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Introduction

This is a working version of the lecture notes for the course Introduction to Commutative Algebra;
hopefully it no longer contains too many typos and imperfections — but I will be glad for any remarks
and comments.

Their aim is to be a fairly minimalist summary of the material covered (in the scope taught from
2017 onwards), which closely follows the course of the lectures and contains almost no additional
information.

The material in these notes and its presentation is not original at all: Chapters 1 and 2 are based on
the lecture notes of Ales Drépal [Dr] and partly of David Stanovsky [St], Chapter 3 on the book by
William Fulton [Fu] and Chapter 4 on the text of Keith Conrad [Co].

Chapters 5, 6 and 7 summarize the exercise sessions and homework assignments, partly following the
teaching in 2019/2020; they were later written down and completed by Matéj Dolezélek.

The lectures in 2019/2020 were recorded and are available here:
https://is.mff.cuni.cz/prednasky/prednaska/NMAG301/

I thank Jakub Novéak for writing down the notes; the exercises, and in particular their solutions
in Chapter 6, were written by Matéj Dolezalek. For pointing out mistakes and typos I thank the
students who took the course in the winter semester 2019/2020 (and also in the following years). For
further corrections I thank David Stanovsky and Claude Opus 5.5. Despite our efforts, the current
version undoubtedly contains a number of mistakes, typos and unclear passages, so I will welcome
any comments and suggestions for improvement. In time, perhaps at least a few explanatory and
motivating comments will be added.

This is an Al translation primarily done by Claude Opus 5. It hasn’t been human-checked, so use at
your own risk! The Czech original is available at https://karlin.mff.cuni.cz/~kala/files/UKA26.pdf

[Co] Keith Conrad, Factoring in quadratic fields
http://www.math.uconn.edu/~kconrad/blurbs/gradnumthy/quadraticgrad.pdf

[Dr] Ales Dréapal, Komutativni okruhy [Commutative rings|
http:/ /www.karlin.mff.cuni.cz/~zemlicka/11-12 /komalg.pdf

[Fu] William Fulton, Algebraic curves
http://www.math.lsa.umich.edu/~wfulton /CurveBook.pdf

[St] David Stanovsky, Zdklady algebry [Foundations of algebra], the chapter on Galois theory
http://www.karlin.mff.cuni.cz/~stanovsk/vyuka/alg_galois.pdf
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1. Basics

1.1 Introduction

Notation:
In these notes we use the following notation, which is rather unusual at MFF.

e A C B denotes non-strict inclusion, i.e. A = B is allowed. Strict inclusion is denoted A C B
e The invertible elements of a ring are denoted R* instead of R*

e We do not use the notation Z,; instead we write Z/p, = Z/(n) (which one can think of as the
set {0,1,...,n — 1} with the operations taken modulo n)

X
(Z/ (n)) = the numbers coprime to n, modulo n

the size of a set M is denoted #M

e A — B denotes a surjection (and often a surjective homomorphism)

e A — B denotes an embedding (and often an injective homomorphism)

1.2 Ideals and factor rings

By a ring we mean R(+, —,0,+), where both 4+ and - are commutative.
Except in this section, we always assume that rings always have 1.

Let R be a ring. An ideal [ is a non-empty subset of R such that:
eabel=a+ba—-bel
eaclreR=racl
Ideals are denoted I < R.
Usually the definition also includes the condition 0 € I: but it follows from the other two. Similarly,

if 1 € R, then also —1 € R, and hence —b € I (2nd condition), so that a — b € I follows from the 1st
condition.

Definition. Define the relation a ~ b < a — b € I (sometimes written ¢ = b mod I). It is an
equivalence.
The classes are denoted [a] =a+ 1 :={a+i|i€ I}

Indeed, if b € [a], then b —a € I (by def.), hence be a+ 1 ={a+i|i € I}.

Definition. The set of equivalence classes modulo an ideal [ is the factor ring and is denoted 12/7.
On the classes we define +, -

(a+1)+O+1)=(a+b)+1

(a+I)-(b+1):=(a-b)+1

Op/;; =0+ 1,1, =1+1,—(a+1I)=(~a)+1
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Ezample. R=7,1 =6Z={...,-6,0,6,12,...}
a~bsa—bebZ < a=b (mod6)

Classes:

0+6Z,146Z,....5+6Z

R/1 =Z/g7 has 6 elements: it is the usual Z/g

FExample. R a ring, I, J ideals in R such that J C [

a) Then J is an ideal in I. (I is a ring, typically without 1)
Let us check: Closedness of J under addition and subtraction: OK (because it is an ideal in R).
Closedness of J under multiplication by elements of I: OK (because I C R and J is an ideal in R)

b) 1/ is an ideal in £/ J.
Let us check:
Rij={a+J]|ac R}
Ijj={i+J|icl}cR/y

I/ 1 closed under +:

Let a+ J,b+J€l/].

Then a € I,b € I, and hence a + b € I.
Thus (a+J)+(b+J)=(a+b)+J €1/
(Subtraction completely analogously.)

I/ closed under - by elements of 22/ J, i.e.:
Ifa+Jel/jr+JeR/j then I want (a+ J)(r+J)=ar+J € l/j (EXERCISE)

¢: R — S a ring homomorphism.
R>Kerp={reR|ep(r)=0}
Imp ={p(r)|re R} CS

Theorem 1.1 (Homomorphism theorem). Let ¢: R — S be a ring homomorphism and I < R an
1deal such that I C Ker ¢. Then
v: Rir— S
a+1— ¢(a)

is a well-defined ring homomorphism. Moreover, Kert) = Ker /1 and Tmv¢ = Im .
Proof. 1) Well defined: Let a+1 = b+1,i.e.b=a-+i,i € I. Then (b+1) = o(b) = p(a)+o(i) =¥
pla) +0=p(a) =¢(a+1T).

2) Homomorphism: We need to check that it preserves +,- (and — in the case of a ring without 1):

Let (a+1)(b+1) = ab+1. Then v((a+I)(b+1)) = b(ab+1) = p(ab) “<" w(a)p(b) = Y(a+I)(b+1).
+, — are checked similarly.

3)Im is clear.
I is an ideal in Ker ¢, ¢(a + I) = 0 < ¢(a) = 0. Hence
Kero/r ={a+1]|a¢cKerp}=Ker. O

Theorem 1.2 (1st isomorphism theorem). Let ¢: R — S be a (ring) homomorphism. Then

R/Kerp ~Imep, a+Kerp— ¢(a).
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Proof. In the homomorphism theorem choose I = Ker ¢. We get a homomorphism 1: B/Ker @~
S.

Its image is Im ) = Im ¢, and hence ©: B/Ker o= Im .

Is v injective? A homomorphism is injective if (o) = 0 < a = 0. So let & = a + Kerp. 0 =
Y(a+ Kerg) = p(a) = a € Keryp = a+ Kerp = Kerp = [0]. O

Theorem 1.3 (2nd isomorphism theorem). R a ring, I, J ideals such that J C I. Then J < 1,1/ ] <
R/ and (R/J)/([/J) ~R/r.

Proof. Consider the projection

cp:R—»R/],
a—a-+1.

Clearly it is surjective and Ker ¢ = I.
By the homomorphism theorem [I.1]for ¢ and J C R (which we may use, because J < Ker p = I), we
have 31): B/ 7 — R/1. Moreover Im1) = Im ¢ = B/, Kery = Ker¢/ 7 =1/ 7. Hence by Theorem

1.2 we have (78/.7) /Ker y ~ Im . 0

Corollary 1.4. Let R be a ring and J an ideal. The ideals in B2/ J are exactly the I/ j, where I is
an ideal in R such that J C I.

Proof. We know that {/j < R/ j thanks to the example above.
Conversely, let Iy be an ideal in 12/ J. We want to prove that Iy = /J for some I. The elements of
Iy are of the form a + J, so it makes sense to define I :={a € R|a+ J € Iy}; clearly J C I.

We want:
1) I'is an ideal in R:
Let a,be I, r € R. Thena+ J,b+ J € Iy, hence a+b+ J € Iy, i.e. a+ b € I. The same for ra € I.

2) 1/ = I
Writing it out by means of the definition of I we have

Ijj={i+J|icel}={a+J|a€Ra+Jel}=1 O

Theorem 1.5 (3rd isomorphism theorem). R a ring, I < R an ideal, S C R a subring. Then
S+I={s+a|seS,aecl}isasubringin R and (S—{_I)/ISS/(SQI)

Proof. EXERCISE. (The projection m: R —» R/ and its restriction to p: S — £/7. The 1st iso-
morphism theorem for ¢.) [

1.3 Prime ideals and maximal ideals
Recall that from now until the end of the notes all rings have 1 (and are commutative).

Definition. R a ring. [ < R is a proper ideal if I # R.
A proper ideal I is maximal if there is no proper ideal J < R such that I C J.

For ideals I, .J we define I.J = {Zaibi |a; € I,b; € Jyn € N}.

=1
A proper ideal P is a prime ideal if for all ideals I, J < R we have IJ C P=1C Por J C P.
An ideal [ is principal if 3a € R such that I = (a) = aR.
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Ezample. R = Z. All ideals in Z are of the form [ = (n) = nZ = {...,—n,0,n,2n,...}, where
n=20,1,2,...

Clearly (n) = (—n).

Divisibility of numbers 2 | 6 corresponds to the reverse inclusion of ideals (2) D (6).

So if I = (a),J = (b) and P = (p), then we have:

IJ = (ab)

(p) D (ab) & p|ab
(p)D(a)&pla
(p)D>(b)=plbd

Hence P = (p) is a prime ideal < |p| is a prime number or p = 0.
5Z is a prime ideal, but 10Z is not, because (2) - (5) C (10), but (2) ¢ (10) and (5) ¢ (10).

Lemma 1.6. A properideal I in a ring R is a prime ideal if and only if for any two elements a,b € R
we haveab € I =a €l orbe I.

Proof. “=" Let I be a prime ideal and let ab € I. Then (aR)(bR) = (abR) C I. By the definition
we thus have aR C I or bR C I, and hence a € [ or b € I.

“<” Let Ji, Jy be ideals such that J;Jo C I. Assume that Jy ¢ I, i.e. that there is b € Jy \ I. For
every a € J; we have ab € J;J, C I, and hence a € [ or b € I. But b ¢€ I, and hence a € [ for every
a € Ji. It follows that J; C I, as we wanted. O]

Definition. S is an (integral) domain if Va,b € S we have ab=0=a=0or b = 0.

Observation. An element a is invertible < (a) = aR = R.
A ring R is a field < (0) is its only proper ideal.

Corollary 1.7. Let I be a proper ideal in R. Then:
a) I is mazimal < R/T is a field
b) I is a prime ideal < B/ is a domain.

Proof. a)

“=" [ maximal = the only proper ideal of the ring R which lies between R and [ is [ itself.
Corollary = the ideals of B2/ are exactly the J /7, where J D I. Hence only J = Ror J = I is
possible. But these correspond to the improper ideal £2/7 < RB/7 and /] = (Or/;) < R/r.
Observation = /T is a field.

“<” Similarly, B/ a field = (Or/,) is the only proper ideal in R/r.

Corollary = the only proper ideals in R which contain [ are [ and R = I is maximal.

b)

“=" I a prime ideal. Let a +1,b+ I € 11/ be such that ab+ I = (a+ I)(b+ I) = Or/; = I. Then
ab € I. By Lemmawe then havea € I = a+1=1=0g/, or b€ =b+1=0g, ie we have
verified the definition of a domain.

“<" Let 1/1 be a domain and ab € I. We want (by Lemma that a€ T orbe I.
R omain
bel=T=ab+T=(@+D)b+1) T8 g4 T=Torb+I=I=aclorbel O

1.4 Principal ideals and divisibility

Definition. Let R be a ring.
a|bs Je:b=ac
allbealbandb|a
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Observation. a | b< (a) D (b),a || b< (a) = (b)

Definition. A domain R is Gaussian if every a € R, a # 0, has a unique factorization into a product
of irreducible elements, i.e. a || p&' - --pkr, where n > 0,k; > 1 and p; are irreducible elements such

that p; {f p; for i # j.

Remark (A theorem from Algebra). Let R be a domain. Then R is Gaussian if and only if:
1. a ged of all pairs of elements exists and
2. there is no sequence of elements ay, as, .. € R such that a;y1 | a; and a; 1 }f a;.
Exzample. 7., Q|x], Z[i], Z[/2] are Gaussian, because they are Euclidean.

Zlz] is Gaussian, but not Euclidean.
Z[\V/D] for D < 0 almost never is: it is Gaussian if and only if D = —1, —2.

Z [—H;/B] for D < 0 is Gaussian if and only if D = -3, -7, —11, —19, —43, —67, —163.

Whether Z[v/D] for D > 0 is Gaussian for infinitely many D is a famous open problem; it is expected
that the answer is yes.

Definition. A domain R is a principal ideal domain (PID) if every ideal is principal, i.e. VI <
R.3a € R: 1= (a).

Definition. I+ J={a+b|la€l,be J}

Proposition 1.8. Let R be a PID. Then R is Gaussian and Bézout’s identity holds: Va,b € R dr, s €
R : ged(a, b) = ar + bs.

Proof. We verify the two conditions from the remark above:

1) Existence of ged: For a,b € R consider the ideal (a) 4 (b). We are in a PID = e : (a) + (b) = (¢).
We have (a) C (¢) = ¢|a and (b) C (¢) = ¢ | b.

If d is a common divisor of a, b, then (a) C (d), (b) C (d) = (¢) = (a) + (b) C (d) = d | c. Hence c¢ is
the greatest common divisor. Bézout’s identity follows from (a) + (b) = (c).

2) By contradiction, let us have ...a;11 | a; | a;_1 | -+ | a1 with a;41 }f a; for all i. Then (aq) € (ag) C
- C (a;) € ... is a chain of principal ideals. Consider I = Ej (a;), which is an ideal (exercise).

PID = 3a € R: I = (a). .

a€ Ejl(ai) = Ji:a € (a;). Then (a) C (a;) € (a;41) C Ejl(ai) = (a). Contradiction. O

1.5 Noetherianity

Definition. A ring R is Noetherian if it contains no infinite increasing chain of ideals
LCLCI;C . ...

For example, a field is always Noetherian (because it contains only two ideals).
The definition resembles --- | ag | as | a1 = (a1) € (a2) € (a3) C ...

= =

Proposition 1.9. Principal ideal domains are Noetherian.

Proof. Let R be a PID. Suppose it is not Noetherian. Then thereis I C I, C .... Consider [ := J I,
j=1

which is an ideal (exercise). PID = [ is principal, I = (a).
aEI:UIjéﬂj:aEIj.WehavteClj+1:>aefj+1:>(a)CIjCIj+1CI:(a):>
= equalities everywhere = I; = I;;;. Contradiction. O
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Fuclidean = PID = 4 Caussian
Noetherian

Z[+/—2019] is Noetherian, but not Gaussian.
R = K[X,Y] is Gaussian, Noetherian, not a PID.
R = K[Xy, Xy, X3,...] is Gaussian, but not Noetherian.

Definition. Let R be a ring. An R-module M is an abelian group M (+, —, 0) together with a scalar
multiplication - m € M for r € R,m € M such that Vr,s € R,Ym,n € M:

o r(m+n)=rm+rn
o r(sm)=(rs)m
e (r+s)m=rm-+sm
e Ilm=m
It is a notion similar to a vector space, but over a ring.
If R is a field, then an R-module is the same thing as an R-vector space.
Ezxample.
e Every abelian group G is a Z-module.
im=m+m+---+mieENmeG
(=) - m = —(im)
e R is an R-module
e | < R=1is an R-module

Definition. An R-module M is Noetherian if there is no infinite sequence M; C My C ... of
R-submodules in M.

Observation. A ring R is a Noetherian ring < R is a Noetherian R-module.

k
Definition. Let M be an R-module and X C M its subset. The set of all finite sums » r;z;, for

i=1
r; € R,x; € X is the smallest R-submodule in M which contains X. It is called the submodule
generated by X.

If there is a finite set X which generates M, then M is a finitely generated R-module.

Definition. Let us have elements rq,...,r; in a ring R. The ideal generated by them is denoted
(ri,...,r%) = r1R+ -+ + rpR (it is at the same time the smallest ideal which contains the given
elements).

Proposition 1.10. An R-module M is Noetherian < every R-submodule N C M s finitely gener-
ated.

Proof.
“«<"” By contradiction: Let us have a sequence M; C My C ...

Then N = (JM; is an R-module = N is finitely generated by some elements ny,ns,...,ng. N =

=1
U M; = 3j such that ny,...,n, € M;
= the R-module generated by ny,...,n; is a subset of M; = N C M;.
So we have N C M; C M;,; C N. Contradiction.
“=" By contradiction: Let N C M be an R-submodule which is not finitely generated.
Let My = {0}. Successively choose m; € N \ M; and define M, := M; + R - m;, which is possible,
because M; is finitely generated and N is not finitely generated, hence M; C N. (Strictly speaking,
to ensure the existence of this sequence we need the axiom of choice.)
We have produced an infinite sequence My C M; € My € -- -, which is a contradiction. O
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Theorem 1.11 (Hilbert’s basis theorem). A ring R is Noetherian if and only if R[x] is Noetherian.

Proof. “<" exercise.

“=" Let R be Noetherian and R[z] not. By Proposition there then exists an R[z]-submodule
in R[z] which is not finitely generated, i.e. there is an ideal I < R[x] which is not finitely generated.
Let fy € I be a nonzero polynomial of the smallest degree and f;,; some polynomial of the smallest

degree in I\ (fo, f1,..., fi). Clearly deg fo < deg f1 < ....
Let a; be the leading coefficient of the polynomial f; and J; = the ideal in R generated by the elements

ag, .. .,a;. Jo C Jy C Jo... is a chain in the Noetherian ring R = 3k: Jp = Jpy1 = Jpao = ...
In particular drg,...,rx € R: agy1 = 1000 + - -+ + Trak.

Let d = deg fi41; we can multiply the polynomials fo, fi, ... fi by suitable z%°™ething 5o that we obtain
polynomials fo, ... fx, all of degree d. Consider g := fri1 —rofo— - - - — & fr. Then we have deg g < d,
but the coefficient of 2% is a1 — roag — - - — rpap = 0 = deg g < d = deg fri1.

But g € I'\ (fo,---, fx), which contradicts the choice of fi.; of the smallest degree. O

Corollary 1.12. If R is Noetherian, then R[xq,..., x| is also Noetherian.

1.6 Irreducible polynomials

Throughout this section: R is a Gaussian domain and 7' its field of fractions.
For a € R let a || p]fl .- pkn be its factorization into prime factors, p; W pj, fori# 5,k > 1,n>0.
Then (a) = (p1)* - - (p,)*, because (b) - (c) = (be) (exercise).

Exercise: p is a prime factor < (p) is a prime ideal.

Definition. Let p be a prime factor. Then the p-valuation of an element a € R is

R CLE ST PICYOR)
0 otherwise.
e 1,(0) = 0.
For t = § € T' we define v,(t) := v,(a) — v,(b).

Clearly we have v,(uv) = v,(u) + vp(v), and hence vy(t) is well defined, because v,(5) = vp(ca) —
vp(ch) = vp(a) = vp(b) = vy(§)-

d
Definition. Let f(z) = > a;2" € T[z] and p € R a prime factor.
=0

The p-content of the poly_nomial fis ¢,(f) = min{v,(a;),0 < i < d}.
For a polynomial f € R[x] we say that it is primitive if ged(ao,...,aq) = 1, i.e. ¢p(f) = 0 for all
irreducible elements p € R.

Lemma 1.13.

a) Let w e T* =T\ {0}, p a prime factor in R and f € T[x]\ {0}. Then c,(u- f) = c,(f) + vp(u).
b) Let a € T. Then a € R if and only if v,(a) > 0 for all irreducible elements p € R.

c) Let f € T[z]. Then f € R[x] if and only if c,(f) > 0 for all irreducible elements p € R.

Proof. a) We have v,(ua;) = v,(u) + vy(a;).
b), ¢) exercise. O

Observation. ¢: R — S a ring homomorphism. Then 3ly,: R[z] — S[z] which extends ¢ and

0u(z) = 2.
In particular: for a Gaussian domain R and a prime factor p we have

m R B (p)
m: Rla) = (R/(p)) lz]
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Theorem 1.14 (Gauss’s lemma). Let R be a Gaussian domain. If f, g € R[x] are primitive polyno-
maials, then f - g is primitive as well.

Proof. We use: h primitive < ¢,(h) = 0, Vp.
Let p be a prime factor. We know that ¢,(f) = ¢,(¢) = 0 and we want ¢,(fg) = 0.

R/(p) a domain “EE (R/(p)> [z] a domain.
Clearly c,(h) =0 < m,(h) # 0.
domain

Hence (/) = ey(9) = 0 = 7a(f) £ 0,7 (g) # 0. Hence my(fg) "L ma(f) - 7ale) £ 0. .
Corollary 1.15. For f,g € T[z]\ {0} and any prime factor p € R we have c,(fg) = ¢,(f) + ¢,(9).

Proof. Let u := [[p~V ) and v = I p~@ where we multiply over pairwise non-associated prime
factors p, and f1 :=uf, g1 := vg.

For every p we have ¢,(f1) =0 = ¢,(g1) = f1, g1 primitive. By Theorem [I.14] f,g; is thus primitive
= ¢,(f191) = 0. But fig1 = uvfyg, so

0= Cp(flgl) = Up(uv) + Cp(fg) = Up(u) + Up(v) + Cp(fg) = _Cp(f) - Cp(g) + Cp(fg)- O

Proposition 1.16. Let R be a Gaussian domain and T its field of fractions.
Let f,g € Rlz]|,deg f > 1 and f primitive.

a) f|ginTla]= f|gin R[z].

b) f irreducible in R[x] < f irreducible in T'[x].

Proof. a) Let g = qf,q € T|x]. f is primitive, so ¢,(g) = ¢,(q) for all p. But g € R[z], hence ¢,(g) > 0.
Therefore ¢,(q) > 0 and ¢ € R[x]. So we have proved that f | g in R[z].

b)

“«<” An easy exercise

“=" Let f not be irreducible in T'[z|, i.e. f = fif2, where f1, fo € T[z] are non-constant.

Similarly as in the proof of Corollary |1.15} for u; = [[p~%*UV) uy = [[p~*2) we have: g1 := u1 fy

and gy := uyfo are primitive polynomials in R[z]. Moreover f primitive = 0 = ¢,(f) = ¢,(f1/2)

cp(f1) + cp(f2)-
Hence u; - uy = [[p~(@Ute(2) = [Tp° = 1. Hence f = fifo = (u1uz) ‘9192 = 9192 = f is not
irreducible in R[z]. O

Proposition 1.17. Let R be a Gaussian domain and T its field of fractions. The irreducible elements
in R[x] are exactly

e the prime factors p € R and
e the primitive non-constant polynomials f € R[x| which are irreducible as elements of T'[z].

For every irreducible polynomial g € T'[z] there is w € T such that ug is an irreducible element of the
ring R|x].

Proof. We want to describe the irreducible elements of R[z]; let us distinguish constant and non-
constant polynomials in R[z].

a) f € R (is a constant polynomial)
If ¢ € R[x| satisfies g | f, then ¢ € R must be constant as well. Hence f € R is irreducible in the
ring R[z] < f is irreducible in R < f is a prime factor in R.

b) f € R[z], deg f > 1.
By Proposition[l.16p), the primitive polynomials f € R[x] which are irreducible in T'[z] are irreducible
in R[z].
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Conversely, let a (non-constant) f € R[x] be irreducible in R[x]. Then f = uf;, where f; € R[z] is
primitive and u = [ p») € R.

But f irreducible = u || 1 = ¢,(f) = 0,Vp = f is primitive. Hence Proposition [1.16p) = f is
irreducible in T'[z].

2nd part of the proposition: Let g € T'[x] be irreducible and define v = [[p~%9 = vg is a primitive
element of R[z] and vg | ¢ in T'[z] = vg is irreducible in T'[z]. Proposition [1.16b) = vg is irreducible
in R[z]. O

Theorem 1.18. If R is a Gaussian domain, then R|x] is Gaussian as well.

Proof. We use: R Gaussian < 1. there are no infinite chains of proper divisors and 2. every irreducible
element is a prime factor. (exercise)

L.Let ... fi| fici |-+ | fo| f1, fi € R[x]. Then deg fi > deg fo > --- > 0, and hence 3k : deg f, =
deg fri1="....
Let a; be the leading coefficient of f; = -+ | a; | aj—1--- | a2 | a;. This is a sequence of divisors in

the Gaussian R = 3 :a; || a4 || - .-
Hence for 4, j > max{k,(} we have deg f; = deg f; and a; || a; = f; || f;-

2. We want to prove that if f | gh (in R[z]), then f | g or f | h (in R[z]). Let us have an irreducible
element f in R[z] and use Proposition , according to which we have two possibilities:

a) f =p € R. Then 1 < ¢,(gh) = ¢,(g) + ¢,(h), and hence ¢,(g) > 1 or ¢,(h) > 1. This implies that
plgorplh.

b) deg f > 1 and f is primitive, irreducible in T'[z]. T'[x] is Euclidean, hence Gaussian, and hence f
is a prime factor in T[z]. At the same time f | gh in T[z].

WLOG let f | g in T'[z]. Proposition [L.16p) then implies f | g in R[z]. O

1.7 Chinese remainder theorem

We have already defined 3 operations on ideals, I + J,1J,1 N J, and we have: I(J 4+ K)=1J 4+ IK
and IJ C I NJ. (Exercise)

Definition. Ideals 7, J in a ring R are comaximal if I + J = R.

Motivation:

1. If M is maximal, then M + (a) = R for all a ¢ M. Hence M, J are comaximal V.J ¢ M.

2. R=7,I = (m),J = (n). Then (m) + (n) = (ged(m,n)). Hence (m), (n) are comaximal if and
only if m,n are coprime. So this is a variant of coprimality and a weakening of maximality (which
corresponds to primes, which are coprime to everything they do not divide).

