,...,1, C R be open intervals,

I =1 xIyx - x1, f €CYI),ab c I Then there exist pointg',...,&" € I with
& € (ay, b;) foreachi, j € {1,...,n}, such that

f(b) = fl@) =7 5 () (b — ).
Definition. Let G C R" be an open sety € G, andf € C'(G). Then the graph of the function
of of of
o (a)(z1 —ay) + o1 (a)(xg —ag) + -+ or.
is calledtangent hyperplant the graph of the functioji at the poinfa, f(a)].

T:xz— f(a)+

(a)(z, —a,), x€R"

Theorem 4.14.LetG C R" be an open seyg € G, f € C'(G), andT be a function, such that
its graph is the tangent hyperplane of the functjoat the pointla, f(a)]. Then

o f@) = T()

= 0.
r—a p(m, a,)

Theorem 4.15.Let G C R™ be an open nonempty set afice C'(G). Thenf is continuous on
G.

Theorem 4.16.Letr,s € N, G C R*, H C R" be open sets. Lety,...,p, € C1(G), f €
C'(H) and[pi(),...,¢.(x)] € H for eachx € G. Then the composed functiégh G — R
defined by

F(m) :f(@l(m)7§02(m)a"'7907’(1"))7 r GG,
is of the clas€! onG. Leta € G andb = [p;(a),...,¢.(a)]. Then foreachy € {1,...,s} we
have

OF af . . 0y;
L >—Zayz< F@,

Definition. Let G C R" be an open sety € G, andf € C'(G). Gradient of f at the pointa is
defined as the vector
of of af

via) =L@ @ @)




Definition. LetG C R" be an open set € G, f € C'(G), andV f(a) = o. Then the point
is calledstationary(or alsocritical) pointof the functionf.

Definition. Let G € R" be anopen setf: G — R, 4,j € {1,...,n}, and %(m) exists for
eachx € G. Thenpartial derivative of the second order of the functipraccording to:-th and
j-th variable at the point. € G is defined by

of 0 (of

If i = j then we use the notation

0*f

222\

Similarly we define higher order partial derivatives.

0% f

Bu;0; be conti-

Theorem 4.17.Leti,j € {1,...,n} and let both partial derivativegf%j and
nuous at a point. € R". Then we have
0 f 0?f
8[L‘ia$j <a) n 8%8901 <a)
Definition. Let G C R"™ be an open set aridc N. We say that a functioffi is of theclassC* on
G, if all partial derivatives off till k-th order are continuous a#. The set of all these functions
is denoted by’*(G). We say that a functiorf is of theclassC> on G, if all partial derivatives

of all orders off are continuous o:. The set of all functions of the clags® on G is denoted
by C>(G).