Lemma 1.19. I, J comazimal = INJ =1J.

Proof. 1N J " E™ (1A (I +J)=INJ)+(INJ)J C JI+1J = IJ; the inclusion I.J C IN.J

always holds. O
Definition. Ideals I3, ..., I, < R are pairwise comaximal if [;, [ are comaximal for all 1 < j <k <
n.

Proposition 1.20. Let Iy,...,1, be pairwise comaximal ideals in a ring R and n > 2. Then I, N

---NI,=1---1, and the pair Iy N ---N1,_1, 1, is comazximal.
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Proof. I, ---1,_1 and I,, are comaximal:
Consider

R=(L+1I,) {2+ 1) (In-1 + 1)
=IL15---1,_1 + further terms, which all contain I,
chily---1, 1+1,CR.

hence Iy -+- I,y + 1, = R. (Since Iy ---I,,_y C I1yN---N1,_q, the pair 1 N---N1,_1, I, is comaximal
as well.)
Ln---nlI,=1---1, we prove by induction. For n = 2 this is Lemma [L.19

Let n > 2. Induction hypothesis: 1 N---NI, 1 =1;---1,_4.
From the 1st part of the proof: Iy ---I,_1, I,, are comaximal. Then

(Il"'-[n—l)'In@(ll"'ln—l)m]n

induction hypothesis (

Ln---Nnl,)NI,. O
Proposition 1.21. Let I, ..., I, be ideals in a ring R. Consider the homomorphism

SQR—)R/lexR/In
re(r+I,...,r+1,).

Then
a) Kerop=1LnN---N1I,
b) ¢ is surjective < Iy, ..., I, are pairwise comazimal.

Proof. a) is clear.
b) “=" Let ¢ be onto and i # j. We have

Ri’R/Il X"'XR/In_»R/]z‘XR/]j_» (R/Ii)/<li+1j/fi) % (R/Ij>/<fi—|—[j/[j>

L3
=R+ x B+ 15

So this composition is surjective; however, it is the map r — (r + I; + I;,r + I; + I;), i.e. in both
components of the image we have the same value. Such a map is surjective only if £/ L+1; has only
1 element.

Hence I; + I; = R and [;, I; are comaximal.

“<” Assume that Iy, ..., [, are pairwise comaximal. By induction:

n = 2: We need that every (r; + [1,rs + I5) lies in Im ¢, i.e. that there is r € R such that r = r;
(mod I;) for i = 1,2.

Comaximality implies that da; € [,as € I such that 1 = a; 4+ as. Now choose r := ryas + raa;.
Then r — r1 = (r1as + 12a1) — r1(ay + as) = ay(re — r1) € I;. Similarly we get r — o € Is.

s IiyN---N1I,_1. Proposition also implies that I, I, are

llks

Let n > 3. Consider I = I ---1,_;
comaximal.
The induction hypothesis for 2 ideals: we have a surjection

i R—> B/ x R/f
r—(r+1,r+1,).

For n — 1 we further have

wZ:R_»R/le"‘XR/In_p
re (r+Iy,...,r+L,1).
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with Kerw2:llﬁﬂ]n_1 = 1.
The [1st 1somorphism theorem| for )5 then gives
w: R/] ~ R/Il X oo X R/In_17
7’+I|—> (T+Il,...,r+[n,1).

Finally, by composition we have

. % Pxid
p=Wxid)oyy: R>R/pxR/p "5 (Rjp x---xRjp VyxR/f.
O
Corollary 1.22 (Chinese remainder theorem). Let Iy, ..., I, be pairwise comazimal ideals in R such

that LN ---N 1, = {0}. Then ¥ry,...,r, € R 3r € R such that r = r; (mod I;) for all i.

Remark. Let nq,...,n, € Z be pairwise coprime and let R = Z/(n1 eng)- Then

Z/(nl"'nk)zz/nl Xoeee XZ/nk;

which gives the usual Chinese remainder theorem for integers.

1.8 Zorn’s lemma

Let A be a set partially ordered by a relation <, i.e. it is
e reflexive: v < x,
e (weakly) antisymmetric: x <y and y <z = = =y,
o transitive: r < yAy<z=zx<z

for all z,y, z € A.

A chain B in A is a subset which is linearly ordered, i.e. satisfies Vx,y € B:x <y or y < x.
An upper bound of a subset C C A is an element a € A such that a > ¢ for all ¢ € C.
An element a € A is maximal if a < b implies a = b for all b € A.

Axiom 1.23 (Zorn’s lemma). Let A be a non-empty set partially ordered by a relation < such that
every chain B in A has an upper bound. Then Va € A3b € A such that b is maximal in A and a < b.

This lemma is equivalent to the axiom of choice, which is one of the key axioms of set theory, although
historically it was rather problematic (a number of mathematicians did not consider its validity to be
self-evident). We, however, are interested in rings and not in set theory, so we will work with Zorn’s
lemma routinely (as is, after all, common today).

FExample. Every vector space V has a basis.
A := {linearly independent subsets of V'}, < is the ordering by inclusion, i.e. for X, Y € A we define
X<YitXcY.

Now we have to verify the hypothesis of Zorn’s lemma.

Let B C A be a chain. We want an upper bound for it:

Choose b C V as b = | of the chain B, i.e. b={v € V | da € B,v € a}. We need:
1. b€ A. (Le. b is linearly independent.)

2.Vae B:a<hb.

Both are not hard to verify.

Hence by Zorn’s lemma there is a maximal element a € A, i.e. a linearly independent set to which
nothing can be added so that the result is still linearly independent.

For a contradiction, let a not be a basis, so Jv € V' \ Span(a). But then a U {v} would be a larger
linearly independent set, which would contradict the maximality of a. O]
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Now we show several useful applications of Zorn’s lemma in ring theory.

Lemma 1.24. Let A be a non-empty subset of a ring R and I < R. If IN A = (), then there is an
1deal J < R such that

o JDI,
e JNA=1,
o J'NAH#0D for every ideal J' < R such that J 2 J.

Proof. Choose the set A={J < R|J>I,JNA=0} ordered by inclusion C.
A # (), because I € A.

Further, for a non-empty chain B C A its upper bound is |J J € A (and the empty chain has the
JeB
upper bound 7).

The hypotheses are satisfied, so by Zorn’s lemma the set A has a maximal element J. It is easy
to verify that it has all the required properties. O]

Corollary 1.25. Let I < R be a proper ideal. Then there is a mazimal ideal M in R which contains
I.

Proof. In Lemma choose A = {1}. O

Warning! This corollary need not hold if R is a ring without 1! There even exist rings (without 1)

which contain no maximal ideals.
Exercise: Think about which ideal J we get from the proof of Lemma if we choose A = ().

Definition. A multiplicative set S in a ring R is a non-empty subset of R such that
e 0¢ S and
e S is closed under multiplication, i.e. a,b € S = a-b € S.

Proposition 1.26. Let S C R be a multiplicative set and I < R an ideal such that INS = 0. Then
there is a prime ideal P D I such that PN S = (.

Proof. In Lemma |1.24] choose A = S. It is then necessary to verify that the ideal .J, which exists by
this lemma, is a prime ideal: exercise. O

Corollary 1.27. For every multiplicative set S there is a prime ideal P such that PN S = ().

Proof. Choose I = {0} in Proposition [1.26] O



2. (zalois theory

2.1 Review

Let us recall some basic notions from the theory of (commutative) fields. Below, T, U,V are always
fields such that U D T.

U D T implies that U is a vector space over T'. The degree of the field extension d = [U : T]= the
dimension of U as a vector space over T. Hence, if d < oo, there is a basis ay, as,...,aq € U, i.e.
Va € U 3t; € T such that a = > t;«;.

UVOUDT, then [V :T]=[V:U]-[U:T].

a € U is algebraic over T' if it is a root of some 0 # f(z) € T[z]. If f has the minimal degree, it is
the minimal polynomial of «.

For o € U we define T[] as the smallest subring of U which contains 7" and «, and T'(«) as the
smallest subfield of U which contains 7" and «.

If o is algebraic (over T'), then T'[a] = T'(a). We have d = [T'(«) : T] = deg of the minimal polynomial
of a.. As a basis of T(a) we can choose 1, q,...,a% !

If «v is not algebraic (over T'), then T[] ~ T'[x] and T'(«) ~ T'(z) (which is the ring of polynomials,
resp. the field of rational functions).
Hence « is algebraic over T' < [T'(a) : T] < 0.

An extension U D T is algebraic if every element a € U is algebraic over T
If an element « is algebraic, then T'(a)) D T is an algebraic extension.
U D T an extension of finite degree = U D T an algebraic extension.

T has characteristic p (which is necessarily a prime) if 1 4+---+1 = 0 (and p is the smallest such

p times
number). If no such p exists, the characteristic is 0.

2.2 Introduction

Let U DT,V D T be fields. A homomorphism ¢: U — V is a T-homomorphism if ¢(t) = ¢ for all
teT.

Lemma 2.1. Let U DT,V DT be fields. Every T-homomorphism @: U — V is injective.

Proof. Consider the kernel Ker ¢. It is an ideal in U, but a field contains only the ideals {0} and U.
Let 0 # t € T be some element of the field T (here we use the fact that we do not consider a
one-element set to be a field). Then ¢(t) = ¢, because it is a T-homomorphism, and hence ¢ & Ker ¢,
ie. Kerp # U.

Then Ker p = {0} and ¢ is injective, as we wanted. O

17
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Gal (U/T) ={¢: U = U | ¢ is a T-automorphism} is the Galois group of the extension U D T.

It is a group, because automorphisms can be composed and inverted; the identity id is the 1 of the
group.

For example Gal <Q@/Q> = {id, ¢}, where Q(i) = {a + bi | a,b € Q}, p(a + bi) = a — bi.

FExample. Let D € 7Z be such that D is not a square. Consider the extension Q(\/E) D Q. The
minimal polynomial of v/D is 22 — D.
Let ¢ € Gal (Q(\/E)/Q> Then

and hence ¢(v/D) = +v/D.
Conversely, the value ¥(v/D) uniquely determines ¢ € Gal: for a + bv/D € Q(v/D) we have ¥(a +

WD) = a+ (VD).
Hence Gal (Q(\/E)/Q> = {id, ¢}, where p(v/D) = —V/D.

Especially if U D T is an extension of finite degree, Gal (U / T) gives a lot of information about the
structure of this extension (and about the element « such that U = T'(«)). In Algebra you have
seen, for example, its applications to ruler-and-compass constructions and to the unsolvability of the
equation of degree 5.

2.3 Integral elements

Definition. Let R be a subring of S. An element v € S is integral over R if it is a root of some
monic polynomial in R[z], i.e. 3f € R[z], f(z) = 2" + a,_12" ' + -+ + o and f(v) = 0.

Remark. If R, S are fields, then v € S is algebraic over R < v € S is integral over R.
Remark. Let S = Q, R =7Z. Then v € Q is integral over Z < v € Z.

Proposition 2.2. Let R be a subring of a domain S and v € S. The following statements are
equivalent:

1) v is integral over R.

2) R[v] is a finitely generated R-module.

3) There is a ring R, Rlv] C R’ C S, such that R’ is a finitely generated R-module.

Proof.

2) = 3): We choose R’ = R[v].

1) = 2): We know that v™ + a,,_1v" ' + -+ 4+ ag = 0 for some a; € R.

We prove that Ro] =R-1+ R-v+---+ R-v""! = Q.

463’7 Ok

“C” Rlv] = {>_r;v’}. So it suffices to prove that v/ € Q for every j.

For j = 0 we have v = 1. From the definition, for 0 < 5 < n — 1 we see that v’ is already in <.

What about v"?

V= —a, 0" — o — gy € Q.
cR-yn—1 €ER1

Let us continue by induction for j > n + 1. We multiply the last equality by v/~" and we have

V= —ap_ 0" = — gt " e Q.
€Q €Q
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3) = 1) Let R = > Rwj;. Then for every i we have

7=1
n
V-w; = Zai]”w]'
j=1
for some a;; € R.
Let us look at these equations for ¢ = 1,...,n as at a system of homogeneous linear equations in the
unknowns wq, ..., w, and with coefficients from the field of fractions of the domain S.

Not all w; are 0 (since 1 € R") = the system has a nontrivial solution = determinant = 0.
The matrix of the system is

vV —an —a12 e —a1p
—a92 V—Aag2 ... —a2pn
)
—an1 —anp2 oo U — Qpp

so its determinant is a polynomial in the variable v with coefficients in R and with leading term 1-v"
— more precisely, the determinant equals the value f(v) for some monic polynomial f € R[z]. This f
is thus the desired monic polynomial for v. O]

Remark. Proposition holds even if S is not a domain (with more or less the same proof).

Corollary 2.3. The set of elements of a domain S which are integral over R C S forms a subring
in S (containing R).

Proof. Let a,b € S be integral over R. Then R[a] is a finitely generated R-module.

b is also integral over R[a|, and hence Rla][b] = R]a,b] is a finitely generated R[a]-module.

Exercise = Rla, b] is a finitely generated R-module.

For v = a=+b,a- b we have R[v] C Rla,b], and hence v is integral by Proposition [2.2] O

2.4 Root fields and splitting fields

Definition. Let S D T be a field extension, f(z) € T[x]. S is a root field of the polynomial f if f
has a root @ € S and S = T'(«).

S is a splitting field of the polynomial f if f splits in S[z| into linear factors f(x) = c-(x—ay) -+ (x—
ay), where ¢, € S and S =T'(ay, ..., qp).

Proposition 2.4. Let T be a field and f € T|x] a polynomial of degree > 1. Then
(a) there is a root field for f over T and
(b) there is a splitting field for f over T.

Proof. a) Let g | f be irreducible and consider the ideal (g) = ¢7'[z] < T[z].

g is irreducible = (g) is maximal Tl g .= T[a] /(g) is a field. We prove that it is the desired root
field.

We have the projection
m: Tz » S
h— h+(g)
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Further, consider the restriction of the homomorphism 7 to T C T[z], i.e. # [ T : T — S. This
restriction is injective, because if 0+ (¢) = (7 [ T)(t) = 7(t) =t + (g), then ¢ € (g), which is possible
only for t = 0, since the degree of all nonzero polynomials in (g) is > degg > 1.

We may thus identify T with its image Im(w [ T) C S and assume that T" C S. Moreover, note
that then 7 fixes the elements of T, i.e. it is a T-homomorphism. Since 7: T[z] — S is a surjective
T-homomorphism, we have S = T'[r(z)].

Consider now the polynomial ring S[X] in the variable X over S. We have g(X) € T[X] C S[X]. We
have 7(z) € S, and hence we can substitute this value into g(X):

:;aiﬂ'( —7T<Zax) = 7(g) = 0.

Hence the polynomial g | f has the root m(z) € S. We have already seen that S = T'[r(z)].

b) By induction on the degree deg f.

For deg f = 1 the splitting field is S =T

For deg f > 1 let T'(cv) be a root field of f over T. Then f(z) = g(z) - (x — «). The polynomial g(z)
over T'(«) has degree deg f — 1, hence there is a splitting field for it over T'(«)

S=T(a)(a1,...,an)=T(a,a1,...,0m).
This is the desired splitting field for f over T. O

Now we prove the uniqueness of root fields and splitting fields up to T-isomorphism.

Lemma 2.5. Let T be a field, f € T[z] an irreducible (non-constant) polynomial. If Sy, Sy are root
fields for f over T', then there is a T'-isomorphism ¢: S; — Ss.

Ezample. This lemma does not hold in general if f is reducible. Choose for example f(z) = z(2?+1)
and T'= Q. The polynomial f has the roots 0, 4.
Hence S; = Q and Sy = Q(7) are its root fields, but Q % Q(4).

Proof. Let S1 = T(«), Sy =T(B).
We know that T'(«) = T'[a] = {g(«) | g € T[z]} and similarly for T'(53).

Consider
p: T(a) = T(B)
g(a) = g(B)

Is it well defined? Note that f is (up to a nonzero constant) the minimal polynomial of both « and 3,

hence g(a) = h(a) < (g—h)(@) =0 < flg=h << (g=h)(B)=0% g(8) = h(B).

f min. pol. of & f min. pol. of B
Hence ¢ is well defined and injective. Onto is clear from the definition.

Clearly it is a T-homomorphism, so we have a T-isomorphism. ]

Proposition 2.6. Let us have field extensions 11, Ty D T and a T-isomorphism @: T1 — Ts.
For f(z) =" a;x" € Ti[x] we define p(f)(x) == p(a;)x’ € Tylx].

Let deg f > 1 and Sy = a splitting field of f over T\, Sy = a splitting field of o(f) over Ts.
Then there is a T-isomorphism v : S1 — Sy such that ¢ [ T) = .

\/
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Choosing T'=T; =T, and ¢ = id in Proposition [2.6| we get:

Theorem 2.7. Let T be a field and f € T[z] a non-constant polynomial. The splitting field of f over
T is uniquely determined up to T-isomorphism.

Proof of Proposition[2.6. By induction on deg f:
deg f = 1: We have S; =T1,5 =T, 9 = ¢.

deg f > 1: Let g | f be an irreducible polynomial in T;[z] and o € Sy a root of g. Then ¢(g) | ¢(f)
(and ¢(g) is irreducible in Ty[x]); let 5 € Sy be a root of ¢(g). Similarly as in Lemma [2.5 we have a
T-isomorphism

o: Ti(a) = Tx(P)
h(a) = o(h)(B)

(we use: ¢ is the minimal polynomial of v over T} and ¢(g) is the minimal polynomial of 3.)
Moreover o [ T1 = .

Let h € Ti(a)[x] be such that f(z) = (z — a)h(x); then o(f)(x) = (x — B)o(h)(x), because by
definition = o(«).

We see that Sy, Sy are splitting fields for h, o(h) over Ti(«), T2(f5).

degh < deg f = by the induction hypothesis we have a T-isomorphism : S; — Sy such that
Y | Ti(a) =0, and hence ¢ [ Ty =0 [ T} = .

2.5 Algebraic closure

Definition. A field T is algebraically closed if every non-constant polynomial from 7[z] has a root
inT.
Equivalently: Every polynomial from 7'[z] splits into linear factors.

Fzample. C is algebraically closed.
No finite field is algebraically closed (exercise).

Definition. Let T" be a field. Its algebraic closure is an algebraically closed field S D T which is an
algebraic extension of T
The algebraic closure of a field T is often denoted 7.

FExample. m,e € C are transcendental over (Q = C is not the algebraic closure of Q.
C = R(4) is the algebraic closure of R.
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We will gradually prove that the algebraic closure of every field exists and is unique (up to 7-
isomorphism).

We will not need the following proposition in the rest of the text, but it allows us, for example, to
describe what Q looks like. Indeed, from Algebra we know that C is algebraically closed, and hence
the proposition implies that Q = {a € C | « is algebraic over Q}.

Proposition 2.8. Let us have fields S O T and let U = {a € S | v is algebraic over T}, which is a
field T Cc U C S. If S is algebraically closed, then U is an algebraic closure of T'.

Proof. From Algebra we know that U is a field. Clearly U D T is an algebraic extension. Is U
algebraically closed?

Let f € Ulx| be non-constant. S algebraically closed = f has a root § € S. We want € U.

Let f(z) = Y auz',a; € U. Then f € T(ap,...,a,)[z], so B is algebraic over T(ap,...,a,), i.e.
T(ag, ... 00, 0): T(ag,. .., an)] < oco.

Every «; is algebraic over T' = [T'(«ao, ..., a,) : T] < oco. Hence [T(ag,...,an,03) : T] < 0o = f is
algebraic over T'= € U. ]

Ezample. The algebraic closure of Q exists and is countable (but C is uncountable).

Lemma 2.9. For every field T there is an algebraic extension S D T such that every non-constant
polynomial from T'|x| has a root in S.

Proof. 1t is proved similarly to the existence of a root field in Proposition 2.4 but we need to add
the roots of all polynomials at once.

For every non-constant irreducible polynomial f € T'[z] choose a variable z; and let X = {z; | f €
T'[x] non-constant irreducible}. Consider T'[X| := polynomials in the variables X (each polynomial,
however, contains only finitely many of them).

We want a factor ring where z; — a root of the polynomial f:
Let I = (f(zy) | f € T[z] non-constant irreducible) < T'[X] be the ideal generated by all the f(zy).

Exercise: 1 ¢ 1.

Proof. Suppose for a contradiction that 1 € I. This means that 1 =) f(xf)gs for some polynomials
gr € T[X]. On the right-hand side we have a finite sum, so only finitely many variables x) occur in
it. Consider H := the product of all polynomials h such that the variable x; occurs in the equality,
and let U be a splitting field of the polynomial H.

In the field U every such polynomial A thus has a root ay,. Substituting x; — a4, into the equality
we get 1 =) f(af)gr(...) =>.0-g(...) =0, which is a contradiction. O

By Zorn’s lemma there is a maximal ideal M < T[X] such that I C M (Corollary [L.25). Then the
factor ring S := T[X] /M is a field and we have T' — S (as in Proposition . Every non-constant
irreducible polynomial f € T'[z]| has a root in S, namely x¢ + M. Hence reducible polynomials have
roots as well.

Moreover, S arises by adding all these algebraic elements x4+ M to T' (because we have a surjective
T-homomorphism T[X] — S), and therefore it is an algebraic extension. ]

Theorem 2.10. For every field T its algebraic closure exists. Any two algebraic closures of a field
T are T-isomorphic.

Proof.

Existence: Let T'= Sy C Sy C --- be a chain of fields, where S, arises from S; by applying Lemma
. Let S = JS;. Clearly: S is a field which is an algebraic extension of T', because every element
a € S lies in some S5;, which is an algebraic extension of 7'
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S is algebraically closed, because for every f € S[z| there is ¢ such that f € S;[z], and hence f has
a root in S;;1 C S.
Hence S is an algebraic closure of T'.

Uniqueness: Let S1, 55 be algebraic closures of the field 7.
Observation: If S; C Sy, then S; = Ss.

Proof of the observation. Let o« € Sy = « is a root of some f € T'[x].
Sy algebraically closed = f(z) = c¢[[(z — o), where a;,c € S1 = Ji: o =a; € 5.
Hence S; = S,. O

In general, consider the set
M :={p: Uf = UJ T-isomorphism | T C Uf C S1,T C Uy = o(Uf) C Sa}

(we use the notation U, Uy to emphasize that these fields belong to ¢: formally correctly we should
define M as the set of ordered triples (p, U7, Uy)).
We order the set M by defining

p <y, it U} D UL, UL DU and ¢ | U = .

Let us now verify the hypotheses of Zorn’s lemma [1.23}

M # ), because it contains id : T — T.

“The upper bound of a chain” B is again an element of M: exercise; take U; = U%B U? and define
the new v : Uy — Us elementwise.

By Zorn’s lemma there is thus a maximal element ¢: U; — Uy in M.

I want: ¢ is a T-isomorphism S; — S5.

Let Uy # S1 = U; € 51 = U is not algebraically closed (by the observation above) = 3f(x) =
>~ a;x' € Uyfz] which has no root in Uy. Let V; C S; be a splitting field for f over U; and V5 C Sy a
splitting field for p(f) := > p(a;)z* over Us.

By Proposition there is a T-isomorphism ¢ : V; — V5 such that ¢ | U; = ¢, which however
contradicts the maximality of ¢, and hence U; = 5.

w: Uy — U, is a T-isomorphism and U; = 5] is an algebraic closure. Hence U, C S5 are two algebraic
closures. The observation = U, = 5;. ]

Similarly one proves

Corollary 2.11. B

a) Let us have fields T C U C K,T C V C K, where K = T is the algebraic closure of T. Then
for every T'-homomorphism p: U — V' there is a T'-automorphism ¢ : K — K which extends @, i.e.
v IU=e.

b) Let T C U C W C K, where K = T is the algebraic closure of T. For every T-homomorphism
p: U — K there is a T-homomorphism o: W — K such that o | U = ¢

Proof. We only sketch the proof.
a) = b) is easy: it suffices to take V.= K and o = ¢ | W.
For a) it suffices to prove it for a T-isomorphism ¢, because

Ezercise. Let ¢p: U — V be a T-homomorphism. Then ¢ is injective, and hence it gives a T-
isomorphism U — Im(y).

For the proof it is now necessary to extend ¢ : U — V to a maximal T-isomorphism using Zorn’s
lemma, similarly as in the previous proof. [
This result is also often useful:

FExercise. Let T C U be an algebraic extension and U C K. Then K is an algebraic closure of T' <
K is an algebraic closure of U.
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2.6 The Galois group

Recall that for a field extension U O T the Galois group is Gal (U /1) = {T-automorphisms ¢ : U —
U}.

Proposition 2.12. Let us have fields U,V D T and a nonzero polynomial f € T[x].

a) Every T-homomorphism ¢ : U — V' maps each root of f in U to a root of f inV.
b) Let M be the set of all roots of f in the field U. If ¢ : U — U is a T-homomorphism, then ¢ | M
18 a permutation of the set M.

In particular, part b) holds for every ¢ € Gal (U / T).

Proof. a) Let f(z) =Y. a;z" € T|x] and let u € U be its root. Then p(u) is also a root of f, because
Flo) =D aile()' =" oY aw') = o(f () = ¢(0) = 0.

b) By part a) for V.= U we have ¢ | M: M — M.
Thanks to Lemma [2.1] ¢ is injective = ¢ | M is injective.
M finite = ¢ | M is a permutation. O]

Proposition 2.13. Let U be a splitting field of a polynomial f € T[z] and deg f =n > 1.
a) The Galois group embeds into the symmetric group S,, i.e. we have

Gal (U/T) <= S,
o= M

b) If f is irreducible over T, then for any two roots o, 3 € U there is ¢ € Gal (U/T) such that
p(a) = .

Proof. a) Let M = {au,...,ax} be the set of roots of f. By Proposition 2.12b), ¢ | M is a permu-
tation of the k-element set M for every ¢ € Gal (U / T), hence it gives an element of Sy. We extend
this permutation to a permutation from S,, by defining it as the identity for i =k + 1,...,n. So we
get the map

Gal (U/T) — S,
o=l M

It is easy to check that it is a homomorphism (exercise).

By the definition of a splitting field we have U = T'(avy, .. ., ax), and hence ¢ is uniquely determined
by its values ¢(aq), ..., p(ax), i.e. exactly by the restriction ¢ [ M. The map ¢ +— ¢ [ M is therefore
injective.

b) f irreducible = the root fields T'(«), T'(3) are T-isomorphic by Lemma [2.5] So we have a T-
isomorphism ¢: T'(a) — T'(B) such that ¢(a) = . By Proposition we can then extend ¢ to a
T-isomorphism ¢: U — U (we choose T} = T'(a), Ty = T'(8),S1 = So = U).

Hence ¢ € Gal (U/T) and ¢(a) = 3. O

2.7 Separable extensions

Let f € Q[z] and let T = Q(«) be its root field. Consider a Q-homomorphism into the algebraic
closure ¢: Q(a) — Q (see Proposition for a description of Q).
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¢ is uniquely determined by the value (), which must be a root of f in Q by Proposition ) The
polynomial f has at most deg f roots, and hence there are at most deg f distinct Q-homomorphisms
v: Qo) = Q.

If f is irreducible over Q, then the number of ¢ equals deg f (because an irreducible polynomial has
no multiple roots in C D Q — see for example Proposition ﬁ below).

In general, the number of ¢ can be < deg f even for an irreducible polynomial f, if 7" has positive
characteristic.

For example, choose T' = F,(y) and f(x) = 2” —y € T[z]. This polynomial is irreducible over T’
by Eisenstein’s criterion, but f(x) = (x — ¢/y)P over its root field T'(y/y) (and hence also over the
algebraic closure). Hence the only ¢ : T(¢/y) — T is the identity and the number of ¢ = 1.

Definition. Let T'C U C T be fields, where T= the algebraic closure of T. The cardinality of the
set {¢: U — T | T-homomorphism} is called the separability degree of the extension U D T and is
denoted [U : T1;.

Proposition 2.14. Let us have algebraic extensions T'C U C V. Then
WV :T)s=[V:Ul-[U:Ts.

Proof. 1t suffices to prove the following observation:
Observation: Let T" be an algebraic closure of T and define

® = {p: U — T | T-homomorphism}, ¥ = {t: V — T | U-homomorphism}.

For ¢ € ® choose p: T — T some T-automorphism extending ¢ (by Corollary )
Then {$ o | p € ®,¢) € U} is the set of all T-homomorphisms V' — T.
Moreover, 7 0 ; = @3 0 1, implies 1 = @y and Yy = 5.

Proof of the observation. Let p: V — T be a T-homomorphism. Then we can choose ¢ := p [ U € ®
and ¢ :=p 1o p € ¥ (exercise: why is ¢ a U-homomorphism?) to get p = p o).

If @1 011 = P3 01, then p1(u) = P1(u) = P10 Yy (u) = Pz 0 Pa(u) = @o(u) for every u € U. Hence
Y1 = P9, SO P1 = Py, and finally 1)1 = 1, (because P7 = 3 is a bijection). O

Lemma 2.15. Let U D T be a field extension of finite degree.

a) Then [U :T), < [U : T1.

b) If a € U is an element such that the degree of the minimal polynomial m of o over T is n and the
polynomial m has exactly k roots in the algebraic closure, then

k
U:T], <—=[U:T].
n
Proof. a) If U = T(B), then [T(8) : T]s < [T(B) : T] (because ¢(f) is a root of the minimal
polynomial of /3). In general we have U = T(f3,...,;) and we can use induction by means of

Proposition [2.14]
b) We have T' C T'(«r) C U, and hence

U:T|=U T [T(a): T]=[U:T(ax)]n.

Then

U:TL,2 U T(a)],- [T(a) : T], = [U:T(a)]s -k < [U:T(a)] k=
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Definition. Let 7" be a field. A polynomial f € T'[z] is a separable polynomial if it has no multiple
roots in the algebraic closure 7.

If T C U and a € U, then « is a separable element if « is algebraic over T' and its minimal polynomial
is separable.

An extension U D T is a separable extension if all elements o € U are separable.

Proposition 2.16. Let U D T be a field extension of finite degree. The following statements are
equivalent:

1. U=T(aq,...,ar) for separable o,
2.U:T)=1[U:T)s,

3. U DT s a separable extension.

Proof.
3) = 1) U D T is an extension of finite degree, and hence U = T'(ay,...,q;) for some elements
a; € U. These elements are separable, because U D T is a separable extension.

1)=2)If k=1and U =T(«), then [U : T|s = # of roots (in the algebraic closure) of the minimal
polynomial of & = deg of the minimal polynomial = [U : T7.

For £ > 1 we proceed by induction using Proposition m (note that oy is separable also over
T(c,...,q, 1), because its minimal polynomial over this field divides its minimal polynomial over

7).

2) = 3) If there were av € U which is not separable over T', then by Lemma [2.15b) we would have
U :T)s < [U:T], since k < n. O

Exercise: An element is separable < it is a root of some separable polynomial.
Exercise: Let us have a field extension U D T'. All elements o € U which are separable over T form
a subfield of U, the so-called separable closure of T" in U.

Proposition 2.17. If U is a separable extension of a field T and V' a separable extension of the field
U, then V is a separable extension of the field T

Proof. We cannot use Proposition [2.16| right away, because we do not necessarily have extensions of
finite degree. Therefore we carry out the proof elementwise (similarly as the analogous property was
proved for algebraic extensions!).

Let o € V and let m(z) = Y., a;2" be the minimal polynomial of a over U. Let Uy = T'(ao, - - ., ay,)
and Vi = U;(a)). We see that Uy D T and Vj D U; are of finite degree.

Condition 1) of Proposition is satisfied for Uy D T', so condition 2) [U; : T']; = [U; : T holds. In
the same way we have [V : Uyl = [V4 : Uy).

Multiplying them we get [V; : T]s = [V; : T)], and hence again by Proposition .16, V4 > T is a
separable extension. Finally, therefore, o € V; is a separable element over T O

Irreducible inseparable polynomials are rather unusual, so let us prove quite strong necessary condi-
tions for their existence.

Proposition 2.18. Let T be a field and f(z) = > a;x' a (non-constant) irreducible inseparable
polynomial. Then

a) T has characteristic p > 0,

b) Ji:a; b forallbe T and

c)3dgeTx]: f(x) = g(aP), i.e. a; =0 if p1i.

For the proof we need to use the formal derivative of a polynomial.
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Observation. For a polynomial f(x) = Y a;z" we define its formal derivative as f'(z) = > ia;z" .
Among other things, it is useful for detecting multiple roots:
If f(x) = (z —a)k-g(x), then

[(z) =z —a)* g(2)] = k(z — a)*g(2) + (z — @)"¢'(z) = (x — a)*~'(something).

k—

Hence (x — )" is a common divisor of f and f’.

Proof of Proposition[2.18 a) Since f is inseparable, it has a multiple root o € T (of multiplicity
k > 2). Hence the corresponding (z — a)*~! is a common divisor of f and f’, and so ged(f, f') J 1.
At the same time ged(f, f') | f and f is irreducible, hence ged(f, f') || f-

We have f || ged(f, f') | f'. But deg f’ < deg f, and hence f’ = 0, i.e. ia; = 0Vi. However, some
coefficient a; with ¢ > 1 is nonzero, and hence the characteristic of the field 7" is not 0, so it equals
some prime p.

¢) If p 11, then ia; = 0 implies a; = 0, and hence f(z) = g(aP) for g(x) = > ayz’.
b) By contradiction. If a; = 0¥ for every i, then

F(x) = ao + apa” + agr™ + - = b+ paP + b2 + - = (bo + bpw + bypa” + -+ ),

which contradicts the irreducibility of f. O]

Definition. A field T is perfect if it has characteristic 0, or it has characteristic p and the “Frobenius
map” x — xP is an automorphism.

Hence over a perfect field there are no irreducible inseparable polynomials. For example, [F,, is perfect,
because x = zP (and similarly every finite field is perfect).
Every algebraically closed field is also perfect.

Corollary 2.19. FEvery algebraic extension of a perfect field is separable.

2.8 Simple extensions

Definition. An extension U D T is simple if U = T'(«) for some element o € U which is algebraic
over T'.

Theorem 2.20. Every separable field extension of finite degree is simple.

Proof. Let U D T be a finite separable extension. We distinguish two cases:

1. T is a finite field = U is also finite = U* = U \ {0} is a cyclic (multiplicative) group (from
Algebra we know the statement that every finite multiplicative subgroup of a field is cyclic). If « is
its generator, then U = T'(«).

2. T is infinite. Let @ € U be such that [T'(«) : T is the largest possible (the maximum exists,
because [T'(a) : T] < [U : T] < o0). We want to prove that T'(a) = U. Suppose for a contradiction
that this does not hold.

Let € U\ T(a) and V = T(a, B). It suffices to prove that V' = T'(y) for some ~, because then
[T(y) : 71 > [T(e) : T7.

U D T is separable, so V. O T is a separable extension of finite degree. Consider all the T-
homomorphisms fi,..., fo: V — T, where T = V is the algebraic closure. It is a separable extension,
son=[V:Tl,=[V:T].



28 CHAPTER 2. GALOIS THEORY

We look for « in the form v = a + ¢ for some ¢t € T If we know that f;(a+t5) # fj(a+tp) for all
it # j, then
n=[V :T|>[TK):T)=[T(y):T)s > n.

F1yees fn are distinct
So we have equalities everywhere, hence V = T'(7).

How to choose t? We want

[[1fi(e+18) = fila+18)] = [ [1fi(e) = file) + t(f;(B) — fi(B))] # 0.

1<j 1<j

For this it suffices that we have distinct ordered pairs (f;(«), fi(5)) # (fi(a), f;(5)) for all i # j,
because then it is a nonzero polynomial and that has finitely many roots, so there is ¢t € T' which is
not its root. But f; : T(a, 3) — T is uniquely determined by the values f;(c), fi(3), and hence the
ordered pairs of these values for i # j are indeed distinct. O

Definition. Let U be a field.
Aut(U) := {p: U — U automorphism}.
If G is a subgroup of Aut(U), we define
Fix(U,G) =U% :={u € U | g(u) =u Vg € G}.

Remark. Fix(U,G) is a field and Gal (U/T) is a subgroup of the group Aut(U) (for a field extension
UDT).

The following theorem will be quite fundamental for the proof of the relationship between Gal and

Fix in the Galois correspondence (Propositions [2.27] [2.28)).

Theorem 2.21 (key theorem for the proof of the Galois correspondence). Let us have a field U and
a subgroup G C Aut(U) of finite order n. Let T = Fix(U,G). Then

a) U DT is a separable extension,

b)[U:T)=n,

¢) Gal (U/7) = G.

Proof. a) Let o € U. We want to prove that « is a root of some separable polynomial from 7'[x].
Consider Ga := {ga | g € G} (which is the orbit of the element o under the action of G on U). Note
that we have g € G C Aut(U), so g is an automorphism on U and ga = g(«) is the image of the
element o € U under this automorphism (so in the notation ga we do not write parentheses around
the element «).

Since id € GG, we have a € Ga. Let

ful@) = ] @ - 8).

BEGa

We see that « is a root of f,, the polynomial f, is separable and deg f, < n = #G.

We want to prove that f, € T[x].
Recall that for h € Aut(U) and f € Ulz] we define h,(f(x)) := >_ h(a;)z’, where f(z) =>_ a;z".
Let h € G. Note that h(Ga) :={hf5 | f € Ga} = {(hg)a | g € G} = Ga, i.e. h gives a permutation
of the set Go.
Hence

he(fol@) = [[ @=08)= [ (@—9) =fal@.

BeGa vEGa=h(Ga)
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We see that h fixes all coefficients of the polynomial f,. This holds for all h, so f, € T'[z|, which is
what we wanted to prove. Moreover, the degree of a as an algebraic element over T is < n.

b), ¢) First we prove that [U : T] < n. Suppose for a contradiction that [U : T] > n (this degree
could be finite or infinite). Then there is U D V D T such that [V : T| = k with n < k < 0.

But U D T separable = V' D T separable.

By Theorem there is then v € V' C U such that V' = T'(v). But then n < k = [V : T] = the
degree of v over T' < n by the first part of the proof, which is a contradiction.

So we know that [U : T] < n. For ¢ € Gal (U/T) we have that ¢: U — U is a T-automorphism.
Hence ¢ gives a T-homomorphism ¢: U — T and we have

GcGal(U/r
n=#G <  #GaU/)<[U:T, U 1) <n.

So there must be equalities everywhere, and we have G = Gal (U / T) and [U : T| = n. [

2.9 Normal extensions

Definition. Let us have fields T C U C T = the algebraic closure of 7. We say that U is a normal
extension of T if it is an algebraic extension such that for every T-homomorphism ¢: U — T we
have p(U) C U, i.e. ¢ gives a T-homomorphism U — U.

Recall that here we work with algebraic extensions, so T' = U. We will thus not distinguish between
these algebraic closures any further.

Definition. A Galois extension is a normal, separable extension of finite degree.

The following proposition gives an important intuition for normal extensions: they correspond to
splitting fields.

Proposition 2.22.

a) The splitting field of a polynomial f over T is a normal extension.

b) The splitting field of a separable polynomial f over T is a Galois extension of T

c¢) Every Galois extension U D T is the splitting field of some irreducible separable polynomial.

Proof. a)_Let U C T be the splitting field of f over T. Let o, ..., a, be the roots of f in U and let
¢: U — T be a T-homomorphism = ¢ permutes {a, ..., a,} by Proposition [2.12|

It is a splitting field, so U = T(ay,...,q,), and hence ¢ is uniquely determined by the values
o(ar),...,p(ayn), and these all lie in U. Therefore ¢ maps every element of U = T'(ay, ..., a,) into
U.

Clearly U D T is algebraic, so it is indeed a normal extension.

b) f a separable polynomial = «q,...,q, separable elements = U = T'(ay,...,q,) is a separable
extension by [2.16, The finite degree is clear and we know normality from part a).

¢) By Theorem [2.20} U is simple, i.e. U = T'(y) for some 7.
Let f be the minimal polynomial of v over T" and let 5 € T be a root of f. We want to prove that
f € U. By Lemma 2.5 we have a T-homomorphism

p:T(y) =T T
Y= p

U D T is normal, so T(8) = ¢(U) C U, and hence 5 € U.
We see that f splits in U into linear factors and U = T'(y), so U is the splitting field of f.

f the minimal polynomial of v = f irreducible.
U D T a separable extension = ~ a separable element = f a separable polynomial. O
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Similarly as in part ¢) one shows the following useful lemma.

Lemma 2.23. Let U D T be a normal extension and f € T|x] irreducible. If f has one root in U,
then it already has all its roots there.

Proof. Let o € U be a root of f and let 8 € T be a root of f. By Lemma we have a T-
homomorphism

o:T(a) =TB)CT
a— [

Using Corollary [2.11p) we extend ¢ to a T-homomorphism o: U — T such that o | T(a) = ¢.
U D T normal, so o(U) C U. This means that § = ¢(a) = o(a) € o(U) C U, as we wanted to
prove. 0

Normal extensions can even be characterized as splitting fields; these are, however, splitting fields of
sets of polynomials in the sense of the following definition.

Definition. U D T is the splitting field of a set of polynomials M C T|[x] if every polynomial f € M
splits in U into linear factors and U = T[M], where M is the set of all roots of all polynomials f € M.

Proposition 2.24. An extension U D T is normal if and only if there is M C T[x] such that U is
the splitting field of M over T'.

Proof. We only sketch the proof (for details see [Drapal, Proposition I1.3.5]).
“=" Define M := {the minimal polynomial of some o € U} and use Lemma
“<” Exercise (similarly as in Proposition [2.22h)). O

Proposition 2.25.

Let U ST be an extension and V — da e U | & algebraic over T and the minimal polynOmml}'

of a splits in U into linear factors
Then V is a field which is the largest normal extension of T contained in U.
V' is called the “normal closure of T in U”.

Proof. Exercise (for a proof see [Drapal, Proposition 11.3.6]). m

2.10 (alois correspondence

We finally come to the mutually inverse relationship between the maps Fix and Gal.
The following proposition will be useful to us several times:

Proposition 2.26. Let us have an algebraic field extension U D T and a T-homomorphism ¢ : U —
U. Then ¢ s even a T-automorphism.

Proof. We need to prove that ¢ is injective and onto.

Injective: Ker(y) is an ideal in the field U, and hence Ker(¢) = 0,U. Since ¢ is a T-homomorphism,
we have T' ¢ Ker(p), and hence Ker(y) # U. Therefore Ker(y) = 0.

Onto: Let a € U. Since we are in an algebraic extension, there is a minimal polynomial f(z) € T'[x]
of a. By Proposition [2.12b), ¢ then gives a permutation of the set of roots of this polynomial in U,
so there is a root 3 of the polynomial f such that ¢(5) = . O
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Proposition 2.27. Let U D T be a field extension. Then:
a) Fix (U,Gal (U/T)) D T.

b) For G < Aut(U) we have Gal (U/FiX(U, G)) D G.

c) If U DT is a Galois extension, then

[U:T]=#Gal(U/T) and Fix (U,Gal (U/T)) =T.

Proof. a) Let t € T. Then ¢(t) =t for every ¢ € Gal (U/T), because ¢ is a T-homomorphism. But
this implies that ¢ € Fix (U, Gal (U/T))

b) Similarly, it follows by writing out the definitions.

¢) Let S := Fix(U,Gal (U/T)). By a) we have S D T. So it suffices to prove [U : S] = [U : T]
(because then S =T).

The extension U D T is normal, so

U:T)s = #{o:U —T|T-hom} normal #{p: U = U | T-hom}

#{90: U — U | T-automorphism} = # Gal (U/T) :

The extension U D T is separable, so [U : T], = [U : T1.

The group Gal (U/7) is finite, because we have proved that # Gal (U/T) = [U : T], = [U : T]. So
we can use Theorem @ for U and G = Gal (U/T). For S = Fix(U, G) it gives [U : S] = #G and
Gal (U/g) = G. Hence [U : S] = # Gal (U/T).

Altogether we have [U : T] = [U : S], as we wanted. O

Definition. Let us have (partially) ordered sets (A, <) and (B,<)and mapsa: A — B, : B — A
such that:

a; < ay = alar) > afag),

b < by = B(br) > B(ba),

a < f(a(a)), b < a(B(b)).

Then (v, B) is called an (abstract) Galois correspondence between A and B.
Example. Let U D T be a field extension and consider the sets, ordered by inclusion,
A:={fields V | T CV C U} and B := {subgroups G < Gal (U/T)}.
As the maps from the definition we can then take
a(V)=Gal (U/y) and B(G) = Fix(U,G).

By Proposition 2.27h), b) this is a Galois correspondence.

We will see another example of a Galois correspondence in the next chapter on algebraic geometry.

Proposition 2.28. Let (o, B) be an abstract Galois correspondence.
a) Then o, B provide mutually inverse bijections between Im o and Im (3.

b) If o, B are surjective, then they are bijective and give mutually inverse anti-isomorphisms of the
ordered sets (A, <) and (B, <).

Similarly in case b), if moreover (A, <) and (B, <) are lattices, then a, [ give mutually inverse
anti-isomorphisms of these lattices.
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Proof. a) For a € A we have Saa > a, and hence a(faa) < aa.
At the same time af(aa) > aa; altogether we thus have afaa = aa.

So the composition af: Ima — Im « is the identity.

This composition is Im« 2 Im B Ima, and hence necessarily o: Imf3 — Ima is onto and
B: Ima — Im f is injective.

Symmetrically: a: Im 8 — Im « is injective and 5: Ima — Im (8 is onto. Hence «, 8 are bijections
on the images Im «, Im 3.

b) is clear, because «, 8 reverse the ordering by definition. O

Theorem 2.29 (Fundamental theorem of Galois theory). Let U D T be a Galois extension. Then
we have an anti-isomorphism of ordered sets

{field V | T CV C U} +— {subgroups H < Gal (U/T)}
V — Gal (U/y)
Fix(UyH) «— H

Normal extensions of the field T correspond to normal subgroups of Gal (U/T).

Proof. By Proposition this is a Galois correspondence. Theorem [2.21| implies that the map
V i Gal (U/y) is surjective.

Let T'C V C U. Then U D V is also a Galois extension (exercise!), so we can use Proposition m)
By it, V = Fix (U,Gal (U/v)), and hence H ~ Fix(U, H) is onto. Proposition ) then gives the

anti-isomorphism.

It remains to prove the part about normal extensions, for which we prove two implications.

1. Let VO T be normal. Consider ¢ € Gal (U/T), i.e. a T-automorphism ¢: U — U. By its
restriction to V we get a T-homomorphism ¢ [ V:V — U C T. But V O T is normal, so the image
of this restriction lies in V', i.e. ¢ [ V: V — V. By Proposition [2.26| it is then an automorphism, i.e.
p(V)=V.

Let v € Gal (U / V); to prove the normality of this subgroup we want to prove that @iyt €
Gal (U/v) < Gal (U/T), i.e. we want oo~ (v) = v for every v € V.
Since (V) =V, we have o1 (v) € V. Hence ¥~ (v) = ¢~ 1(v) and

P~ (v) = e (v) = v.
Hence Gal (U/y) is a normal subgroup of Gal (U/T).

2. Let H <1 Gal (U / T) be a normal subgroup. The following observation will be useful:

Ezercise. Let U be a field and G < Aut(U) a subgroup. Then for all ¢ € Aut(U) we have
Fix(U, pGy~') = p(Fix(U,G)) (where oGy~ = {pgp~" | g € G}).

By this exercise, for ¢ € Gal (U/T) we thus have Fix(U, o Hp ™) = ¢(Fix(U, H)). At the same time,
by normality pHep ! = H, so Fix(U, H) = Fix(U, pHp ') = p(Fix(U, H)).

So we have proved:

® every ¢ € Gal (U/7) maps V = Fix(U, H) onto itself.

Let us now finally prove that V O T is a normal extension. Let p: V — T(= U = V) be a T-
homomorphism. By Corollary 2.11b), ¢ can be extended to a T-homomorphism : U — T.

The extension U D T is normal, so ¥(U) C U. By Proposition , ¢ € Gal (U/T).

At the same time ¢ =1 [ V. By ® we have ¢(V) =V, and hence p(V) = V.

Hence V O T is a normal extension. O
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Corollary 2.30. Let us have fields U DV DT such that U DT and V D T are Galois extensions.
Then

Gal (U/T) /Ga1 (U 1) = Gal (V /).
Proof. Consider the map
$:Gal(U/T) = Gal(V/T) o=@ I V.

By item 1. in the previous proof we know that ® is a well-defined map; clearly it is a homomorphism.
We also see that Ker ® = Gal (U / V), because the kernel consists exactly of those automorphisms of
the field U whose restriction to V' is the identity. By Corollary , every element of Gal (V/ T)
can be extended to an element of Gal (U / T) (the extension maps U into U by normality and is an
automorphism by Proposition , i.e. ® is surjective. The 1st isomorphism theorem then gives the
desired isomorphism (and also an alternative proof of the fact that Gal (U/y) < Gal (U/T)). O

2.11 Computations of Galois groups
Ezample. Gal (Q(\/i)/(@> ~ 7L/

Theorem 2.31. Let n € N ay,...,a, € Q be such that for every non-empty subset I C {1,...,n}
we have [[\/a; ¢ Q. Then:

e Q(/a1,...,v/a,) D Q is a Galois extension
o [Q(v/ar,...\/an) : Q] = 2"
o Gal (QVaL- . Van) /g) = (2/2)"

Remark. Instead of Q we can take any T' of characteristic # 2.

Proof. Let K := Q(\/ar,..., «/qn). The key to the proof is to prove that [K : Q] = 2". For a proof
of this fact see the text by Jan Saroch Linedrni nezdvislost druhgch odmocnin [Linear independence
of square roots|, http://karlin.mff.cuni.cz/~kala/1819%20ko/odm.pdf.

Here we only indicate how the rest of the proof easily follows from it.

So assume that [K : Q] = 2". The extension K D Q is of finite degree, separable and normal (it is
indeed the splitting field of the polynomial (z* — a;)--- (z* — a,)), and hence # Gal (K/Q) = [K
Q] = 2.

Every automorphism ¢ € Gal (/£/Q) is determined by its values on \/ay, ..., /a, and ¢(\/a;) =
+,/a;. There are thus at most 2" such .

At the same time # Gal (K / @) = 2", so each of the combinations of signs indeed gives an element
of Gal (K/Q). Each choice of the sign for ,/a; corresponds to one component Z/9, so Gal (K/@) ~
(Z / 2)” (here, of course, one has to think carefully about why this is an isomorphism of groups — and
what it actually looks like!). O

Similarly, when determining other Galois groups, the hardest step is often to determine the degree of
the given extension. For example, for the cyclotomic fields Q(e2™/™) > Q the degree of the extension
is given by Euler’s function ¢(n). The proof of this fact relies on the proof of the irreducibility of
cyclotomic polynomials, which is fairly nontrivial (see the second-year lecture Number Theory and
my lecture notes for it). From this it is then easy to prove (similarly as in the partial proof of Theorem

above) that .
Gal (U™ /) = (Z/n)”,

where the element a € (Z/ n)x corresponds to the automorphism e?™/™ — g2mia/n,


http://karlin.mff.cuni.cz/~kala/1819%20ko/odm.pdf

3. Algebraic geometry

3.1 Algebraic sets and ideals

e K = a field (sometimes algebraically closed)
o R=Klxy,...,2,)

Definition. Let p = (aq,...,a,) € K™ and f € K[x1,...,x,]. The point pis a zero of the polynomial
fif f(p) =0.

The set of all zeros of the polynomial f is denoted V(f). If f is not a constant polynomial, then
V(f) is called a hypersurface.

Ezxzample.
o n =2
Y Y Yy
V(y —2?) V(z? +y* - 1) V((2* +y* = 1)(x - 2y))

e n — 3: a cone

e y = e” is not a hypersurface

34
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Definition. For a set of polynomials S C K[xy,...,z,| we define
V(S)={pe K" | f(p) =0Vf € S}.
A set X C K™ is an algebraic set if X =V (S) for some S C Klxy,...,x,].

Clearly S € 8" = V(S) D V(5’) (but the converse implication need not hold!).
We have the following basic properties of the map V' (recall that R = K{z1,...,x,]):

Lemma 3.1. Let I = (S) be the ideal generated by a set S C R in the ring R. Then V(I) =V (95).

Proof. “C”: Clear
“27: Tt suffices to write out how generating works: I = {>_r;f; | ; € R, f; € S} (finite sums). So if
f(p) =0forall f €S, then also (> r:f:)(p) =0. O

Hence every algebraic set is of the form V(I) for some ideal I < R.

Lemma 3.2. a) If J is a set of ideals in R, then

vilUn=va).

Ieg Ieg

An intersection of arbitrarily many algebraic sets is an algebraic set.

b) Let f,g € Rand I,J < R. Then V(fg) =V (f)UV(g) and

VIHuV(J)=V{fglfelgeJ})=V(ILJ).
A union of finitely many algebraic sets is an algebraic set.

c) V(0)=K"V(1)=0
V(1 —ar,...,xp —apn)) = {(a1,...,a,)} V(ay,...,a,) € K™,
Fvery finite subset of K™ s algebraic.

Proof. An easy exercise. O

Many common sets are algebraic; the aim of algebraic geometry is to understand their structure. For
example, we have this surprising property:

Proposition 3.3. Every algebraic set X C K™ is an intersection of finitely many hypersurfaces.

Proof. Let X = V(I) for an ideal I < R. Since X # K", we have I # 0.

Since K is a field, it is also a Noetherian ring. By Corollary of Hilbert’s basis theorem, R =
K|xy,...,z,] is Noetherian as well. By Proposition the ideal [ is then finitely generated, i.e.
I =(fi1,...,fr) for some polynomials f; # 0.

Hence X = V() =V{f,.... i) =NV ().

We need the f; to be non-constant, so that X = [ hypersurfaces V(f;).

If f; = c,c # 0, for some 4, then necessarily 1 € I (because R contains ¢ '). Then I = R, from
which it follows that X = V(I) = V(R) = 0. But for X = 0 it suffices to choose for example
fxe,...,20) =x1,9(x1,...,2,) =21+ 1 and we get V(f)NV(g)=0=X. O

Definition. For a set X C K™ we define the ideal of the set X as
I(X)={f€R|[flp)=0Vpe X}

(Clearly it is an ideal.)
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Clearly we have X C Y = I(X) D I(Y).

Proposition 3.4. a) I(0) = R.
b) I(K™) =0 if K is an infinite field.
c) I{(ar,...,a,)}) = (x1 —ay,..., T, —ayp).

Surprisingly, it is not completely trivial to prove parts b) and c¢); b) need not hold over a finite field:

Ezample. Let K =TF, =Z/p.

By Fermat’s little theorem we have a? = a for every a € K, and hence all these elements are roots
of a? —x € I(K).

(In fact I(K) = (a? — x).)

Proof. a) is clear.

b) We want to prove that if f(ai,...,a,) =0 for all ay,...,a, € K, then f = 0. By induction on n:
n = 1: a nonzero f(x1) has only finitely many roots, whereas K is infinite.
n > 2: Let

0+# f(z1,...,x Zf’ (w1,..., 20 1)2! for f; € Kz, ..., 2, 1].

Choose ay,...,a,_1 € K and consider f(al, ey lp_1,%,). We have 2 possibilities:

1) It is the zero polynomial (in the variable x,,). Then (a4, ..., a,_1)is azeroof all f;, but f(z1,...,x,) #
0, and hence some f;(z1,...,2,_1) # 0. By the induction hypothesis this polynomial does not have
all (ay,...,a,_1) € K™ 1 as zeros, and hence there is (ay,...,a, 1) € K" ! for which case 2) occurs:
2) f(ai,...,an_1,7,) is a nonzero polynomial. It then has finitely many roots, and hence there are
only finitely many a,, such that f(ay,...,a,_1,a,) =0. Hence f & I(K™).

7

c) Let us express the polynomial f by its “Taylor expansion around the point (ay,...,a,)”, i.e.

flxy, ..., z,) = Z Niyoin (21— @y)™ - (2, — )™ for Ny, € K

(where only finitely many coefficients \;, ;. # 0).
Why is this possible? Consider the polynomial

f<y1+a17-~-,yn+an)—gy17~--;yn Z)\’Ll ~~~~~ lnyll'”y;n'

Then we have f(zy,...,z,) = g(x1 — aq,..., 2z, — a,), which gives the desired expression.
If fel({(ay,...,an)}), then Ao o= f(a1,...,a,) =0, and hence f € (x; —ay,...,2, — a,). The
opposite inclusion is clear. O

Proposition 3.5. Let S C R and X C K". Then:

a)
I(V(S) DS, VI(X)) >X

The maps 1,V thus give an abstract Galois correspondence.

b)
VI(V(9)) = V(9), I(V(I(X))) = 1(X)

Proof. a) is easily verified by writing out the definitions.
b) then follows from Proposition [2.28] O

What are the images of V and I? The images of V are, by definition, the algebraic sets. If K
is algebraically closed, then the images of I are the radical ideals (see the definition in the next
section), as we will eventually prove.
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3.2 Radicals

In this section let R be a general ring.

Definition. Let I < R be an ideal. Then we define its radical
VIi={aeR|3k>1:d"eI}.

An ideal T is radical if I = /1.

Observation. /I is an ideal.

Proof. Let a,b € VI. We want to check that a +b € /T (ra € VI forr € Ris easy).
From the definition we have a*,b' € I and we compute

E+1-1

(a+ b)k"l’l*l — a/k"i’l*]. + ( .

)ak+l2b+ g PR

Each of the first [ summands is a multiple of a* € I and each of the remaining k is a multiple of
b €1, so the whole sum lies in I and a + b € V/I. O

Lemma 3.6. Let X C K". Then I(X) is a radical ideal, i.e. I[(X) = /1(X)

Proof. The inclusion “C” is clear. For the opposite inclusion “2” let f € \/I(X). Then f* € I(X)
for some k, which means that f¥(p) = 0 for all p € X. But this implies f(p) = 0, and hence
felx). O

Definition. Let I be an ideal. The set of all prime ideals P in R which contain [ is called the variety
of I and is denoted Var I.

Ezercise. If I is a proper ideal, then Var I is non-empty.

Let us recall that a prime ideal is by definition a proper ideal.

Proposition 3.7. Let I < R be a proper ideal and P € VarI. Then Varl contains at least one
minimal element Q such that Q C P. That is, if Q' € Varl and Q' C Q, then Q' = Q.

Proof. We use Zorn’s lemma|1.23|on the set Var I ordered by reverse inclusion, i.e. Q1 < Q2 < Q1 D

Q2.

The empty chain has the upper bound P. Let us have a non-empty chain B in Var I. Does it have

an upper bound? Let us try [ @, which is clearly an ideal.
QeB

We have @ D [ for all @ € Var I, and hence (1@ D I.

Is (| @ =:J aprime ideal? Let ab € J,a & J; we want to prove b € J.
QeB
a & J, so there is Qg € B such that a ¢ QQ VQ C Q)y. But ab € J, and hence ab € Q VQ. () is a prime

ideal, and therefore b € Q VQ C Q.
But we have a chain, so b € Q VQ € B, which already implies b € J.

The hypotheses of Zorn’s lemma are satisfied, so there is a maximal element () with respect to <
which is greater than P. This element () is thus a minimal element with respect to C and Q C P. [

Proposition 3.8. Let I be a proper ideal in R. Then /I = N P.
PeVarl
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Proof. “C”: Let a € VI, P € VarI. We want a € P.
We have a* € I C P, and hence a* = a*'a € P. Then we have a € P, as we wanted, or a* ! =
a*2a € P, whence again a € P or a*2 € P etc., until we get a € P in all cases.

“37: Let b € P YP € Varl. We want b € /1. Suppose for a contradiction that b ¢ /I and let
S={b"|k>1}.

Recall that by Proposition [1.26] for every multiplicative set S and ideal I < R, I NS = (), there is
P € Var I such that PN S = (.

S is closed under multiplication, moreover 0 € S, because if it were, then 3k : b¥ = 0 € I, and hence

be VI
Hence S is a multiplicative set and we can use Proposition : b VI, soINS =0, and hence

there is P € Var I such that P NS = (). But then b € P, which is a contradiction. m
Definition. The nilradical of R is the ideal 1/0.
We have v/0 = N P.
P prime ideal
Definition. The Jacobson radical is J(R) = [ M.

M maximal

Proposition 3.9. a € R lies in J(R) if and only if 1 —ra € R* for all T € R.

Proof. Exercise. O

3.3 Finitely generated fields

To prove the relationship between the maps I,V and to describe the image of the map I, we will
need a number of statements about the finite generation of fields as a ring and as a module.
For this we will use the following notions:

Definition. Let S D R be a ring extension. We say that the extension is
1. ring-finite if there are n > 1 and elements a4, ..., a, € S such that S = Rlay, ..., a,];

2. module-finite if S is finitely generated as an R-module, i.e. there are n > 1 and elements
ai,...,a, € S such that S = Ra; + --- + Ra,,.

In this terminology, recall Proposition [2.2] according to which for domains R C S and v € S the
following statements are equivalent:

1. v is integral over R,

2. R[v] D R is module-finite,

3. 3R’ a domain, R[v] C R' C S and R’ D R is module-finite.

Corollary 3.10. Let K C L be fields, K algebraically closed. If L O K is module-finite, then L = K.

Proof. Let o € L. Then K C Kla] C L and L is a finitely generated K-module, so « is an integral
element. By Proposition over K, o is a root of some polynomial, i.e. a™ +a,_1a" 1 +---+ag =0
for some a; € K. This part of the proof was already in the second-year Algebra course as the statement
that every field extension of finite degree is algebraic.

But K is algebraically closed, so a € K. O]

Lemma 3.11. Let K be a field and n > 1. Then K(x1,...,x,) D K is not ring-finite (i.e. there are
no fi,..., fm € K(x1,...,x,) such that K(z1,...,2,) = K[f1,..., fu])-
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Proof. Suppose for a contradiction that they exist and let f; = %, where p;,q; € Klxy,...,,).
Clearly at least one f; & Klxy,...,x,] (otherwise K[fi,..., fm] C K[z1,...,z,], which does not
contain x7'), i.e. deggq; > 1.

Consider the element m € K|[f1,..., fm]; so this element can be expressed as a polynomial in
fi,- -+, fm. In this expression we get rid of the denominators by multiplying by (¢1 - - - gm+1)¢i" - . . ¢",

where the exponents r; are sufficiently large. We thus get an equality of the form
@t =(q1gm+1) - afor some a € K[zy,...,x,).

We are in the Gaussian ring K[zq,...,z,], so we can take a prime factor f | ¢;---¢n + 1 with
deg f > 1. Then f | ¢; for some i, and hence f | 1, which is a contradiction. O

Exercise: R a Gaussian domain and K its field of fractions. If u € K is integral over R, then u € R.

Corollary 3.12. Let K be a field and L = K(x). Then there is no 0 # f € K(z) such that
Vze L3an>1: f"z is integral over K|z].

Proof. By contradiction. In the previous exercise choose R = K|x], whose field of fractions is L.
"z € K(z) is integral over R, so f"z € K[z] = R, and hence z € K|z, f~!]. But this holds for all
z € L,so L =K(x) = K[z, 1], which contradicts Lemma [3.11] O

Proposition 3.13. Let us have fields K C L. Assume that L O K is a ring-finite extension, i.e.
L= Klvy,...,v,] for some vq,...,v, € L. Then L D K is a module-finite extension.

Proof. We proceed by induction on n.

n=1: L = K[v]. We have 2 cases:
a) v is algebraic over K, so v is integral and by Proposition , L = KJv] is a finitely generated
K-module.

b) v is not algebraic over K, so L = K|[v] = K|[z|. But L is a field, so at the same time L = K(x),
which contradicts Lemma [3.11]

n > 2: Let K; = K(v1), so that L = K;j[v,...,v,]. The induction hypothesis implies that L is a
finitely generated K;-module. Again we distinguish two cases:

a) v is algebraic over K. Then K = K|[v,] is a finitely generated K-module and by Homework 3.4a),
L is a finitely generated K-module.

b) v; = x is transcendental over K. L is a finitely generated Kj-module, so by Proposition ,
Vg, ..., U, are integral over K.

So we have equalities v;"" + a;,,—10;" " + -+ a;0 = 0 for a;; € K.

We multiply them by o™, where 0 # o € K|[z] is a common multiple of the denominators of all a;;.
We thus get

-1

()™ + a1 (@) -+ aMag g = 0,

so the elements awv; are integral over K|[z].

L = Klz][vg, ..., vy, so for every z € L there is n such that "z is a polynomial in aw,, ..., av, with
coefficients in K'[z]. These are integral elements and integral elements form a ring, so a”z is integral
over K [z]. In particular this holds for z € K(z) C L, which however contradicts Corollary [3.12] (note
that a € Kz] C K(z)). Hence b) cannot occur; only case a) can occur, in which we have already
proved the statement. O

Corollary 3.14. Let K C L be fields and K algebraically closed. If L D K is a ring-finite extension,
then L = K.

Proof. Proposition + Corollary [3.10] H
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3.4 Hilbert’s Nullstellensatz

Theorem 3.15 (Weak Nullstellensatz).
Let K be a field and R = Klzy,...,x,]. Then:

a) The ideal I = (1 — o1,..., 2T, — Qp) is mazimal in R for all ay,...,«, € K. Moreover, a
polynomial f € R lies in this ideal if and only if f(aq,...,a,) = 0.
b) If K is algebraically closed, then all maximal ideals in R are of the form (x1 — v, ..., T, — )
for some aq,...,q, € K.
Proof.
a) Consider a polynomial f € R as a polynomial in the variable z,, over Klz1,...,z,_1]. We can
write it as f = an(x, — ay) + by_1, where a, € R and b,_; € K[zq,...,2,_1]. Similarly b, ; =

ap—1(Tp_1 — Qp_1) + by_2, until we gradually get
f = ZCL@(SL’Z — Cki) + bo, for a; € R, b(] € K.
i=1

We see that > a;(x; — ;) € [ = (21 — g, ..., 2, — a,). Hence:
“Moreover”: fel < f—> air;—a;) €l & byel < by= fla,...,a,) =0 (note that [ # R,
i=1

since 1 ¢ I by the same argument).
“Maximality”: Let f ¢ I, i.e. by # 0. Consider the ideal I + (f). It contains by € K*, and hence
1=nboby' € I+ (f) and I + (f) = R. Hence I is a maximal ideal.

b) Let M be a maximal ideal in R. Then L = 1/} is a field and moreover we can take K as a
subfield of L, because we have the projection 7: R — £/, whose restriction 7 [ K: K — R/pf is
injective (because Ker(w [ K) = KN M = 0).

But L is generated over K by the elements x1 + M, ..., x, + M as a ring. Corollary = L=K.
Hence

T K:K—L=2=R/y

a—a+ M
is an isomorphism, so in particular it is surjective.
Therefore for every ¢ there is «; such that ; 4+ M = a;+ M. Hence z; —a; € M, so (x1—ayq, ..., x, —
a,) C M. But the ideal (z; — oy, ..., T, — a,) is maximal by a), and hence it equals M. ]

In particular, we see that V(I) # ) for every proper ideal I < R (if K is algebraically closed). Indeed,
I C M for some maximal ideal M, and then V(I) D V(M) = {(a1, ..., o)}

Theorem 3.16 (Hilbert’s Nullstellensatz). Let K be an algebraically closed field and I an ideal in
R=Klxy,...,x,]. Then I(V(I)) =+/T.

Proof. “D7: exercise

“c”: Let g € I(V(I)); we want g € /1.

Every ideal in the Noetherian ring R is finitely generated by Proposition[I.10} Hence I = (fy,..., ;)
for some polynomials fi,..., f, € R.

Consider the ideal J = (f1,..., fr,Zny19 — 1) < K[x1,...,2n41]. Then V(J) = 0, because:

If fi(a) =+ = f,(a) =0 for some a € K™, then also g(a) = 0. So if (o, py1) € K™ is a zero of
fiso oo, frs then g(a, ayy1) = g(a) = 0, and hence apq19(@; apy1) =1 = —=1#0, 50 (@, ant1) € V(J).
Hence J is not a proper ideal thanks to the weak Nullstellensatz [3.15| (and the remark after it). So
we have J = K[z1,...,2,11] 2 1, so Ja;,b € Klxy,...,2,41] such that 1 = > a;f; + b(x,19 — 1).
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Let us now work in the field K(x1,...,2,41). Put y = xnlﬂ, ie. T = ll/ After substituting into

the expression for 1 we get some powers of y in the denominators, so let us multiply the equality by
y™ to get rid of them. We thus get >_ ¢ f; + d(g — y) = y", where ¢;,d € Klxy,...,x,,y]. Here we
finally substitute y = g and we have I 3 3" ¢;f; + 0 = gV, hence g € V1. m

We have thus described the image of the map I, so from the abstract Galois correspondence we
get:

Corollary 3.17. Let K be an algebraically closed field. If I is a radical ideal in R = K[y, .., x,]
(i.e. I =~/T), then I(V(I)) =1I.

Hence we have a bijection (or, more precisely, an anti-isomorphism of ordered sets)

{radical ideals in R} <> {algebraic sets in K"}
I—V(I)
I(X) 4 X

Mazimal ideals correspond to points in K™.

3.5 Irreducible algebraic sets

What do prime ideals correspond to in this correspondence?

Definition. Let K be a field. An algebraic set V' C K™ is reducible if V =V} UV, for some algebraic
sets V1, Vo C K™, Vi £V # V,. Otherwise V is irreducible.

Proposition 3.18. A non-empty algebraic set V' is irreducible if and only if (V') is a prime ideal.
Proof. Homework 3.3 [

Lemma 3.19. a) Let S be a non-empty set of ideals in a Noetherian ring R. Then S has a maximal
element, i.e. there is I € S such that for every J € S we have I C J =1 =J.
b) Every non-empty set of algebraic sets T in K™ has a minimal element.

Proof. a) By contradiction: Suppose it does not hold, i.e. for every I € S there is J € S such that
I1CJ.

Choose an arbitrary I; € S; then let I, € S satisfy Iy C I5. Similarly choose Iy C I, etc. (here we
need to use the axiom of choice), which gives an infinite increasing chain of ideals in a Noetherian
ring, which is a contradiction.

b) We consider S := {I(V) | V € T}. If I(V) is its maximal element, then V' is a minimal element
of T. O

Theorem 3.20. Let V C K" be an algebraic set. Then there are uniquely determined algebraic sets
Vi,..., Vi such that V; is irreducible, V.= Vi U --- UV, and V; ¢ V; for i # j. The V; are the
wrreducible components of the set V.

_ . . | 'V is not a union of finitely many
Proof. Let T = {algebralc sets V. K irreducible algebraic sets

Suppose for a contradiction that 7 # (). By Lemma it then has a minimal element V. V' is not
irreducible, so V' = V; U Vj; for algebraic sets Vi, Vo C V. By the minimality of V' we have V;, V5 ¢ T,
and hence Vi, V5 can be decomposed, so V' can be decomposed as well, which is a contradiction.

Every V' can thus be written as V =V, U---UV,, for irreducible V;. We may assume that the sets
V; are pairwise distinct, and we discard all V; such that 35 #7:V; C V.
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Uniqueness: Let V.=V, U--- UV, =WjU---UW,. Then V; = (V,n W)U ---U(V; N W,). This is
an irreducible set, so there is j = o(¢) such that V; = V, N Wy, i.e. Vi C W),

Similarly there is & such that W, C Vj. Hence V; C Vj, so @ = k and V; = W, ;). Symmetrically
Vji3p(j) : Wi = V). =

Corollary 3.21. Let K be an algebraically closed field. If I is a prime ideal, then V (I) is irreducible.
We have a bijection

{prime ideals in K[xq,...,x,]} <> {irreducible algebraic sets in K"}.

Proof. 1f I is a prime ideal, then I = v/I=I(V(I)) by Hilbert’s Nullstellensatz [3.16 By Proposition
3.18 the fact that I(V/(I)) is a prime ideal then implies that V' (I) is irreducible.
The rest of the corollary is clear. O

Corollary 3.22. Let K be an algebraically closed field and f = fi" --- f' € Klxy,...,x,] the
irreducible factorization of a non-constant polynomial f (with pairwise non-associated f;).

Then V(f) =V (fi)U---UV(f,) is the irreducible decomposition of V(f) and I(V(f)) = (f1--- fr).
We have a bijection

{irreducible non-constant polynomials in K

[T1, ..., 2] : : o
up to a nonzero constant multiple < {urreducible hypersurfaces in K"}.

Proof. Exercise. O]



4.

Algebraic number theory

4.1 Factorizations of Diophantine equations

Algebraic number theory studies the properties of number fields, i.e. extensions K O Q of finite
degree. The motivation for its development was the effort to solve Diophantine equations, as we
briefly sketch here. For much more information and many solved examples I recommend the master’s
thesis of Maros Hrnciar http://karlin.mff.cuni.cz/~kala/theses/hrnciar.pdf.

4.1.1 224+ 1=

Example. Find all integers x,y such that 22 + 1 = ¢3.

Solution. We factor the equation as (z +i)(x — i) = y* in Z[i].
We only briefly sketch the principle. One gradually proves:

1. ged(x +id,0 —i) =1
2. x+1| (a+bi)? for a,b € Z.
3. x+1i=c¢e(a+bi)® where ¢ € Z[i]* = {£1,+i}. So these 4 cases need to be distinguished; let

w0 NS

us illustrate the rest of the solution only for e = 1.
r+i=1-(a+bi)®=a®+ 3a*bi — 3ab* — b
1 =Tm(z +1) = 3a®b — b® = b(3a® — b?)

a=0,b=-1
z = Re(z +1) = a® — 3ab?
r=0=y=1

The other three cases turn out the same: in fact there was no need to distinguish them, because
every unit (i.e. invertible element) is a cube, so the equation has the single solution (0, 1).

Which properties of Z[i] did we use?

the conjugation a + bi = a — bi is the nontrivial element of Gal (@(l) / @)
alf=alp

the norm N(a) = aa = a* + b?

al|f= Na|Np

the units Z[]* :

a € Z[i]* & Na = £1. Hence Z[i]* = {£1, +i}.

Gaussianity (in the step 1. = 2.).

4.1.2 2°+5=°

Example. Find all integers x,y such that 22 + 5 = ¢3.

43
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Solution. Again we factor as (z ++/—5)(x — v/—5) = y* in Z[/=5].
Properties of Z[v/—5]:
(a+by=5) =a—by/-5
e Nao=ad' =a®>+ 50> >0
a € Z[V/-5]* & Na=+1 & a = +1.
e Gaussianity? No!
For example 2-3 = 6 = (1 — /=5)(1 + v/=5), but 2,3,1 & /=5 are (non-associated) irreducible
elements. Let us show it on the example of 2:
Let a | 2, ff 1,0 )f 2.
Then Na | N2 =4 = Na =1,2,4. Since « is not invertible, Na # 1.
If Na =4, then N(2) =1, s0 2 is a unit and « || 2.
2 = Na = a® + 5b? is not possible, because no such integers a, b exist.

To solve the problem with non-unique factorizations, “ideal numbers” were introduced:

A= (2,1++/-5), where we think of the notation as a gcd

A= (2,1 —+/-5)

B =(3,1++/-5)

B'= (3,1 —+/-5)

Then it makes sense to consider that 2 = AA’,1 + /=5 = AB,1 — /=5 = A'B’,3 = BB’, so we
have the unique factorization 6 = AA'BB’.

Recall that in Z the ged corresponds to the addition of ideals: (ged(m,n)) = (m) + (n).

So let us consider A = (2,1 + v/—5) = 2 - Z[v/=5] + (1 + vV/—5)Z[v/—5] as an ideal.

Multiplication of ideals then gives A- A" = (2),A- A’"- B- B’ = (6).

Prime ideals correspond to prime factors, and indeed the following holds:
Theorem. FEvery nonzero ideal in Z[\/—5] can be uniquely factored into a product of prime ideals.

Proof. Eventually, as a special case of Theorem [4.17] n

The group of ideals

The set of all nonzero ideals in Z[/=5] (and also more generally) with the operation of multiplication
can be extended to a group similarly as the field of fractions is constructed: We consider formal
fractions AB™! for nonzero ideals A, B, where we identify (formally by defining the corresponding
equivalence) AB~! with CD~! if and only if AD = BC'

On the resulting set Z = {AB™! | A, B nonzero ideals} we define multiplication by (AB~!)-(CD™!) =
(AC)(BD)™!, which gives the group of ideals.

Also, for a, f € Z[v/—5] we have the principal ideals («), (3).
We then define P = {(a) - (8)"' | o, 8 € Z[/—5] \ {0}} as a subgroup of Z.

We have: PID < Z=P < 1/p = {1}.
Also PID = Gaussianity (which is what interests us for solving Diophantine equations).

So we define the class group as Cl :=1/p.
In general: C/ is always finite. (Its size measures “how bad the non-uniqueness of factorizations is”.)

For Z[v/—5] we have C{ ~ Z/9 and we can finally sketch the solution of our equation (x4 /—5)(z —
V=5) =13

(1) By computing with ideals we find that there is no prime ideal P which would divide both z++/—5
and z — +/—b5; these two elements (resp. their principal ideals) are thus coprime.
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(2) Now consider the factorization into prime ideals in the equation (z ++/=5)(x — /=5) = (y)*:
Pk phe ll...le_R3m1...R3mt
1 T 1 s — 1 t .

By the coprimality in item (1) we have P, # Q;.
Hence the uniqueness of factorizations implies 3 | k;,3 | [; for all ¢, .

(3) Hence there is an ideal A < Z[v/—5] such that (z + /—5) = A3.

(4) This ideal is principal, i.e. A € P, because:

We know that A® € P by (3).

At the same time #C¢ = 2, and hence I? € P for any ideal I.
But for our ideal this implies A = A% - (4%)~! € P.

(5) Let A = (a+ by/=5). Then z ++/—5 = £(a + by/—5)3. This is easily finished by multiplying out
and comparing the rational and irrational parts; it turns out that the given equation has no solution
in Z.

Similarly, mathematicians tried to prove Fermat’s Last Theorem for the equation 2P — y? = 2P:
2mi
(z—y)(@—Gy) - (z = §ly), where §, = e v~ Z[G).

4.2 Integral elements

Definition. A field K is a number field if it is an extension of Q of finite degree.

2mi

Ezample. Q(VD),Q(V/2), Q(¢), Q(V'2, (3), where (, =¢» .
A suitable analogue of the integers in K are the integral elements (see Section .

Definition. The ring of all elements of the field K which are integral over Z is denoted Ok.
Clearly: Og N K = Ok.

Lemma 4.1. Let K be a number field. For o € K let mq(x) € Q|x] be its minimal monic polynomial.
Then o € O if and only if m,, € Z[x].

Proof. “<”: Clear

“=": Let f € Z[z] be monic such that f(a) = 0. Then m, | f in the ring Q[z|, i.e. f = m, - g for
some g € Q[z]. Hence g is also monic.

Let k,¢ be the least common multiples of the denominators of the coefficients of the polynomials
Ma, g. Then km, (g € Z[z] are primitive polynomials. By Theorem [1.14] km, - £g € Z[z] is primitive
as well. But km,-fg = klf and f € Z[x], which is possible only if £ = ¢ = 1, and hence m,, € Z[z]. O

Corollary 4.2.
a) OxknNQ=27
b) Every element o € K can be written as g, where § € Og,n € N.

Proof.
a)a € Ok NQ & my(x) =(r—a) € Zjz] & a € Z.

b) Let my(z) = Z?:o a;x', where aq = 1, and let n be the least common multiple of the denominators
of the coefficients a; € Q, i.e. n - m, € Z[z] and n - m,, is primitive.

Then a = g for 6 = na € Ok, where na € Ok, because its minimal monic polynomial is
Z?:o an®'zt € Z[z]. O
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Ezxample. Consider the quadratic field K = Q( \/5) for a square-free integer D # 0, 1.
Then m, has degree < 2 for all o € K.

For o = a + bv/D (with b # 0) we have
me(z) = (z —a)(z —a) =2° — (e +a)r +a- o = 2* — 2ax + (a® — Db?),

where o = a — bv/D.

Why is it the minimal polynomial of o7

a ¢ Q, and hence m,, has degree exactly 2. The polynomial (x — a)(z — ') € Q|[z] has « as a root
and has degree 2, so it is indeed the minimal polynomial m,,.

The form of this polynomial can be conveniently used to determine the ring of integral elements, as
we will see in the next section.

4.3 Norm and trace

Convention. For the whole rest of the chapter let K = Q(v/D), where D # 0,1 is a square-free
integer.
We will also often use the term “unit” for any invertible element of the ring Ok.

Definition. We define the norm as the map
N = Ngjg: K — Q
a=a+b/D— a-d =d®—b*D
where o = a — by/D.
Definition. We define the trace as the map

Tr = Trg/g: K — Q
a=a+bV/Dr— a+ad =2a

Observation.

e a € Ok & Tr(a), Na € Z.

For e € K\ Q we proved it in the example above; for a € Q it is a simple exercise.
° (OCB), — O/ﬁ/, (Oé—i_ﬁ)/ — C(/_F/B/
e N(af)= Na- Np, because we can write it out as (af)(af) = (ad’)(B5').

Tr(a + 8) = Tr(a) 4+ Tr(B) similarly.

Theorem 4.3. Let D # 0,1 be square-free and K = Q(v/D). Then

O — Z[vVD] for D=2,3 (mod 4)
e ZY2] for D=1 (mod 4)

2

Proof. We prove the inclusion “C”; we leave the opposite inclusion as an easy exercise.
Let a € Ok, = a+ bV D. Then the trace Tr(«) = 2a is an integer, and hence a = ¢/2 for ¢ € Z.
The norm is also an integer, i.e.

2 — 40D

Na:a2—b2D:TEZ.

In particular we have 40D = (2b)?D € Z.
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The denominator of the rational number (20)? is a square, which must divide D in order that
(20)2D € Z. But D is square-free, and hence this denominator is 1, i.e. (2b)? and 2b are in Z.
Let b= ¢ for d € Z. Then Na = =P ¢ 7 implies ¢ = d>D (mod 4).

Note that since 4 1 D, the numbers ¢ and d have the same parity. So let us distinguish two cases:
1) c,d even. Then a = §,b = % € 7.
2) ¢,d odd. Then 1 = ¢ =d?D = D (mod 4), i.e. necessarily D = 1 (mod 4).

Hence for D = 2,3 (mod 4) case 1) must occur, and hence o = a + bv/D € Z[v/D].
If D=1 (mod 4), it can also happen that ¢, d are both odd.

But then a = a+bv/D = (% + %\/ﬁ) + —Hf. Since the first summand lies in Z[v/D] C Z[Hg/ﬁ],

1+;/5]. ]

we get o € Z|
Proposition 4.4. Of = {a € Ok | Na = £1}

Proof. “C":a€ Ox = 3f:af=1= N(a) - N(B) = N(1) =1.
Na,NB €Z = Na =+1
“”: Nao==+1 = a-d = +1 = £ is the inverse of a. O

Ezample. K = Q(v/D)
e D < 0= a®*+b*(—D) = =1 = finitely many units, typically just O = {+1}. There are more
units in only two cases, namely
Oy = {1, +4}.

kmi
3

Oy = (€' | k€ {0,1,2,3,4,5})

e D> 0,D =23 (mod 4). This amounts to the solutions of Pell’s equation x> — Dy? = 41,
which has infinitely many solutions.
For example, for D = 2 we have O = {£(1 ++2)" | n € Z}.

(For 0 < D =1 (mod 4) one needs to consider Pell’s equation 2 — Dy? = 44.)

4.4 1Ideals

We do not have unique factorizations into products of irreducible elements. For example, in Z[/—14]
we have

3.5=(14+v—14)(1—v—14) and 3-3-3-3 = (5 + 2/—14)(5 — 2v/—14),

and all of these are irreducible elements.

Instead, we will factor into products of prime ideals, as we already indicated in Section [4.1l To this
end we first prove some basic properties of ideals.

As in the whole chapter, let K = Q(v/D) for a square-free D # 0, 1.

Proposition 4.5. Fvery ideal in O is finitely generated, in fact by at most two generators.

Proof. An ideal I in O is a subgroup I(+) of O (+) ~ Z?(+) by Theorem [4.3] But every subgroup
of Z? is isomorphic to Z" for some 0 < n < 2 (exercise). Hence I(+) ~ Z"(+), and so I has n < 2
generators as an abelian group. O]

Ezample. What does the isomorphism O (+) ~ Z*(+) look like?
a) Ok = Z[V/D]. Then a + bv/D + (a,b) € Z2.
b) O =7 [%ﬁ] Then a + b1Y2 s (a,b) € Z2.



48 CHAPTER 4. ALGEBRAIC NUMBER THEORY

Corollary 4.6. Ok is a Noetherian domain.
Proof. Proposition + Proposition [4.5{ O]

Lemma 4.7. Let I < Ok be an ideal such that I = (ay,...,ay) foray,...,a, € Z. Then I = (a) is
principal (for some a € 7).

Proof. Let a = ged(ay, ..., a,) in Z. Then a | a; in Z, so a | a; in Ok, and hence a; € (a). But this
holds for all 4, and hence I C (a).

On the other hand, Bézout’s identity in Z gives the existence of elements b, € Z such that a =
aiby + -+ apby, € I, and hence (a) C 1. O

Proposition 4.8. Let I = (aq, ..., ), J = (b1,-..,0), i, Bi € Ok. Then:
o [+J=(as, .., 01, 0)
o [-J=(a1f1,0102, ..., 0B, ..., an0)
o [ C J <& every oy is an Ok-linear combination of the B3;
o[- J=0&T1=0o0rJ=0

Proof. The first 3 items are clear from the definitions. The last one is not hard either:

“<"” Clear.

“=" By contradiction. Let 0 # « € 1,0 # 8 € J. But then o - § € [ - J = 0. This contradicts the
fact that O is a domain (which holds because it is a subset of the field O C K). O

Definition. Let I, J be ideals in Ok. We say that [ divides J, written I | J, if there is an ideal H
such that J=1-H.

Observation. For o, 8 € Ok we have a | 5 < («) | (B).

Proof.
“=": 3y € Ok such that = ay = (B) = (ay) = () (7) = () | (B)
‘e peB)=(a)-H={ai|i€ H}. Hence Fi€e H:f=a-i=a|p. O

Proposition 4.9. Let o € Ok, I = (p1, ..., Bm) < Ok. The following statements are equivalent:
a) () [ 1

b) a| B for all j

c) () DI

Proof. “a = 0" Let I = (a)J = {ai | i € J} for some ideal J. Then « divides all elements of I, in
particular the generators, i.e. a | f5; Vj.

“be ¢ a B for all j < « divides all elements of I < I C ().

“b=a” Let ; = ay; for some elements 7; € Of. Then

I= (ﬁl)"'a/ﬁm) = (04’717---a047m) = (OZ) . (’yl)"-a’Ym)y
and hence () | 1. O
Theorem 4.10. For ideals I,J < O we have I | J < 1 D J.

Proof. If one of the ideals I, J is zero, the equivalence holds trivially. So let us further consider only
nonzero ideals. For these we prove only “=" for now; the other implication will come in the next
section.

Let J=1-H.Since HC Ok, wehave J=1-HC I -Ok=1. O
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4.5 Cancellation of ideals

Still let K = Q(v/D) for a square-free D # 0, 1.
Definition. Let I < O be an ideal. Its conjugate ideal is I' = {a/ | « € I}.

Observation. Clearly we have:

o (a,...,0p,) =(o,...,al)
o (IJ) =1V
o ["=1

Proposition 4.11. Let I = (o, ) < O. Then II' = (Na, Tr(af'), Nj3), and hence 11 is a principal
1deal.

Proof. If « =0 or 8 =0, then the statement holds.
Let o # 0 # 3. We have

I = (o, B)(, ') = (ad,af', 0/ B, BB") = (Na, aff’, &' B, N 3).

Note that Tr(af’) = af’ + o', and hence (No, Tr(af’), NG) C IT'.

It remains to prove the opposite inclusion, for which we need a5’ € (Na, Tr(af’), Nj).

Let g = gedy,(Na, Tr(ap’), NB), ie. (g9) = (Na, Tr(af'), NS5) (see the proof of Lemma |4.7)).

So we want to prove that af’ € (g), i.e. O‘TBI € Ok. For this it suffices that the norm and the trace of
this element are € Z. We have:

Tr(%) = %+O‘Tf3 = o8 ;O‘B = 1}(35) € Z, because g = ged(N (), Tr(af’), Nj).
N(Oc_ﬁ’):a_ﬁ’.ﬁza_a’.ﬁ_ﬂ’:M.N_ﬁez
g g g g g g g ’

We have thus proved that af’ € (g) = (Na, Tr(af’), NB).
Symmetrically o/ € (No, Tr(af’), NG), and hence II' C (Na, Tr(af’), NB).

That 11" is a principal ideal then follows from Lemma O
Corollary 4.12. If I = (ay,...,ay) < Ok, then I1' is the ideal generated by the elements
Nay,...,Nay, and all the elements Tr(az-oz;-) for1<i<j<m.

Proof. We repeatedly use Proposition [4.11] O

Now we can prove that nonzero ideals can be cancelled.
Proposition 4.13. Let H,I,J < Ok be ideals such that H #0 and HI = HJ. Then I = J.

Proof. We distinguish two cases:

a) H is principal, i.e. H = (a),a # 0. We have HI = (o)l = {«ai | i € I} and also HJ = (a)J =
{aj|jeJ}.

Ok is a domain, and hence ai = aj implies ¢ = j. Hence [ = J.

b) H is a general ideal. By Proposition we have HH' = (g) for some g (and g # 0, since H # 0).
Then

part a)

HI=HJ=HHI=HHJ= (9)l=(9)] =" 1=J O
Now we can return to the proof of the harder implication in Theorem [4.10]

Proof of Theorem[A.10]. “<”: Let I D J. Then II" D JI'. By Proposition there is ¢ such that
11" = (g).

So we have (g) D JI'. By Proposition [4.9] (g) | JI', so there is an ideal H such that JI' = (¢)H =
II'H. By Proposition we can cancel I’, which gives J = IH, ie. I|J. O
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Let us note that while Theorem holds in general (and is the key to the proof of unique factor-
ization into prime ideals in Theorem [4.17]), Proposition is specific to quadratic fields only. In
general, the proof of Theorem |4.10| works with “fractional ideals” and “annihilators”.

Corollary 4.14. Let us have a prime ideal P < Ok and ideals I,J < Ok. If P | 1.J, then P | I or
P|J.

Proof. P 1) P> 17 PoTor P TP Tor P J. O

4.6 The norm of an ideal

Still let K = Q(v/D) for a square-free D # 0, 1.
Definition. Let I be an ideal in Og. The norm of the ideal I is the integer NI > 0 such that
II' = (NI).
This integer exists by Proposition (and it is unique, since (n) = (m) for n,m > 0 implies n = m),
so the definition makes sense.
Observation.

e N(0)=0

Proof. “<” (1) =11I' C IOk =1 =1 = Ok.

e N(IJ)=NI-NJ

e I|J= NI|NJ

o If /| Jand J#0,J # I, then NI < NJ.

e If / = («) is principal, then NI = |Na|.

Proof. (NI) =1I' = (a)(c/) = (ad/) = (Na)
Example. Let K = Q(v/—14).
For I = (3,1 + +/—14) we have
NI = ged(N3, Te(3 - (1 — v—14)), N(1 + vV—14)) = ged(9, 6, 15) = 3.
For J = (14 +/—14,1 — \/—14) we have
NJ = ged(15, Tr ((1 + vV—14)%) , 15) = ged(15, —26) = 1.

Hence J = Og.
Lemma 4.15. If I < O is a nonzero ideal, then the factor ring Ok /T is finite.

Proof. Let n = NI. We have the surjection

Ok /(n) = Ok /11" - Ok /1
a+Il'—sa+1

This map is well defined, because 11" C I.

So it suffices to prove that Ok / (n) is finite.

Consider it as an additive group. O (+) ~ Z*(+) by Theorem [{.3] Then (n) corresponds to (nZ)?,
and hence we have isomorphisms of additive groups Ok / (n) = 72 /(nZ)? = (Z /nz)Q, which has n?
elements. O

Let us note that the factor ring Ok /] in fact has exactly NI elements (which in a general number
field serves as the definition of the norm of an ideal).
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4.7 Prime ideals and factorization
Let K = Q(v/D), D # 0,1 square-free.

Proposition 4.16. Let P < Ok be an ideal. The following statements are equivalent:

a) P is a nonzero prime ideal,

b) P is a maximal ideal,

c) P is a proper ideal and the following holds: If P = IJ for some ideals I,J < Ok, then I = Ok
or J = Ok.

Proof. b) = a) is clear.

¢) = b): Let P C I. To prove maximality we want to prove that [ = P or I = Ok.
Theorem implies I | P, i.e. P = IJ for some J. By ¢) we then have I = O or J = O. If
J =0k, then P=1J =1.

a) = ¢): Let P =1J. Then P D IJ, and hence P D I or P O J by the definition of a prime ideal;
WLOG P D I. By Theorem we then have P | I.

At the same time I | P, because P = IJ. Altogether we thus have P = I (both inclusions hold by
Theorem , and hence POg = P = PJ, which by Proposition implies J = Ok.

This proves the proposition, but for interest let us show one more implication.
a) = b): P a prime ideal implies that Ok /p is a domain. We want Ok / p to be a field, because then
P is a maximal ideal. By Lemma we know that Ok / p is finite.

Little lemma. Every finite domain is a field.

Proof. Let R be a finite domain and o € R, v # 0.

Consider the principal ideal (o) = {ar | r € R} C R.

We have ar = ar’ < r =1/, because R is a domain (a(r —r') =0=r —r' =0).

Hence #(a) = #R. But since (o) C R, we have (o) = R 5 1, and hence 36 : aff = 1, i.e. o is
invertible. [

Remark. We have proved that Ok (for K = Q(v/D)) is a Dedekind domain, where a domain R is
Dedekind if:

e R is Noetherian.

e R isintegrally closed: Let T be the field of fractions of R. R is integrally closed if for all « € T":
« is integral over R = a € R.

e Every nonzero prime ideal is maximal.

Remark. The ring of integral elements Ok of an arbitrary number field K is Dedekind.
Unique factorization into prime ideals holds in a general Dedekind domain as well.

Theorem 4.17. Let K = @(\/ﬁ),D % 0,1 be square-free. Every nonzero ideal I < Ok can be
factored into a product of prime ideals

I=PF ... P r>0k,... k €N,
where Py, ..., P, are pairwise distinct prime ideals. This factorization is unique up to order.

Proof.
Existence. By induction on N (I):

e N(I)=1. Then I = Ok and we choose r = 0.
e N(I) > 1. We distinguish two cases:

— [ is a prime ideal. Then we have the factorization I = I*.
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— [ is not a prime ideal; then by Proposition we have I = HJ for some ideals H #
Ok, J # Ok.
The norm is multiplicative, so we have NH, NJ < NI, and hence H, J have a factorization
by the induction hypothesis.

(Let us note that although we did the proof by induction on the norm NI € N, typically there
are no ideals of all possible norms.)

Uniqueness. Let Plk1 e Pfr = {1 . Qﬁs‘
Then Py | Qfl -++Q"%, and hence by Corollary 4.14, P, | Q; for some j. By Theorem we then

s )

have P; D @Q;. But by Proposition [£.16, Pi,Q; are maximal, so P, = Q;.
¢

By Proposition |4.13| we then get Pf*~!... Pk = Q... Q; o Q"% and we can continue by induc-

tion. O

In Proposition 1.8 we proved that PID implies Gaussianity, so for a PID we have unique factorizations
into products of elements, which are stronger than factorizations into products of prime ideals. In
general there exist Gaussian domains which are not PIDs, but not in the case of Ok:

Theorem 4.18. Ok is a PID if and only if it is Gaussian.

Proof. “=": Proposition [1.8
“<": We gradually prove:

(1) If 7 is a prime factor in Ok, then (7) is a prime ideal.

By Lemma|L.6]it suffices to prove that a8 € () implies « € () or 8 € ().

Let af € (w). Then 7 | a5, and since 7 is a prime factor, we have w | « or 7 | 5. But this means
that a € (7) or 5 € (7).

(2) Every prime ideal P < O is principal.
P = (0) is clearly principal; let P # (0).
Then P divides (n) for some n € Z (for example we can take n = NP). Consider the factorization

k

of the number n into prime factors in Og: n || 75 - - 7hr.

We have P | (n) = (m)* - (m,)", and hence P | (w;) for some j (Corollary {4.14)), because P is a
prime ideal.

By (1) we have that (7;) is a nonzero prime ideal, hence a maximal ideal by Proposition [4.16]
Moreover P O (m;) by Theorem [4.10, and hence P = (7;) is a principal ideal

(3) Every ideal is principal.

1P Pl B ()b () = (), s

4.8 Description of prime ideals

Let K = Q(\/E), D # 0,1 be square-free. We want to describe explicitly what the prime ideals in
Og look like. For example, we know that:

Ezxample. In Z[i] every ideal is principal and there are three types of prime ideals, which we get by
factoring the primes p € N:
e (2) = (1+1)?% where (1 +14) is a prime ideal,
e for a prime p =3 (mod 4), (p) is a prime ideal,
e for a prime p = 1 (mod 4) there is a unique (up to order) expression p = a? + b? with a,b € N
and the corresponding factorization (p) = (a + bi)(a — bi), where (a + bi), (a — bi) are distinct
prime ideals.

For example (5) = (2+14)(2 — 1), (13) = (3 + 24)(3 — 2i).
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Similar three possibilities occur in general, as we prove shortly.

Lemma 4.19. Let P be a nonzero prime ideal in Og. Then

a) 3! prime p e N: P | (p).

b) N(P) =p orp*.

c) If I is an ideal in Ok such that N(I) = p is a prime, then I is a prime ideal.

Proof.

a) Let n = N(P) and consider the prime factorization n = pt* - - - pfr in Z.

Then P | PP" = (N(P)) = (p1)* ---(p,)*, and hence P | (p;) for some j. It remains to prove
uniqueness.

Let P | (p),(q), where p # ¢ are primes in Z. By Bézout’s identity there are a,b € Z such that
ap + bg = 1. But then P | (ap + bq) = (1) = Ok, which contradicts the fact that P is a prime ideal.

b) P | (p) = N(P) | N((p)) = p*. Hence N(P) can be 1,p or p* but N(P) = 1 is not possible,
because P # Ok.

c¢) Let I not be a prime ideal, i.e. by Proposition we have I = AB for proper ideals A, B. But
then p= NI = NA- NB, and hence NA or NB equals 1, which implies A = O or B= 0. O

Theorem 4.20. Let Ok = Z|w|, where

w:{\/ﬁ - , {xQ—D forD—23 (mod 4)

1+5/5 has the minimal polynomial f(x) = 22412 for D=1 (mod 4)

If p € Z is a prime, then the factorization of (p) into prime ideals in O corresponds to the factor-
ization of the polynomial (f(z) mod p) € Fylx] into a product of irreducible polynomials.
Three cases can occur:

a) f(z) mod p is irreducible. Then (p) is a prime ideal with norm p*.

b) f(z) = (z — ¢)(x — d) mod p for some ¢ Z d mod p. Then (p) = PP’ for prime ideals P #
P N(P) = N(P') =

¢) f(z) = (x —c)? mod p for some c. Then (p) = P? for a prime ideal P such that N(P) = p.
Proof. We have
Ok = Zlw] = Z[z]/(f(x))

a4 bw— a -+ bx

and

Or/(p)~ Zlal /(. f(2))~ Foll/(f())

(a4 bw) mod p — (e mod p)+ (b mod p)x
Let us distinguish what Fp [z] / (f(z)) looks like in our three cases:

a) f(z) mod p is irreducible. Then Fp[l‘]/(f(m)) is a field.
b) f(z) = (x —¢)(x —d) mod p for ¢ Zd mod p. By the Chinese remainder theorem we then have

Folel/(f(2)) = Folt]/(zx — o) x Bol2]/( — @) ~ F, x F,.

So it is not a field and it contains no nilpotent, which is an element u # 0 such that «* = 0 for some
k.

¢) f(z) = (x — ¢)* mod p. Then Fp[x]/(x —¢)? is not a field and contains the nilpotent (x — ¢),
because (z —¢)? =0 mod (x — )%
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Similarly, let us consider what Ok / (p) looks like. Thanks to the isomorphism Ok / (p) =~ Fylz]/ (f(x))
it must correspond to the cases above:

a) Ok/ (p) is a field. Then (p) is a maximal ideal, and hence by Proposition M’ (p) is a prime ideal.

b,c) Ok/ (p) is not a field, and hence (p) is not a prime ideal.

Then (p) = PI for proper ideals P,I < Og. We have N(p) = p? = N(P)- N(I), and hence
N(P) = N(I) = p. By Lemma [4.19¢), P, I are then prime ideals.

At the same time, by the definition of the norm we have (p) = (N(P)) = PP’, hence P’ = I thanks
to the unique factorization

It remains to distinguish two cases:

-If P = P', then Ok/ (p) = Ok / p? contains a nonzero nilpotent, namely the image of any element
a € P\ P? (indeed, a ¢ P? and o € P?). So this is case c).

- If P # P, then OK/(p) = Ok/pp! v Ok /p x Ok /pr, where Ok /p, Ok / pr are fields, because
P, P’ are (distinct, hence comaximal) maximal ideals. Hence Ok / (p) contains no nilpotents. So this
is case b).

The verification of the norms is trivial. O

In this way we can also determine explicitly what the factorization into prime ideals looks like:

Theorem 4.21. Let p € N be a prime such that (p) is not a prime ideal in Ok. Then f(z)
(x —¢)(x —d) mod p (where possibly c =d mod p) and we have (p) = (p,w — ¢)(p,w — d).

Proof. By Theorem we have (p) = PP" and f(z) = (x — ¢)(z —d) mod p.

Let I = (p,w—c). Then I = (p,w—c) D (p), and hence I | (p) = PP'. We have w—c ¢ (p) (exercise),
and hence I # (p). So I = P or I = P' or I = Ok; we want to prove that I # Ok, i.e. that N(I) # 1.
By Proposition we have N (1) = ged(N(p), Tr(p(w—c¢)), N(w—c¢)). Let us compute these values:

e N(p) =7’

e Tr(p(w—2c))=pTr(w—rc)

e Nw—c¢)=(w—c¢)(w—c¢) =(c—w)(c—w) = f(c) =0 mod p.
It follows that all these numbers are divisible by p, and hence p | N(I) # 1. Therefore I # Ok, and
hence I = P or P’ is a prime ideal.

Similarly we have that (p,w — d) = P or P’ is a prime ideal.

At the same time we have P = P’ < ¢ =d mod p < (p,w —¢) = (p,w — d). In each case we get
(p):PP/:(paw_C)(paw_d)‘ O

Theorems and allow us to find the factorization of an arbitrary ideal I in Ok into prime
ideals, for example as follows:

1. Factor N(I) into a product of primes N(I) = p&* ... pk in Z.

2. Factor every (p;) into a product of prime ideals in Of.

3. This gives the factorization of the ideal (N(I)) = P{* --- P% into a product of prime ideals in Ok.
4. At the same time we have [ | II' = (N(I)), and hence [ = P{"* --- P for some 0 < m; < {,.

5. Find the correct values of m;: at worst one can try all possible combinations, but considering the
norms of ideals helps a lot; basically it is about choosing correctly between P; and P/ every time.
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4.9 Examples in K = Q(y/—14)
In this section let K = Q(1/—14), so that Ox = Z[v/—14].

Ezxample. How to find prime ideals?

e We are interested in 22 + 14 mod p, i.e. 22 = —14 mod p
o f(2) mod p reducible & —14 is a quadratlc residue modulo p (for pt14).

e p=212°=—14 (mod 2) = 2z =0 (mod 2) (0 is a double root)
(2) = P; for Py = (2,1/—14)
e p=3,z ——14—1(m0d3):>x:j:1
(3) = P P3 for Py = (3,/—14 + 1)
e p=>52*=-14=1 (mod 5) =z = +£1
(5) = P P5 for Ps = (5,/—14 + 1)
op:7() P2 for P; = (7,/—14)
e p=11,22 = —14 =8 (mod 11), 8 is not a quadratic residue modulo 11 = (11) is a prime ideal
o p=13,22=—14=—1 (mod 13) = = = +5
(13) = Pr3 - P13 for Py = (13,4/=14 +5)

Ezxample. Factor (1 + +/—14) into a product of prime ideals
N1+4++v/-14)=1+14=15=3-5

Does 1 + v/—14 € P53 hold? Yes

Also 1+ +/—14 € Ps. Hence (1 ++/—14) = P53 - P

Ezample. Factor (2 4 3v/—14)

N@2+3y—Td) =4+9-14=130=2-5-13

24+3y/—1d e P,

24+ 3y—1d € Ps? 2+3y—1d—3(v—1d+1)=—1¢ P, = 2+3y/—14 ¢ Ps

€Ps
9+ 3y/—14 — 3(vV—T4d+5) = —13 € Py, hence 2+ 3y/—1d € Py,
(2+3y/—14) =P, P - Py
Ezample. Factor (54 2v/—14).
N(5+2y/—14) = 25+ 4- 14 = 25+ 56 = 81 = 3%,
If Ps, P3| (5+2y/—14), then (3) | (5+ 2y/—14), which would mean 3 | 5 + 2y/—14 in Ok, but that
is not true.
Hence only one of Ps, P} divides (5 + 2v/—14)
5+2y—14 —2(y/—14+ 1) = 3 € Ps, hence P; | (5 + 2y/—14) and therefore (54 2v/—14) =
Ezample. Factor (1 ++/—14,5 + 2y/—14)
(1++/—14) = Py - Ps, (5 +2/—14) = P!
Hence (1 ++/—14,5+2y/—14) = P;



5. Exercise sheets

In the version from the winter semester 2023/2024 by Matéj Dolezalek. (Partial) solutions follow in
the next chapter.

5.1 Exercises 1

ideals, operations on ideals, prime ideals, maximal ideals

1. Prove that the union of a chain of (arbitrarily many) ideals I; C Iy C I3 C --- is an ideal.

2. Forideals I, J define I +J:={a+0b|a € I,be J}. Prove that I + J is the smallest ideal in R
which contains [ and J.

3. Let R be aring and M an ideal in R. Prove:
a) M is maximal if and only if R = M + aR for all a € R\ M.
b) If M is maximal and a € R\ M, then there are m € M and r € R such that 1 = m + ar.

4. Let us have ideals I, J, K of a ring R. Prove that [J C INJ and I(J 4+ K) =1J + IK. Find
an example where I.J # I N J.

5. Determine: Q[z]/(x +2), Q[z]/(2* —2), Q[z]/(z*—1), Rlx]/(2*—2), Z[x]/(z* - 2).

6. Prove that the operations on a factor ring are well defined and that it is a ring (and prove the
other things from the lecture that we left as exercises).

7. Prove the 3rd isomorphism theorem: If R is a ring, [ < R an ideal and S C R a subring, then
S + 1 is a subring in R and (S+[)/[ ~ S/(Sﬂ])-

8. Consider the ring Z and the ideals I = (168) and J = (288) in it.
a) What do all maximal ideals and prime ideals in Z look like?
b) Determine I + J, IJ, INJ, I*> + J.
c¢) Find all prime ideals which contain the ideal I, J, I.J, I N J, resp. J.

9. Let R be a principal ideal domain and a,b € R.
a) Determine (a)(b), (a) + (b), (a) N (b).
b) What do all maximal ideals and prime ideals in R look like?
c¢) Prove that the factor of R by a nonzero prime ideal is a field.

10. For subsets A, B of a ring R define A® B := {ab | a € A,b € B} (beware, this does not
correspond to the multiplication of ideals). Let I be an ideal in R. Prove that (a+1)®(b+1) C ab+1.
Does the opposite inclusion hold?

11. Consider the principal ideal domain Q[z] and the ideals I = (23 + 2% + 2z + 2) and J =
(2% — 222 + 2z — 4).

a) Determine I + J, IJ, INJ, I* + J3.

b) Which factors modulo the principal ideals from part a) are domains?

c¢) Find all prime ideals which contain the ideal I, J, I.J, I N J, resp. J.

56
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12. Let R be a Noetherian ring and I < R an ideal. Prove that R/I is Noetherian as well.

13. We are given a ring R in which for every x € R there is an integer n > 2 such that 2" = .
Prove that every prime ideal in R is maximal.

Hints

5. 1st isomorphism theorem + sometimes the Chinese remainder theorem.

7. The projection 7: R — R/I and its restriction to ¢: S — R/I. The 1st isomorphism theorem for ¢.
10. It does not. Choose R = Z and a prime in ab + 1.
12. The ideals in R/I are exactly of the form J/I for J < R, J D I.
13. Find the inverse in the factor ring.

5.2 Exercises 2

Gauss’s lemma, the Chinese remainder theorem. applications of Zorn’s lemma
bl )

1. Let R be a Gaussian domain and 7" its field of fractions. For every irreducible polynomial f € T[]
there is u € T\{0} such that uf is an irreducible element of R[z].

2. Let K be a field. Then K[x,y|] and K|z, 25,...] (infinitely many variables) are Gaussian, but
K|z, y] is not a principal ideal domain (though it is Noetherian) and K|z, zy, . ..] is neither Noethe-
rian nor a principal ideal domain.

3. Describe all ideals in the ring Z/(150) and characterize which pairs of them are comaximal.

4. Let R be aring. Using Zorn’s lemma, prove that every proper ideal is contained in some maximal
ideal.

5. Use the proof of the Chinese remainder theorem (in particular the step where 1 = a; + as) to
construct an explicit isomorphism Z/(n) x Z/(m) ~ Z/(mn) for n = 16, m = 35. Which well-known
theorem does the step in parentheses correspond to?

6. Realize that in an ordered set A there can also exist an uncountable chain B for whose indexing
the natural numbers are not enough. Find a couple of examples of such a situation. (There is no
catch in it; it is just so that one does not get the impression that in Zorn’s lemma it suffices to deal
with chains indexed by natural numbers.)

7. Show that if ¢ : R — S is a ring homomorphism, then the relations ¥ (r) := ¢(r) for r €
R and ¢(x) := x are satisfied by exactly one homomorphism ¢ : R[zx] — S[z]. Moreover, 1 is
injective/surjective if and only if ¢ is injective/surjective.

8. Let Rbearing and I4,..., I, pairwise comaximal ideals in R. Realize that from the CRT we have
in particular an isomorphism of multiplicative groups (R/(I;---1,))" =~ (R/I,)* x -+ x (R/I,)™.
As an application of this fact, think about why for odd primes p # ¢ the group (Z/(pq))™ cannot be
cyclic.

9. Prove using Zorn’s lemma: in a vector space, any linearly independent set can be extended to a
basis.

10. Let (M, <) be a partially ordered set. Prove using Zorn’s lemma that the ordering < can be
extended to a linear ordering, i.e. that there is an ordering < on M which is linear and satisfies:
r<y=xyforal z,y e M.

11. Let R be a Gaussian domain and 7T its field of fractions. Let us have a non-constant primitive
polynomial f € R[z]. Then f is irreducible in T'[z] if and only if it is irreducible in R[z].

12. * Let F be a finite field. Show that any map g : F — F can be written as a polynomial.
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13. * (Eisenstein’s criterion) Let us have a primitive polynomial f = a,z" + -+ + a1z + ag with
integer coefficients and a prime p. Prove that if p{ a,, p | a; for i = 0,1,...,n — 1 and p*{ ap, then
f is irreducible over Z. Try to think about a generalization for a general integral domain R instead
of Z.

14. * Using Zorn’s lemma, prove that if a ring R has a proper ideal which is not finitely generated,

then it also has a prime ideal which is not finitely generated.

Hints

12. The Chinese remainder theorem in F[z]. Linear polynomials give maximal ideals. (Alternatively Lagrange
interpolation.)

13. Assume for a contradiction that f = gh, map the whole situation by the projection Z[z] — Z,[x] and use unique
factorizations.

5.3 Exercises 3

root fields and splitting fields, algebraic closure, the Galois group, separability

1. Let a be an algebraic element over a field 7. Then [T'(«) : T| = deg ma.r-

2. For a field T and a polynomial f(x) determine all possible root fields for f over T, the splitting
field for f over T, the degrees of all these field extensions and also their Galois groups over 7"

a) fl@)=a®+3, T =R, b)fla)=a>—1,T=Q * fla)=a’—2,T=Q.

3. Let us have fields T"C U C V. If V is algebraic over U and U is algebraic over T, then V is
also algebraic over T'.

4. Let U D T be a field extension and o € U a root of some separable f € T[z]. Then «a is
separable over T'.

5. A field extension of finite degree is necessarily algebraic.
6. Let us have field extensions V D U D T. Then [V : T = [V : U] - [U : T1.

7. Let T C U be an algebraic field extension and U C K (not necessarily algebraic). Then K is an
algebraic closure of U if and only if K is an algebraic closure of T'.

8. Let ¢ : K — R be a ring homomorphism. Recall that when K is a field, ¢ must be injective.

9. For a field T" and a polynomial f(z) determine all possible root fields for f over T', the splitting
field for f over T', the degrees of all these field extensions and (possibly) also their Galois groups over
T:

a) fz) =2°+1, T=Q, %) fo) =2’ + 1, T =1y,

b) f(x) =2 -1, T =Q, d) f(z) =2"—-1, T=Q, neN.

10. Let S D T be fields, S algebraically closed and U = {a € S | a algebraic over T'}. Then U is
an algebraic closure of 7. (Proposition of the notes)

11. Let T, U be fields of characteristic 0. Then Q C T, U and every homomorphism ¢ : T" — U is
a Q-homomorphism. (In characteristic p the field Z, has the same property.)

12. An element « is algebraic over a field T if and only if T'(a) = T'[a].
13. * No finite field is algebraically closed.
14. * Let p be a prime, T' = Z,(y) and U = T'(y/y). Determine [U : T|, [U : T, and Gal(U/T).

15. * The algebraic closure of an infinite field 7" has the same cardinality as T'.

Hints
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4. Mo, T ‘ f
11. A homomorphism must leave in place the whole subfield generated by the one (the so-called prime field).
12. From the minimal polynomial you produce the inverse (and vice versa).
13. Start with a polynomial whose roots are all the elements.
14. 2P —y € Zy[y][x] is irreducible by Eisenstein, but it has only one p-fold root.

15. Think about why #7T'[x] = #T, so that when we add (in one step) the roots of all polynomials, the cardinality
is preserved.

5.4 Exercises 4

separable, normal, simple and Galois extensions

1. Let U D T be an extension of finite degree. Prove that it is Galois if and only if [U : T| =
# Gal(U/T).

2. (preservation and composition of distinguished properties) Let V' O U D T be field extensions.
If you know that the extension V' O T has property X, decide whether V' O U or U D T must
necessarily have property X as well. If you know that both V'O U, U D T have property X, decide
whether V' O T must necessarily have it as well.

a) X = of finite degree,

b) X = algebraic,
c) X = separable,
d) X = normal,
e) X = Galois.

3. Decide for the following extensions which of the distinguished properties from Problem [2]. they
have and which they do not:

a) COR, b) Q(v2) > Q, *¢) Zp(x) D Ly, *1) Q> Q.
4. Let V O T be a Galois extension and V O U D T'. Prove that [U : T| = jﬁgi—%

5. Let f € T[z| be a polynomial with the factorization into mutually non-associated irreducible
polynomials f = f; --- fx. Consider the Galois group of the splitting field of f over T" as a group of
permutations of the set of roots of f. Show that each of these permutations must have at least k
cycles.

6. (review from the lecture) Let U be a field, G < Aut(U) a subgroup and 7" C U a subfield. Then
Gal(U/ Fix(U,G)) D G and Fix(U,Gal(U/T)) D T.

7. Let U D T be a separable extension of finite degree. Show that there is a field V' such that
UcCV,[V:T]<([U:T))! and the extension V D T is Galois.

8. By Proposition 2.26, if U D T is an algebraic extension, then every T-homomorphism ¢ :
U — U must even be a T-automorphism. Think about why algebraicity is necessary — for T' = 7Z,,
U = T(x) (the field of rational functions) find a 7T-homomorphism ¢ : U — U which is not a
T-automorphism.

9. Let T be a field with char T # 2 and a,b € T elements with \/a, v/b, Vab ¢ T. Then [T'(v/a, VD) :
T] = 4.
* You can try to prove Gal(T'(y/a, Vb)/T) =~ Zy x Zs.

10. An extension U D T is normal if and only if there exists a set M C Tx] such that U is a
splitting field of the set M over T.

11. * (existence of the separable closure) Let U D T' be a field extension. All the elements o € U
that are separable over T form a subfield of U.
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12. * Let p be a prime, U = Zy(z,y), T = Z,(2P,y?). Prove that the extension U D T is not
simple.

Hints
4. Tt suffices to combine [2e) and [1}.

7. You have a simple extension; factor the minimal polynomial.
11. Realise that any two separable elements generate a separable extension.
12. If U = T(r), observe that ? € T and derive a contradiction using degrees.

5.5 Exercises 5

computing Galois groups, the Galois correspondence

In this exercise sheet, to determine a Galois group means for us to find some “known” group it
is isomorphic to, and to figure out how the individual automorphisms act. Known groups are for
instance Z,,, Ds,, S,, or products of known groups.

1. Determine the Galois group of T' D Q and all fields U, T' D> U D Q, if

a) T = Q(i,v2), b) T = the splitting field of 23 — 2 over
Q.
2. For the field extension U D T determine [U : T] together with a basis of U as a vector space over
T, decide whether it is a Galois extension, and if so, determine also all the fields V, U DV D T, if

a) U:@(\/EveQﬂ-i/g)vT:@7 C) U:@(\/Ev \/ga \/5)7T:Qa
b) U=Q(V3),T=0Q, d)Uz@(\/1+\/§),T:Q.

3. Let U be the splitting field of a polynomial f over a field T'. Determine U, [U : T, a basis of
U over T and Gal(U/T) (you may also think about the fields V', U D V D T, but they often look
rather ugly), if

a) f=2-5T=Q, ¢) f=(2>=3)(x*-5), T=Q(v2),
b) f=2a2%—2 T =Q(e?/3), *d) f=(22-1)2-2,T=0Q.

4. Let us have fields V D U D T such that both V O T and U D T are normal extensions. Then

Gal(V/U) <« Gal(V/T) and Gal(V/T)/ Gal(V/U) ~ Gal(U/T).

5. Let us consider cyclotomic fields.
a) Recall that Gal (Q(e*™"/")/Q) ~ Z). Assume that you already know [Q(e*/") : Q] = ¢(n).
b) Let U be the splitting field of 22°—1 over Q(¢). Determine Gal(U/Q(i)) and all the intermediate
fields V, U > V > Q(9).
¢) * Let U be a root field of 2* + 22 — 2z — 1 over Q. Determine Gal(U/Q).

6. Let us have an extension U D Q of finite degree which, however, is not normal. Think about
whether we can nevertheless somehow use the Galois correspondence to find all the fields V', U D
V' D Q. More generally, consider the same for an extension U D T which is separable and of finite
degree, but is not normal.

7. * Let U be the splitting field of a polynomial f over a field T'. Determine U, [U : T, a basis of
U over T and Gal(U/T) and all the fields V, U DV D T, if

a) f=a—5T=127Z, o) f=a —z, T =17,
b) f:l’4—3,T:Z5,

8. ** Observe that if Gal(T'/Q) ~ Ay, then there is no field U, T' > U D Q, with degree [U : Q] = 2.
If you feel confident, try to prove that the splitting field of f = 2* + 82 + 12 over Q is an example
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of such a T'. (I have not managed to prove it so far, but according to a trustworthy source it should
be true.)

Hints
5. b) Look at Gal(U/Q(i)) inside Gal(U/Q), whose structure you know. c¢) Look inside the seventh cyclotomic

field.
6. Isn’t it enough to look at everything inside a larger extension which is Galois?

7. a), b) What cube/fourth roots of unity does Z7/Zs have? ¢) A trick: the set of roots is closed under both
addition and multiplication.

5.6 Exercises 6

algebraic sets, Hilbert’s Nullstellensatz, radicals

1. Decide which of the following sets are algebraic:
a) {(t,t*,t*) e K* |t € K}, d) * Z?* as a subset of R?,
b) {(cost,sint) € R? | t € R}, e) *{(t,sint) € R* | t € R}.
c) Z as a subset of R,

2. (a counterexample to Hilbert’s theorem without algebraic closedness) Find in R[z] a maximal
ideal which contains no linear polynomial.

3. The Jacobson radical of a ring R is defined as J(R) := (/< maximal M - Observe that a € J(R)
if and only if 1 — ar is a unit for every r € R.

4. In the domain of the integers Z determine

a) 1/(0), J(Z),
b) +/(25), v/(125), 1/(50), 1/(100), \/(IL; pi") for pairwise distinct primes p;.
Further determine

c) J(Z/(100)),
d) * when (Z/(n))/j(z/(n)) is a field.

5. In the domain Clx] of polynomials over the complex numbers
a) compute 1/(0), J(Clz]), /(z — 3)%(z — 1)4(2® + 2), /(26 — 2* — 22 + 1),
b) prove that \/(p) = (gcd(’;’p,)), where p € C|z].

6. Let us work over K = C:
a) Prove that I(V(z? —y)) = (z* — y) and that the algebraic set V(2 — y) C C? is irreducible.
b) Determine the set V(y* — 2% y* — 2%y? + xy? — 2%) C C? and decompose it into irreducible
components.
c¢) * Decompose V(2% +y? — 1,22 — 22 — 1) C C3 into irreducible components.

7. If K is a finite field, then every subset of K" is algebraic.
8. Observe that for an ideal I < R the radical v/T equals 7='(y/0/I), where 7 : R — R/I is the

natural projection.

9. Let K be an infinite field and V' = {(¢,¢%,¢%,...,¢") | t € K} C K". Determine I(V) (with a
proof!) and, using the problem from the homework (V irreducible <= I(V') a prime ideal), deduce
that V' is irreducible.

10. Think through the following characterisations of ideals by means of factor rings: I < R is
e maximal if and only if all nonzero elements of R/I are invertible,
e a prime ideal if and only if a product of nonzero elements in R/I is always nonzero,
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e a radical ideal if and only if a power of a nonzero element in R/I is always nonzero.

11. Prove that f(z,y) = y*+2?(x—1)* € R[z, y] is an irreducible polynomial, but the set V' (f) C R?
is reducible.

Hints

7. One-point sets are always algebraic.
9. Reduce everything to one variable.

5.7 Exercises 7

Algebraic number theory

1. Find all units in OQ(\/E) for D = —-2,-3,—T.
*If you have ever seen Pell’s equation, try also D = 2, 5.

2. Irreducible elements for K = Q(1/—14):

a) If an element o € Ok has norm p, which is a prime in Z, then « is irreducible in Ok.

b) Find some irreducible element of Z[y/—14]| with prime norm.

c) Prove that 3 and 1+ y/—14 are irreducible.

d) Prove that 3-3-3-3 = (54 2v/—14)(5 — 2¢/—14) are two different irreducible factorisations.

3. Principal ideals for K = Q(v/—14):
a) Prove that (17 + 2y/—14,20 + /—14) = (3 — v/—14) is a principal ideal in Z[v/—14].
b) (2,v/—14) is not a prln(:lpal ideal in Z[v/—14].
c) Prove that (2 ++/—14,7 4 2y/—14) = (3,1 — v/—14) and that this is a proper ideal which is
not principal.

4. Multiplication of ideals for K = Q(v/—14):
a) (5+/—14,2 + =14)(4 + /—14,2 — /=14) = (6,3\/—14).
b) Let I = (3,1 + +/—14). Then II' = (3), I is not principal and I # I'.
c) Let J = (5,14 +/—14). Then (15) = IJI'J’". Use this to find two different irreducible factori-
sations of 15.
d) * I, J are prime ideals.

5. Let G be a subgroup of the additive group Z", where n € N. Prove that G ~ Z™ for some m,
0 < m < n. As a consequence, observe that an arbitrary ideal in Ok can be written with at most
two generators.

6. Let K = Q(v/D) and w = /D, resp. %ﬁ for D = 2,3, resp. 1 (mod 4). For m € Z and
a =a+bw € Ok prove that m | a in Ok if and only if m | a,b in Z. Observe that for D =1 (mod 4)
the same need not hold for m | a +bv/D, a,b € Z.

7. Solve the Diophantine equations 2% + 1 = y°, 22 + 3 = 9% and 22 + 4 = ¢3.
8. Prove that Oy /p) = Z|\/D), resp. Z[%ﬁ] for D = 2,3, resp. 1 (mod 4).

9. Let K = Q(V/D). If P < O is a nonzero prime ideal and a € O, then o¥* = o (mod P).

10. Let R be a Gaussian domain and 7' its field of fractions. If u € T is integral over R, then
u € R.

11. * A prime p > 5 is given together with a natural number k such that p | k% + 5. Prove that
there exist natural numbers m, n satisfying p> = m? + 5n%. Assume that you know that the class
group of Z[v/—5| has two elements.
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12. ** Try to think through that when D = 1 (mod 4), then Z[v/D] can never be a Gaussian
domain.

Hints

8. Look at when the minimal polynomial has integer coefficients.
10. The rational root theorem.
11. Find a (prime) ideal with norm p. What does the class group then say about its square?
12. Problem points out something that Z[v/D] does not have.



6. Solutions to the exercises

In the version from the winter semester 2023/2024 by Matéj Dolezalek.

6.1 Exercises 1

ideals, operations on ideals, prime ideals, maximal ideals

1. Prove that the union of a chain of (arbitrarily many) ideals I; C Iy C I3 C --- is an ideal.

Solution. Let R be the ring and I the union under consideration. For a,b € I, r € R we have to
prove a £ b € I, ra € I. By the definition of the union, for some indices we must have a € I, b € I,.
For m = max {k, ¢} we then already have a,b € I,,, so by the definition of an ideal both a 4+ b and
ra lie in I, C I.

2. Forideals I, J define I + J:={a+b|a € I,b € J}. Prove that I 4+ J is the smallest ideal in R
which contains [ and J.

Solution. I + J is an ideal: the sum of generic elements of I + J is

(CL1 + bl) + ((12 + b2) = (CLl + CLQ) + (bl + bg) .
1 eJ
(S

Similarly r(a 4+ b) = ra +rb € I + J. Further, I + J trivially contains both I and J. Conversely, if
some ideal K contains both I and J, then by closedness under addition it must contain all a + b,
hence contain I + J.

3. Let R be aring and M an ideal in R. Prove:
a) M is maximal if and only if R = M + aR for alla € R\ M.
b) If M is maximal and a € R\ M, then there are m € M and r € R such that 1 = m + ar.

Solution. a) M + aR is an ideal strictly larger than M (it additionally has the element a), so by
maximality it must already be all of R. In the opposite direction, if M C I C R, then choosing
a€l\Mweget R=M+aR C I, sol = R, which gives the maximality of M.

b) The ideal on the left-hand side of R = M + aR contains the one, so it can also be expressed on
the right in the form m + ar.

4. Let us have ideals I, J, K of a ring R. Prove that [J C INJ and I(J 4+ K) =1J + IK. Find
an example where I.J # I N J.

Solution. Ideals are closed under multiplication, so for a € I, b € J in particular ab € I. The ideal
1J is formed by sums of such products, so IJ C I. Completely analogously IJ C J,so [J CINJ.
For I(J+ K) = IJ+ I K let us prove both inclusions; we consider a € I, b € J, ¢ € K. On the left
there is a sum of products of the form a(b + ¢), on the right some sum of products ab plus a sum of
products ac. We can multiply out the products of the form a(b + ¢) and interpret them as elements
of the ideal on the right — that is the inclusion “C”. For the opposite inclusion we can rewrite each

64
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ab as a(b + 0) and each ac as a(0 + ¢), producing the forms from the left-hand side — that is the
inclusion “D7.
An example with IJ #INJ: I =J = (2)in Z, where IJ = (4) # (2) =1NJ.

5. Determine: Q[z]/(x +2), Q[z]/(2* —2), Q[z]/(z*—1), Rx]/(2*—2), Z[x]/(z*—2).

Solution. We get, in order, Q, Q[v2], Q x Q, R x R and Z[y/2]. Strategy: taking the quotient by
an irreducible polynomial = adjoining a root; a product of distinct irreducible polynomials is broken
up by the Chinese remainder theorem. E.g. for Q[z]/(z* — 2) we use the homomorphism

Qlz] — Q[V2],
f f(V2).

The image is all of Q[v/2] (a preimage of any a + bv/2 is e.g. br + a), the kernel is (2 — 2) (the
minimal polynomial of v/2). The 1st isomorphism theorem gives the result. For Q[z]/(z? — 1) we
first have to decompose it into Q[z]/(x — 1) x Q[z]/(x 4+ 1) (Chinese remainder theorem); both
factors are then isomorphic to Q. (Alternatively we directly use the homomorphism Q[z] — Q x Q,
f = (f(1), f(=1)), check that it is onto, and observe that the kernel will be (22 — 1).)

In particular, for Z[z]/(z* — 2) it may be technically trickier to formulate correctly that the kernel
is exactly (22 — 2), where, in contrast to the example over Q, we generate the ideal in the sense
of the ring Z[z]. Indeed, if we have the properties of minimal polynomials formulated and proved
only over fields (as e.g. in the second-year Algebra course), it need not be immediately clear whether
a polynomial f € Z[r] vanishing at v/2, which consequently must be a multiple of 22 — 2 in the
sense of the ring Q[z], is also a multiple of 2% — 2 in the sense of the ring Z[z|. This difficulty can
be removed in several ways: e.g. one can refer to Gauss’s lemma — if a primitive integer polynomial
divides another integer polynomial in the sense of Q[z], then the quotient necessarily lies in Z[z|. The
second possibility is to think it through by hand that if we take the minimal polynomial monic and
at the same time integral, everything works as it should: we look at f € Z[z] satisfying f(v/2) = 0
modulo 22 — 2, successively replacing z*¥ by 2252, until a linear integer polynomial vanishing at v/2
remains, and the only such one is 0.

6. Prove that the operations on a factor ring are well defined and that it is a ring (and prove the
other things from the lecture that we left as exercises).

Solution. R aring, I an ideal, a,b € R. We want to check that for x € a+ I, y € b+ I we will have
r+y € (a+b)+ I and similarly zy € ab+ I. To this end we write x = a+1i, y = b+1y and using the
closedness of the ideal under addition and under multiplication by an element of the ring we have

r+y=a+i;+b+iy=(a+b)+ (iy + i),
T
S

Ty = (Cl + ’ll)<b + 22) =ab+ (G’ig + b’Ll -+ ilig) .

-

~-
el

7. Prove the 3rd isomorphism theorem: If R is a ring, [ < R an ideal and S C R a subring, then
S + 1 is a subring in R and (S+[)/[ ~ S/(Sﬂ])-

Solution. That S+ I is a subring is checked routinely (it has a one, it is closed under addition and
multiplication). Further, let us aim at using the 1st isomorphism theorem. The projection 7: R —
R/I, r+— r+ I is a surjective homomorphism. Let us restrict it to the subring S and call it ¢. For
©(s) = s+ I to be 0, we must have s € I, so Ker¢p = SN I. In the image there appear exactly the
residue classes of the form s+ I, so Im p = (S+1) /I (one inclusion is obvious; for the other, realize
that anything of the form s+ i+ I is simply the same as s+ I). The 1st isomorphism theorem then
gives the result.

8. Consider the ring Z and the ideals I = (168) and J = (288) in it.
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a) What do all maximal ideals and prime ideals in Z look like?
b) Determine I+ J, I.J, INJ, I? + J.
c¢) Find all prime ideals which contain the ideal I, J, IJ, I N J, resp. J.

Solution. a) The principal ideals generated by primes (and, among the prime ideals, also (0)).

b) See part a) of the following problem; we get I + J = (24), IJ = (48384), I N J = (2016),
12+ = (288).

c) The prime ideals containing (z), = # 0, correspond to the primes dividing x. So it suffices to
use 168 = 23 .3 -7, 288 = 2° - 32 and always to take the primes from the factorization.

9. Let R be a principal ideal domain and a,b € R.
a) Determine (a)(b), (a) + (b), (a) N (b).
b) What do all maximal ideals and prime ideals in R look like?
c) Prove that the factor of R by a nonzero prime ideal is a field.

Solution. a) (a)(b) = (ab), (a) + (b) = (ged(a, b)), (a) N (b) = (lem(a, b)).

b) The nonzero ones are exactly the principal ideals generated by irreducible elements/prime
factors (in a PID irreducible = prime factor); moreover (0) is a prime ideal, since R is a domain. As
a consequence of ¢), the nonzero prime ideals are automatically maximal.

c) Let (p) be a nonzero prime ideal; then p is irreducible. We want every nonzero element of R/(p)
to have an inverse. But for a ¢ (p) we have (a) + (p) = (ged(a,p)) = (1), so za + yp = 1 for some =,
y. But then za =1 (mod p).

10. For subsets A, B of a ring R define A® B := {ab | a € A,b € B} (beware, this does not
correspond to the multiplication of ideals). Let I be an ideal in R. Prove that (a+1)® (b+1) C ab+1.
Does the opposite inclusion hold?

Solution. The inclusion to be proved is simply the fact that multiplication of elements in the factor
ring modulo I works. The opposite inclusion does not hold: e.g. 2 -2+ 5Z contains the prime 19, but
(24 5Z) ® (24 5Z) does not (the only factorizations 19 = (£1)(£19) use factors congruent to +1
(mod 5)).

11. Consider the principal ideal domain Q[z] and the ideals I = (23 + 2* + 2z + 2) and J =
(23 — 22% + 220 — 4).

a) Determine I +J, IJ, INJ, I* + J3.

b) Which factors modulo the principal ideals from part a) are domains?

c¢) Find all prime ideals which contain the ideal I, J, IJ, I N J, resp. J.

Solution. Let us factor the polynomials:
3., ,.2 _ 2 3 2 _ 2
r+art+2r4+2=(r+1)(z"+2), =22+ 20 —4=(x—2)(z°+2).

In a) we thus easily determine the required geds and lems:

I+ J=(2*+2), IJ = ((x3+x2+2x—|—2)-(x3—2x2—|—2x—4)),

InJ= ((x+ Dz — 2)(a? +2)>, 2y g8 = ((x2+2)2>.

b) A factor is a domain if we take the quotient by a prime ideal, which here corresponds to an
irreducible polynomial. Hence only I 4 J; the others are written as products of several polynomials.

c) Again we take all principal ideals generated by the irreducible polynomials from the factoriza-
tion.

12. Let R be a Noetherian ring and / < R an ideal. Prove that R/I is Noetherian as well.
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Solution. For a contradiction, let R/l not be Noetherian. The ideals in R/ are exactly of the form
J/I for J < R, J DI, sofor R/I to be non-Noetherian we must have an infinite increasing chain

/IS T)TC I /TS

But then J; € J;, € J3 € - -+ is an infinite increasing chain of ideals in I? as well — a contradiction.

13. We are given a ring R in which for every x € R there is an integer n > 2 such that 2" = z.
Prove that every prime ideal in R is maximal.

Solution. Let P < R be a prime ideal and let us look at R/P. We want to show that it is a field,
so let x + P € R/P be an arbitrary nonzero element and let us find its inverse. By assumption, the
original representative x € R satisfied " = z for a certain n > 2. This remains valid in R/P as well,
and since P is a prime ideal, we can cancel the element x + P # 0 + P, so

(r+P)"=a"+P=x+P,
(x+P)-(x+P)"?=1+P.

So every nonzero element of R/P has an inverse, so R/P is a field, so P is a maximal ideal.

6.2 Exercises 2

Gauss’s lemma, the Chinese remainder theorem, applications of Zorn’s lemma

1. Let R be a Gaussian domain and T its field of fractions. For every irreducible polynomial f € T[z]
there is u € T\{0} such that uf is an irreducible element of R[z].

Solution. We take u := Hp p~(f) This product makes sense, because only finitely many prime
factors p can give a nonzero content of the polynomial, since in each denominator of each coefficient
only finitely many prime factors take part. Then we get ¢,(uf) = v,(u) + ¢,(f) = 0 for every p, so
uf € R[z| is primitive. Since it is at the same time irreducible in T'[x], it is irreducible in R[z] by
Gauss’s lemma (in the form of Proposition [L.16])).

2. Let K be a field. Then K[z,y] and K[z, xs,...] (infinitely many variables) are Gaussian, but
K|z, y] is not a principal ideal domain (though it is Noetherian) and K|z, xs,...] is neither Noethe-
rian nor a principal ideal domain.

Solution. From Gauss’s lemma we have “R Gaussian = R][z] Gaussian”. We know that K|x] is
a PID, hence Gaussian, so K|z, y] ~ K|[z|[y] is Gaussian as well.

Similarly every K{zi,...,z,] is Gaussian. We use this for K[xy,...]: each of its elements f uses
only finitely many variables, so it itself lies in some K[x1,...,z,]. That is Gaussian, so there we
have a unique factorization. Moreover, we know that no factorization using some further variable can
work — we would necessarily have a positive degree with respect to it, whereas f has degree zero with
respect to x;, ¢ > n. The unique factorization of f in K[z, ..., ,]| thus remains unique in Kz, ...].

K[xz,y] is not a PID, because (z,y), i.e. the ideal generated by the elements x and y, cannot be
principal. Indeed, if (z,y) = (f) for some f € K[z,y], we would have f | z, so deg,(f) < deg,(z) = 0,
i.e. f is constant with respect to y. Completely analogously, f is constant with respect to z. So it is
a constant f € K, which is a contradiction, because no constants lie in (x,y) (each term contains z
or y in a positive power). All the more, K[z, xs,...] cannot be a PID either.

Noetherianity: Hilbert’s basis theorem says “R Noetherian = R|z] Noetherian”. A field K is
trivially Noetherian (it has only two ideals), so K[x] is Noetherian, so K[z, y] ~ K|z][y] is Noetherian.
On the other hand, K|z, zs,...] is not Noetherian, because we have the chain of ideals

(x1) € (21,22) C (21, 20,23) T -+ C (21, ..., 2,) & -

—= =
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3. Describe all ideals in the ring Z/(150) and characterize which pairs of them are comaximal.

Solution. The ideals in Z/(150) are of the form 7/(150), where I are the ideals (150) C I < Z. Since
Z is a PID, these I are exactly of the form (d) for d | 150 = 2-3- 5. Two such I /(150), I/(150) are
comaximal if and only if I;, I5 are comaximal in Z, which happens when their generators (I; = (d;),
I, = (dy)) are coprime — so e.g. (2)/(150) and (3)/(150) or (6)/(150) and (25)/(150).

4. Let R be aring. Using Zorn’s lemma, prove that every proper ideal is contained in some maximal
ideal.

Solution. Let an ideal I < R be given. Consider
A ={ideal J | I C J < R}

ordered by inclusion. Obviously I € A, so this partially ordered set is non-empty. Whenever B C A
is a non-empty chain, put J := (JB. That is an ideal (see the first exercise sheet) and it obviously
contains [. If it were not proper, then it would contain 1, so 1 would have to lie already in some
J € B, which is impossible. Hence J € A (and the empty chain has the upper bound I). This verifies
the conditions of Zorn’s lemma, so we have some maximal M in A.

We claim that it is a maximal ideal. If it were not, then there is some ideal I’ with M C I’ C R.
But then I’ would be proper and would contain I, so I’ € A, which contradicts the maximality of
M. So M is indeed a maximal ideal containing I.

5. Use the proof of the Chinese remainder theorem (in particular the step where 1 = a; + as) to
construct an explicit isomorphism Z/(n) x Z/(m) ~ Z/(mn) for n = 16, m = 35. Which well-known
theorem does the step in parentheses correspond to?

Solution. One direction of the isomorphism Z/(mn) — Z/(n) x Z/(m) is trivial:
2 (mn) o (5 + (1), 2+ (m).

To find the opposite isomorphism (a + (n),b + (m)) — 777 + (mn), we need z; + (mn) € Z/(mn)
such that z; — (1,0), and similarly some 2z — (0, 1). For this Bézout’s theorem is useful, because if
xn + ym = 1, then it suffices to take z; = ym and 2z, = an.

So we run the extended Fuclidean algorithm on n = 16 and m = 35:

35 10
6] 0 1
2 3] 1 —2
5 1]-5 11

Hence 1116 + (—=5) - 35 = 1. So we take z; = (=5) - 35 = —175, 2z = 11 - 16 = 176, which gives the
explicit isomorphism

Z/(n) x Z/(m) = Z/(mn),
(a+ (n),b+ (m)) — —175a + 176b + (mn).

(Bézout’s coefficients are not unique at all, so as integers we could choose other numbers here as
well; nevertheless their residue classes mod (mn) should still be the same.)

6. Realize that in an ordered set A there can also exist an uncountable chain B for whose indexing
the natural numbers are not enough. Find a couple of examples of such a situation. (There is no
catch in it; it is just so that one does not get the impression that in Zorn’s lemma it suffices to deal
with chains indexed by natural numbers.)

Solution. For example the real numbers with any ordering, or the power set of R ordered by in-
clusion, or anything else. Gourmets can also imagine their favourite monstrously large cardinal or
ordinal.
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7. Show that if ¢ : R — S is a ring homomorphism, then the relations ¢ (r) := ¢(r) for r €
R and ¢ (x) := z are satisfied by exactly one homomorphism ¢ : R[z] — S[z]. Moreover, v is
injective/surjective if and only if ¢ is injective/surjective.

Solution. For a general f = Z?:o r;x' € R[x] we simply put

d

W) = plra

=0

That v respects addition is straightforward; multiplication is somewhat less straightforward, but still
easy (the coefficients of products of polynomials are some expressions involving multiplication and
addition, which the homomorphism ¢ both preserves). Since we just apply ¢ “coefficientwise”, the
preservation of injectivity /surjectivity is also clear.

8. Let Rbearingand Iy,..., I, pairwise comaximal ideals in R. Realize that from the CRT we have
in particular an isomorphism of multiplicative groups (R/(Iy---1,))" ~ (R/I})* x --- x (R/1,)".
As an application of this fact, think about why for odd primes p # ¢ the group (Z/(pq))”™ cannot be
cyclic.

Solution. The ring structure already contains the structure of the multiplicative group, so their
isomorphism is just a weakening of the full CRT. Next, the order of (a,b) € Z) X Zx is the least
common multiple of the orders of a and b. Because of ged(p — 1,4 — 1) > 2 the order then cannot
reach (p —1)(¢ —1).

9. Prove using Zorn’s lemma: in a vector space, any linearly independent set can be extended to a
basis.

Solution. Consider the linearly independent supersets of the given set ordered by inclusion and
use Zorn’s lemma. A maximal one among them must also be generating, otherwise it would not be
maximal.

10. Let (M, <) be a partially ordered set. Prove using Zorn’s lemma that the ordering < can be
extended to a linear ordering, i.e. that there is an ordering < on M which is linear and satisfies:
r<y=>xyforal z,y e M.

Solution. A partial ordering is a relation, i.e. some subset of M x M, so the orderings themselves
can be ordered by inclusion. So let us have

A :={= D <| < is a partial ordering of the set M} .

Similarly as in the previous examples we verify the conditions of Zorn’s lemma; the upper bound
of a chain is always its union. Then we have some maximal < in A. For a contradiction, let it not
be linear, i.e. let there be some incomparable pair x, y in it, so that neither (x,y) nor (y,x) is an
element of <. Then we can choose to make y larger than x and add this relation together with all
its immediate consequences of transitivity. Formally speaking, we take

Q:=<U{(a,b) |a,be M, a<lx, y<b}

and we claim that this is again a partial ordering, which will contradict the maximality of <.
e Reflexivity: clear, all pairs (m,m) were already in <.
e Antisymmetry: for it to fail, some (b,a) would have to lie already in <. But then, thanks to
y<b<a<z,yand x would have to be comparable, which is a contradiction.

e Transitivity: for it to fail, we must have some k,¢,m € M such that k Q ¢, ¢ < m, but not
k < m. If we use only comparisons that were already in <, nothing has changed, so WLOG
let us assume that (k,¢) € < is one of the pairs of the form (a,b) that we added, i.e. k <z
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and y < ¢. Where does the pair (¢,m) € < come from? If already ¢ < m, then we simply have
y <l <m, soy <Im, so (k,m) will also be one of the pairs that we added to <. On the other
hand, if (¢, m) were to be one of the pairs that we added, this means ¢ < and y <m. But we
already had y <7 as well, so altogether y < ¢ < x, which means that z, y were comparable.

11. Let R be a Gaussian domain and 7T its field of fractions. Let us have a non-constant primitive
polynomial f € R[z]. Then f is irreducible in T[z] if and only if it is irreducible in R[z].

Solution. See Proposition [1.16p) in the notes.
12. * Let F' be a finite field. Show that any map ¢ : ' — F can be written as a polynomial.

Solution. The polynomials x—a for a € F' are pairwise coprime. So we can use the Chinese remainder
theorem: if we impose the congruences f = g(a) (mod = — a), there will be a polynomial satisfying
all of them. But f = f(a) (mod x — a), so such a polynomial will agree with g at all points.

13. * (Eisenstein’s criterion) Let us have a primitive polynomial f = a,z" + - -+ + a1z + ap with
integer coefficients and a prime p. Prove that if p{ a,, p | a; for i = 0,1,...,n — 1 and p? { ag, then
f is irreducible over Z. Try to think about a generalization for a general integral domain R instead
of Z.

Solution. For a contradiction f is reducible, i.e. f = gh. Then g and h must be primitive, so for
reducibility they must be non-constant. We reduce everything modulo p; the images of our polyno-
mials (in Z,[x]) will be denoted by a tilde. Then f = gh. But by the assumptions f = a,z". We
know that Zp[w]N is Euclidean, hence a PID, hence Gaussian, so from unique factorizations we must

have § = bya*, h = c,at, where k + ¢ = n. From non-constancy further k,¢ > 1. But then p divided
both constant terms in ¢ and h, so ag must be a multiple of p? — that is a contradiction.

14. * Using Zorn’s lemma, prove that if a ring R has a proper ideal which is not finitely generated,
then it also has a prime ideal which is not finitely generated.

Solution. In the standard way, using Zorn’s lemma we construct an ideal which is maximal among
those ideals that are not finitely generated; let us call it P. Then it remains to prove that this
ideal is a prime ideal. To this end we need to proceed by contradiction and use the fact that every
larger ideal must already be finitely generated. Here is an outline of the proof following this (https:
/ /math.stackexchange.com/a/146899) answer on stackexchange — thinking through the individual
steps is left to the reader:

1) If, for a contradiction, P is not a prime ideal, take x,y € R such that xy € P, but z,y ¢ P.

2) P+ (y) is above P, so it is already finitely generated: P + (y) = (p1 + 1Y, ..., pn + Tny) with
pi € P.

3) P,:={s € R|sye P}is an ideal and it lies above P, so again P, = (s1,..., Sm).
4) Take an arbitrary p € P and express it as an element of P + (y) by means of the generators.

5) Express the corresponding linear combination of ry,...,r, as an element of P, by means of the
generators.

6) P = (Pl, <5 PnyS1Y; - - ,Smy), a contradiction.

6.3 Exercises 3

root fields and splitting fields, algebraic closure, the Galois group, separability

1. Let a be an algebraic element over a field 7. Then [T'(«) : T| = deg ma.r-


https://math.stackexchange.com/a/146899
https://math.stackexchange.com/a/146899
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Solution. Let n := degmgr. I claim that 1,«,...,a" ! is a basis of T'(a) as a vector space over

T. That it is a generating set: it suffices to generate any power o*. For k < n — 1 we can do that
trivially. The minimal polynomial says that

o™ + (some linear combination of 1,...,a" ') =0,

so ™ = some linear combination of 1,...,a" !, so we can rewrite every higher power of a as a

linear combination of lower ones — by sufficiently many repetitions we obtain a linear combination
of 1,...,a™ 1. That it is a linearly independent set: a T-linear combination of 1,...,a" ! is just the
value of some polynomial of degree < n — 1 at a. If it is a nontrivial combination (not all zeros),
then it is a nonzero polynomial, so by the minimality of m, ¢ it cannot have « as a root.

2. For a field T and a polynomial f(x) determine all possible root fields for f over T, the splitting
field for f over T, the degrees of all these field extensions and also their Galois groups over 7"

a) f(z) =2>+3, T =R, b) f(z)=2*—-1,T =Q, *) fla)=2-2, T =Q.

Solution.

a) The roots of 22 + 3 are +v/—3. We have R(y/—3) = R(—+/—3) = C, so C is the root field and

at the same time the splitting field. 22+ 3 is quadratic and has no root in R, so it is irreducible.
C D R then, as a root field of a quadratic irreducible polynomial, has degree 2.
Gal(C/R) has two elements: one automorphism is the identity, the other the complex conju-
gation z — Z. That these are automorphisms: for id it is trivial; for complex conjugation we
know e.g. from algebra that it respects addition and multiplication, fixes the real numbers and
moreover is a bijection, so it is indeed an R-automorphism of the field C. That no further
automorphisms exist: we know that in an extension of degree 2 the Galois group must embed
injectively into S5. But that is a two-element group, so we cannot have more than two elements
in Gal(C/R).

b) f has the roots £1, which are both elements of Q. The root field and the splitting field is thus
only Q itself, the degree of the extension is 1 and the Galois group is trivial.

c) This part is already harder and will be solved more easily with more advanced tools from the
lecture. So, without proof: there are three root fields — Q(+/2), Q(e% V2), Q(e = V/2). Each is
of degree 3 (root extensions of an irreducible polynomial of degree 3), but their Galois groups
are trivial. The splitting field is Q(e%, V/2) and it has degree six. Its Galois group has six
elements and is isomorphic to Ss. It can be generated by two elements, one of which fixes /2
and complex-conjugates e to e%, while the other fixes e*5* and rotates /2 to 5 2.

3. Let us have fields T" C U C V. If V is algebraic over U and U is algebraic over 7', then V is
also algebraic over T'.

Solution. First the baby version, when the extensions are moreover finite (a finite extension is
necessarily algebraic — see ) Then we can simply say that

V:T)=[V:U]-[U:T]

is finite, so V' D T is algebraic.
Now the grown-up version with potentially infinite extensions. We take a € V' and show that it is
algebraic over T'. We know that it is algebraic over U, so it is a root of some

f=upa" 4+ +wx +uy € Ulz].

Obviously « is then also algebraic over T'(uy,...,u1,up). Then T(a, uy,...,ug) is algebraic over
T(uy,...,uy), which is algebraic over T' (since it is a subfield of U). But these are certainly finite
extensions, so by the baby version T'(«, u,,...,uq) is an algebraic extension of T', so « is algebraic
over T
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4. Let U D T be a field extension and o € U a root of some separable f € T[z]. Then « is
separable over T'.

Solution. mer | f. Now if m, 7 had a multiple root in T, then by divisibility f would have it as
well, a contradiction.

5. A field extension of finite degree is necessarily algebraic.

Solution. Let [U : T| < co. But then for every a € U we have T'(a) C U, so
[T(a):T)<[U:T] < o0,

which means that a is algebraic over T
6. Let us have field extensions V O U D T. Then [V : T] = [V : U]-[U : T1.

Solution. Let n:=[U :T], m:= [V : U]. Further choose {u;}; | a basis of U as a vector space over
T and {v;}7_, a basis of V as a vector space over U. I claim that {u;v;}i=1...n is a basis of V as a
j=1

-----

vector space over T. That it is generating: any v € V' we first express as

m
v = E Oéj"Uj,
=1

where o are coefficients belonging to U. Each of them can therefore be expressed as

n
oy = E B jus,
=1

so that we subsequently have
n m

v = E E ﬁi’j-uivj.
i=1 j=1

That it is independent: let

n m

0= ZZB@;’  UiVj

i=1 j=1

and let us show that all §; ; must be zero. In the sum we can collect o; := "> | 5; ;u; € U; then we
have 0 = 7™ | ajv;, which by the linear independence of the basis {v;} means a; = -+ = a,, = 0.
Similarly, for every j = 1,...,m, 0= 3" 5 ju; means, thanks to the linear independence of {u;},
that all 3; ; are zero.

7. Let T C U be an algebraic field extension and U C K (not necessarily algebraic). Then K is an
algebraic closure of U if and only if K is an algebraic closure of T'.

Solution. Being an algebraic closure of a field means being its algebraic extension and at the same
time being algebraically closed. Algebraic closedness is just a property of the field K, which does not
depend on over which smaller field we look at it. As a consequence of [3]., further K D T is algebraic
if and only if K D U is algebraic.

8. Let ¢ : K — R be a ring homomorphism. Recall that when K is a field, ¢ must be injective.

Solution. Ker ¢ is an ideal in K, but fields have only two ideals (the zero ideal and the whole field).
Moreover, by the definition of a ring homomorphism, ¢(1x) = 1g, so 1 ¢ Ker ¢, hence Ker ¢ = 0.

9. For a field T" and a polynomial f(z) determine all possible root fields for f over T', the splitting
field for f over T', the degrees of all these field extensions and (possibly) also their Galois groups over
T:
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a) flx) =2 +1, T =Q, *c) flx) =2+ 1, T = Zr,
b) f(x) =2 -1, T =Q, *d) f(z) =2" -1, T=Q, neN,.

Solution. a) root field = splitting field = Q(7), [Q(i) : Q] = 2, Gal(Q(i)/Q) = {id, (z — 2Z)} ~ Zs.

b) The root field can be Q(1) = Q(—1) = Q (degree of the extension 1, trivial Galois group), or
Q(i) = Q(—1), which we have already seen. The splitting field is Q(7).

¢) The root field and the splitting field is Z;(i). What does this mean? Simply, to Z;, where the
polynomial 22 4+ 1 had no root, we add an element i, to which we assign the property > = —1. The
result is a field with 72 = 49 elements. The degree of the extension is 2, the Galois group has two
elements (the identity and the “complex conjugation” a + bi — a — bi for a,b € Zr).

d) Let ¢, := e’n . Then the root fields are all Q(¢?). All of this is contained in Q((,), which is
thus the splitting field. (For j not coprime to n, Q(¢J) may be different from Q((,), so for “highly
composite” n we can get many mutually non-isomorphic root extensions.)

Determining the degrees in full generality is hard: there is the (hard) theorem saying that the
minimal polynomial of (, (the so-called n-th cyclotomic polynomial) has degree ¢(n), from which it
follows that [Q((,) : Q] = ¢(n). Moreover, then Gal(Q((,)/Q) ~ (Z/nZ)*.

10. Let S D T be fields, S algebraically closed and U = {a € S | a algebraic over T'}. Then U is
an algebraic closure of T'. (Proposition [2.8] of the notes)

Solution. The proof is in the notes. ..

11. Let T, U be fields of characteristic 0. Then Q C T, U and every homomorphism ¢ : T" — U is
a Q-homomorphism. (In characteristic p the field Z, has the same property.)

Solution. By the definition of a homomorphism we must have ¢(1) = 1. Then we also easily get
©(2) = p(14+1) = p(1)+p(1) = 1+1 = 2; in this way by induction we get ¢(n) = n for all natural n.
Further we know 0 = ¢(0) = ¢(n+(—n)) = ¢(n) +p(—n) = n+¢(—n), so necessarily p(—n) = —n.
Hence we have p(n) = n for every integer n. Then for § € Q we similarly get

pzw(p)zw(qg) Zw(q)~¢(g)=q~s@(g>7

so ¢ () = 2. Hence ¢ indeed fixes all rational numbers.
q q

12. An element « is algebraic over a field T" if and only if T'(a) = T'[a].

Solution. Let 8 € T[a] be nonzero; 3 is algebraic as well, since T[] has finite dimension over T.
Then its minimal polynomial mgr has a nonzero constant term (otherwise x | mgr), so

n
mpgr(zr) = Z bix',
i=0

where by # 0. But then we can rearrange to % = —% S b8 Similarly, conversely, from an

expression of the inverse we get back a minimal polynomial.
13. * No finite field is algebraically closed.

Solution. Let us have a finite field F' and let n := |F'|. Its multiplicative group has n — 1 elements,
so by Lagrange’s theorem a"' = 1 for a € F \ {0}. From this we deduce that a" = a for every
a € F. So the polynomial " — x has every element of F' as a root, which however means that the
polynomial ™ — x + 1 has no roots in F' — F' thus cannot be algebraically closed.
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14. * Let p be a prime, T' = Z,(y) and U = T'(y/y). Determine [U : T, [U : T, and Gal(U/T).

Solution. ¢/y is a root of 2P — y, which is irreducible using Eisenstein’s criterion over the PID
Zyly] (with the help of Gauss’s lemma one gets the irreducibility over Z,(y) as well), so it is already
the minimal polynomial. Hence directly [U : T] = p. But 2? —y = (z — ¢/y)? (in characteristic p
raising to the p-th power is a homomorphism), so this minimal polynomial has only one unique root.
Any T-homomorphism U — T must thus send ¢y again to ¢y, which means that the only such
T-homomorphism is the identity. Hence [U : T]; = 1. In view of [U : T]s > # Gal(U/T), the Galois
group must then be trivial.

15. * The algebraic closure of an infinite field 7" has the same cardinality as T

6.4 Exercises 4

separable, normal, simple and Galois extensions

1. Let U D T be an extension of finite degree. Prove that it is Galois if and only if [U : T| =
# Gal(U/T).

Solution. Let us write down a series of inequalities:

1 —, @
[U:T) > [U:T), = # {T-homomorphisms U — T'} >

—
~

©)
> # {T-homomorphisms U — U} # {T-automorphisms U — U} =
= # Gal(U/T).

One of the later equalities is provided by Proposition of the notes (we may use it, because finite
degree implies algebraicity). In (1) equality occurs if and only if U D T is separable, while in (2)
equality occurs if and only if U D T is normal. Given that we already have an extension of finite
degree, Galoisness occurs exactly when the extension is both separable and normal, i.e. exactly when

equalities occur in (1) and (2), i.e. exactly when [U : T] = # Gal(U/T).

2.  (preservation and composition of distinguished properties) Let V' O U D T be field extensions.
If you know that the extension V' O T has property X, decide whether V' O U or U D T must
necessarily have property X as well. If you know that both V'O U, U D T have property X, decide
whether V' O T must necessarily have it as well.

a) X = of finite degree,

b) X = algebraic,

c) X = separable,

d) X = normal,
e) X = Galois.
Solution.

a) Both partial extensions must be of finite degree; conversely, if both are, then V' O T is of finite
degree as well.

b) Likewise both partial extensions are algebraic and their algebraicity already implies the alge-
braicity of V' O T' (see the previous exercise sheet).

¢) Both partial extensions must be separable: « € V' is a root of a separable f € T/[x], which is
also € Ul[x]; whereas 3 € U is separable over T purely because 5 € V. In the opposite direction:
for [V : T] < oo this easily follows using separability degrees. In the general case, if v € V, then
it is separable over U, hence a root of a certain f = a,2" + -+ + a1 + ag € Ulz], so separable
over T'(ag, ..., a,). We know that both T'(ag,...,a,) D T and T(v,a,...,a,) D T(ag,...,ay)
are separable and of finite degrees, so v is already separable over T
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d) V D U must be normal (a U-homomorphism is in particular a T-homomorphism), U D T not
necessarily (e.g. Q(w,v/2) D Q(v/2) D Q). Similarly Q(v/2) > Q(v/2) D Q shows that V > T
need not be normal, even if both VO U and U D T are.

e) We just put together the answers for finite degree, separability and normality. V' O U must
be Galois, U D T not necessarily; the converse implication does not hold either (the same
counterexamples as for normality).

3. Decide for the following extensions which of the distinguished properties from Problem [2} they
have and which they do not:

a) C DR, b) Q(v/2) D Q, *c) Zy(x) D Ly, *d) Q O Q.

Solution.

a) [C:R] =2, so0itis an extension of finite degree, in particular also algebraic. We get separability
for free thanks to characteristic 0, and it is normal e.g. thanks to the fact that C is the splitting
field of the polynomial 22 + 1 over R. Consequently it is also a Galois extension.

b) The degree is 3 < oo, so it is certainly an algebraic extension. Separability is free thanks to
the characteristic, but the extension is not normal — the polynomial 2® — 2 has one root in the
extension, but the other two not. Consequently the extension cannot be Galois either.

c) As a vector space over Z,, already Z,[z] has infinite dimension, which can only increase by
passing to the field of fractions Z,(x). So it is not an extension of finite degree. Further, the
element x € Z,(x) is not a root of any nonzero polynomial from Z,[y|, so it is not an algebraic
extension. As a consequence, it does not even make sense to talk about separability or normality,
so not about Galoisness either.

d) The algebraic closure contains all algebraic extensions, and we can certainly construct them
arbitrarily large, so we must have [Q : Q] = oo. (One can, however, think about the fact
that the dimension of Q as a vector space over Q is only countable, because Q itself has only
countably many elements.) Directly from the definition of the algebraic closure it must be an
algebraic extension. Then it is also separable for free, because of characteristic 0. Normality will
also hold trivially: when we unfold the definition of normality, in this case it means whether
every Q-homomorphism (7-homomorphism) Q — Q (here meant as U — T') is in fact Q — Q
(here meant as U — U), which holds completely tautologically. So the extension is normal, but
it will not be Galois, because it does not have finite degree.

4. Let V O T be a Galois extension and V' O U D T. Prove that [U : T| = %

Solution. By .e), V D U is also a Galois extension, so from (1} we get
#Gal(V/T) [V :T]

LGavn) oo YT

5. Let f € T|x] be a polynomial with the factorization into mutually non-associated irreducible
polynomials f = f;--- fx. Consider the Galois group of the splitting field of f over T as a group of
permutations of the set of roots of f. Show that each of these permutations must have at least k
cycles.

Solution. Since the individual f; are mutually non-associated, their sets of roots A; are mutu-
ally disjoint (indeed, if & € A; N A;, this already means mq 7 | f;, f;). But we know that every
T-automorphism permutes the roots of the same irreducible polynomial from T'[x] only among them-
selves. So every element of Gal will permute each A; only inside A;. In each A; at least one cycle
must occur (it is a non-empty set), so altogether there will be > k cycles.

6. (review from the lecture) Let U be a field, G < Aut(U) a subgroup and 7" C U a subfield. Then
Gal(U/ Fix(U,G)) D G and Fix(U,Gal(U/T)) D T.
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Solution. Obvious after unfolding the definitions: e.g. Fix(U, Gal(U/T)) is the set of those elements
u € U such that ¢(u) = u for every ¢ € Gal(U/T'). But the elements of the Galois group leave the
elements of 7" in place, i.e. p(t) =t for every ¢ € T, which already implies T' C Fix(U, Gal(U/T)).

7. Let U D T be a separable extension of finite degree. Show that there is a field V such that
UcCV,[V:T]<([U:T])! and the extension V D T is Galois.

Solution. From the lecture, a separable extension of finite degree is simple, so let U = T'(«). This is
a root field of the polynomial m, 7 over T', so let us also consider its splitting field, which we denote
by V. That is certainly an extension field of U and it is normal. Let n = [U : T = deg mq, 1. We know
that m,, 1 is separable, because « is separable over T', so m,, r has n distinct roots a1 = o, ag, . . ., .
All these elements are separable over T', because they have the same (separable) polynomial. So
V =T(ay,...,q,) arises by adding several separable elements, so it is a separable extension of T
Altogether it is thus also of finite degree (we added finitely many algebraic elements), and hence
Galois.

Finally let us estimate [V : T]. That is the same as # Gal(V/T'), but this group embeds into the
group of permutations of the set {a1,...,a,}, which has order n!. We can even say

VT | ([U:T)).

8. By Proposition 2.26], if U D T is an algebraic extension, then every T-homomorphism ¢ :
U — U must even be a T-automorphism. Think about why algebraicity is necessary — for 1" = 7Z,,
U = T(x) (the field of rational functions) find a 7T-homomorphism ¢ : U — U which is not a
T-automorphism.

Solution. A generic element of U is of the form g, f,g € T[z], g # 0. Let us introduce the homo-
morphism

p:U—U,
o f@?)
g g9(z?)’
i.e. “instead of x we write 22”. It is easy to see that this does not depend on the particular way of
writing the fraction £ and that it is a homomorphism (substitution preserves the operations). But it
is evidently not surjective: x € U can never be written as a quotient of two polynomials containing
only even powers of z: in the equation f(x?) = x - g(z?) the left-hand side has even degree, while the
right-hand side has odd degree.

9. Let T be a field with char T # 2 and a,b € T elements with \/a, v/b, Vab ¢ T. Then [T'(v/a, v/b) :
T] = 4.

* You can try to prove Gal(T'(y/a, Vb)/T) =~ Zy x Zs.

Solution. Consider T C T(y/a) C T(y/a,/b). Bach time we extend by the square root of something
lying in the previous field, so each of the degrees of the two partial extensions is either 2 or 1. To
show that both are 2, it suffices to see that v/a ¢ T and v/b ¢ T'(y/a). The first non-membership we

have directly from the assumptions; for the second assume, for a contradiction, that v/b = u + vy/a
for some u,v € T'. By manipulations we then have

Vb —wv a = u,

b — 20Vab + via = u?,
20vab = b+ v’a — u’.
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Let us distinguish two cases: if v = 0, then by the expression vb = u we would in fact have vb € T,
which is a contradiction. Otherwise v # 0 and in view of the given characteristic # 2 we also have
2 # 0, so we get

b 2, .2
Vab :#eﬂ
v

which is again a contradiction.

Altogether we must have had v/b ¢ T'(y/a), which already implies [T'(v/a, v/b) : T(y/a)] = 2. Hence
[T(va,Vb): T) =2-2=4.
10. An extension U D T is normal if and only if there exists a set M C Tx] such that U is a
splitting field of the set M over T.

11. * (existence of the separable closure) Let U D T be a field extension. All the elements o € U
that are separable over T" form a subfield of U.

Solution. Put V := {a € U | « is separable over T'}. We only want to show that this set is closed
under the field operations. So let us have some «a, 8 € V. These are separable elements over T', so from
the lecture we know that T'(«, B) D T is a separable extension. But then all the possible operations
(sums, products, inverses, ...) we can perform with «, [ give results lying in T'(«, ), so they will
also be separable, hence they will again lie in V| which is what we wanted.

12. * Let p be a prime, U = Zy(z,y), T = Z,(2P,y?). Prove that the extension U D T is not
simple.
Solution. Suppose for contradiction that U = T'(f/g), where f,g € Z,[x,y], g # 0. Let us write
f= Z Cijxiyja
i,j>0

where the coefficients ¢;; are from Z,,. In characteristic p raising to the p-th power is a homomorphism,
SO

fp—Zcp (@) (yP)) € Zy[a®, yP).

4,720

Similarly g? € Z,[2?,y"], so (f/g)P € T. This means that [U : T] < p.

We show that the degree of the extension is in fact larger. Indeed, x has the minimal polynomial 2P —
xP over T'[z] (notationally this may be slightly confusing, but it is just an application of Eisenstein’s
criterion and Gauss’s lemma, which we have already seen several times — because z?, although from
the notational point of view it looks reducible, is a prime element of Z,[z?, y*]). Similarly y will have
the minimal polynomial 2P — y? over T'(x), so we get

U:T] = [T(z.y): T} = [T(z,y) : T(2)] - [T(x) : T] = p*,

which contradicts [U : T] < p.

6.5 Exercises 5

computing Galois groups, the Galois correspondence

1. Determine the Galois group of T' D> Q and all fields U, T' > U D Q, if
a) T = Q(i,v2), b) T = the splitting field of 2 — 2 over
Q.

Solution. a) Clearly [T : Q] = [T : Q(v/2)][Q(v/2) : Q] = 2-2 = 4; moreover it is the splitting field of
the polynomial (2% —2)(x?+1), so it is normal, separable (characteristic 0) and of finite degree, hence
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Galois. So we immediately know that # Gal(T/Q) = 4. At the same time every Q-automorphism
¢ € Gal(T/Q) has two possibilities where to send /2 and two where to send i. If 4 automorphisms
are really to arise, every combination of these two possibilities must give a valid automorphism, so
we have four automorphisms of the form

Oap - I — T,
i (—1)%,

V2 (-1)°V2

for a,b € Z,. 1t is easy to see that composition will correspond to the addition of the pairs (a,b) in
the group Zs X Zs, so Gal(T/Q) ~ Zg X Zs.

To determine the subfields, let us examine the subgroups of Zs x Z,. Clearly, apart from the trivial
ones Zs X Zy and {(0,0)}, we can only have two-element subgroups; but everything except (0,0) has
order 2, so each of the three nonzero elements generates a two-element subgroup. Hence:

ZQXZQ

AN

((1,0)) (1, 1)) ((0,1))

N
{(0,0)}

Let us now apply the Galois correspondence; if we keep the orientation of the diagram, then for the
resulting fixed fields we shall draw the larger fields lower. For the trivial subgroups we immediately
know that the corresponding fixed field must be Q resp. T', while for the two-element subgroups the
fixed field is easy to determine, since being fixed by the identity is trivial, so there always remains
just one condition, e.g. Fix(T, (010)) = Fix(T,i — —i) = Q(v/2), because v/2 is fixed and it already
generates an extension of degree 2, which is what we know should come out. In the same way we
obtain the remaining fixed fields:

N

Q(v2) Q(v2) Qi)

\\/

Q(i,v2) =T

b) In the previous exercise sheets we have already seen that T' = Q(+v/2, €2™/3) and that [T : Q] = 6.
It is a Galois extension, and the six-element group Gal(7'/Q) has to embed into S3 (permutations of
the three roots of z° — 2), so we must already have Gal(T/Q) ~ S

S3 has the following structure of subgroups: the only subgroup of order 3 is the group generated
by either of the two 3-cycles, which happens to be the alternating group Az as well. Of order 2 there
are only the subgroups generated by each of the three transpositions; these are of course isomorphic
to Zs. Schematically we can thus draw:



6.5. EXERCISES 5 79

S3

A

How do we determine the fixed fields now? The two-element groups are generated by transpositions
of two roots and should correspond to a cubic extension — and the field generated by the third root,
which the transposition leaves in place, fits exactly. On the other hand, the fixed field of Az should
be a quadratic extension of QQ, and since we know that there should be only one, it suffices to notice

the subfield Q (e*™/?). Hence:

27rz/3 \\
27r7,/3\/_ @ (6471'2'/3\3/5)

%

2. For the field extension U D T determine [U : T] together with a basis of U as a vector space over
T, decide whether it is a Galois extension, and if so, determine also all the fields V, U DV D T, if

a) U:@(\/E762m/3)7T:@7 C) U:@(\/Ev \/§7 \/5),T:Q,
b) U=Q(V3),T=0Q, d)Uz@(\/1+\/§),T:Q.

Solution. 1 only give the Galois groups and the intermediate fields, provided they are not too
complicated.
a) By a trick one can notice that Q(e*™/3) = Q(v/=3), so U = Q(v/2, v/—3). Similarly as in[1la) we
get Gal(U/T) ~ Zy x Zy, and the intermediate fields are Q, Q(v/2), Q(v/—=3), Q(v/—=6), Q(v/2, v=3).
b) It is not Galois, because 3 — 3 has two more complex roots, which will be missing in U C R.
¢) Gal(U/T) ~ Zs3. There will be many intermediate fields; if I have not miscounted, seven of
degree 2 and seven of degree 4:

Q(v2), Q(V3), Q(+5), Q(V6), Q(V10), Q(V15), Q(V30),
Q(V3,v5), Q(V2,v5), Q(v2,Vv3), QV5V6), QW3,V10), Q(2,V15),
Q(V6,/10).

d) It is not Galois. Clearly v/1 4 /2 is a root of (2% —1)?—2, which under the substitution z = y+1
can be rewritten as (y? +2y)? —2 = y* +4y3 +4y* — 2, and this is irreducible by Eisenstein’s criterion

with p = 2, so (22 —1)? — 2 must already be the minimal polynomial of v/1 + v/2. But another of its
roots is for instance /1 — v/2 ¢ R, whereas U C R, which already witnesses that U is not normal.
3. Let U be the splitting field of a polynomial f over a field T'. Determine U, [U : T, a basis of

U over T and Gal(U/T) (you may also think about the fields V', U D V D T, but they often look
rather ugly), if
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Q ¢) f=(2>=3)(a*-5), T =Q(v2),

=a* -2, T =Q(em?), *) f=("-1)?-2,T=0Q
Solution. a) U =T , U T) =2, Gal(U/T) ~ Zs, the intermediate fields are only the trivial
ones.

b) U =T(v/2), [U:T) =3, Gal(U/T) ~ Zs, the intermediate fields are only the trivial ones.

¢) [U:T] =4, Gal(U/T) ~ Z3, the intermediate fields are the trivial ones and T'(v/3), T'(v/15),
T(V/5).

d) U =T(V/14++2,i), [U:T) =8, Gal(U/T) ~ Ds, the intermediate fields look complicated, so
I take the liberty of omitting them.

4. Let us have fields V D U D T such that both V D T and U D T are normal extensions. Then
Gal(V/U) «Gal(V/T) and Gal(V/T)/ Gal(V/U) ~ Gal(U/T).

Solution. Let me additionally assume that V' O T is a Galois extension (then in particular U D T
has finite degree). Consider the map defined by restriction

—~
>
~—

Gal(V/T) — Gal(U/T),
= oly.

First let me justify that |, really is a T-homomorphism U — U. That it is a T-homomorphism is
clear. Then we certainly know at least that it is a 7-homomorphism U — T. By the definition of
normality it is therefore in fact U — U. It is a field homomorphism, hence also an injective T-linear
map. U has finite dimension over 7', so a linear endomorphism is injective if and only if it is surjective,
i.e. if and only if it is an automorphism. This proves that ¢|,; is an automorphism of U.

That the restriction preserves composition of automorphisms is obvious. So we have a group
homomorphism. I claim that it is surjective; so let ¢ € Gal(U/T) be given and let me find its
preimage. Let V' = T'(«) (a Galois extension, so in particular separable of finite degree). Then V'
is the splitting field of the polynomial f := m,r over 7. But by Proposition of the notes we
can extend the T-isomorphism U =: T} — T; := U to some 1 between the splitting fields of the
polynomial f resp. ¢(f). But f has coefficients from 7', so p(f) = f, and the splitting field of f
over U is certainly V' (it is already a splitting field over T'). So we have extended ¢ : U — U to
Y : 'V — V, which is what we wanted.

So we have a surjective group homomorphism. What is its kernel? ¢|, = idy occurs exactly
when ¢ leaves U in place, i.e. ¢ € Gal(V/U). The kernel is therefore Gal(V/U) < Gal(V/T), which
immediately makes this subgroup normal, and moreover by the first isomorphism theorem we have

Gal(V/T)/ Gal(V/U) ~ Gal(U/T),

as we wanted.

5. Let us consider cyclotomic fields.
a) Recall that Gal (Q(e*™/")/Q) ~ Z). Assume that you already know [Q(e*™/") : Q] = ¢(n).
b) Let U be the splitting field of 22°—1 over Q(i). Determine Gal(U/Q(i)) and all the intermediate
fields V, U 5 V 5 Q(i).
¢) * Let U be a root field of 2 4+ z? — 2x — 1 over Q. Determine Gal(U/Q).

Solution. a) Let ¢ := ¢*™/". We know that this is a root of the n-th cyclotomic polynomial, whose
roots are exactly the ¢* for k € Z*. From this it follows, on the one hand, that Q(() is at the same
time a splitting field of the n-th cyclotomic polynomial, so it is a Galois extension of Q. But we also
have at most ¢(n) possible images for ¢, namely the individual (¥, k € Z*, so all these k must give
an automorphism. Under composition we see

¢ (M ()R = (),
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from which Gal (Q(e*™/")/Q) ~ ZX is immediately visible.

b) We know that Gal(U/Q) ~ Zj, and that Gal(U/Q(i)) is a subgroup of it. So we need the
automorphisms given by ¢ — ¢*, k € {1,3,7,9,11,13,17,19}, such that i — i. Thanks to i = ¢® this
means i* = i, i.e. k = 1 (mod 4), which leaves us with the subgroup {1,9,13,17} ~ Z: ~ Z, (since
132 = 9, the element 13 must already have order 4). This then has only one nontrivial subgroup
{1,9}.

I claim that the corresponding fixed field can be described for instance as Q(i)(¢*+ ¢4 — (8 —(78).
To see this, notice that ¢ — (% = —(71, so ¢* — (=1)4 ™%, from which

C4+<_4_C8_<_8'_>C_4+<4_<_8_C8

is fixed. This expression is in fact equal to v/5 (one can spot this from what is known about Gauss
sums from the second-year Number Theory courseED, so the only nontrivial field lying between U and
Qi) is Qli, v3).

¢) Denote ¢ := €2™/7 and let us look at the problem inside V := Q((). I claim that U = Q(¢+¢ 7).
That ¢ +(~!is a root of f is verified by substitution, and in the same way one verifies that the other
two roots are (2 + (2 and (3 + (3. It is also easy to express that these already lie in Q(¢ + (1) via

CHP=C+N) -2 CHP =+ =3¢+ .

Then we already see that we have a Galois extension (a splitting field) of degree 3 (it is at the same
time a root field, and f is irreducible, e.g. by trying out all the possibilities from the rational root
theorem), so we must already have Gal(U/Q) ~ Z3 (the only three-element group). From this it also
follows that U has no nontrivial subfields.

6. Let us have an extension U D Q of finite degree which, however, is not normal. Think about
whether we can nevertheless somehow use the Galois correspondence to find all the fields V., U D
V' D Q. More generally, consider the same for an extension U D T which is separable and of finite
degree, but is not normal.

Solution. Last time we saw that for a separable extension U D T we can find V' O U such that
V D T is Galois. Then we can compute Gal(V/T') and look for subfields of the larger V' using the
Galois correspondence. Those among them which are even subfields of U will correspond to the
overgroups of the subgroup Gal(V/U) < Gal(V/T).

7. * Let U be the splitting field of a polynomial f over a field T. Determine U, [U : T, a basis of
U over T and Gal(U/T) and all the fields V, U DV D T, if

a) f=a—5T=17Z, o) f=at —z, T =17,
b) f:f[]4—3,T:Z5,

Solution. a) f has no root in T and it is cubic, so it is already irreducible. Since 1, 2 and 4 are
the cube roots of unity in Zz, if a is a root of f, then so are 2« and 4a, so the root field Z(a) will
also be the splitting field U. Hence [U : T] = 3, so the Galois group is Zz and we have no nontrivial
intermediate fields.

b) f has no root in T, and writing out the equations following from a factorisation z* — 3 =
(z? — ax + b)(2* — cx + d) shows that no such factorisation exists, so f is irreducible. Now 1, 2, 3,
4 are the fourth roots of unity in Zs, so for a root a of the polynomial f the multiples of o already
represent all the roots, so again the root field Zs(«) is at the same time the splitting field. Then
we see [U : T| = 4. The automorphisms must correspond to a — ka, k = 1,2,3,4, which under
composition will look like

o — ]{7106 — ]{Il(kz()é) = (]{71]{32)067

'T would also expect one to see it after staring at a regular pentagon long enough.
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from which we see Gal(U/T') ~ Z? ~ Z,. The two-element subgroup here is {1,4}. The element four
corresponds to o — 4 = —av, so a® must be fixed by this automorphism. It is a root of the quadratic
polynomial 2% — 3, so we indeed obtain a quadratic extension

Fix(U, {1,4}) = Zs(a?).

c¢) In characteristic p the map a — a® is a ring homomorphism (it respects both multiplication
and addition), so its k-fold composition a — a?" will be a homomorphism as well. The set of roots of
f= 2P — 7z is therefore itself closed under addition, multiplication and multiplicative inverses, so it
forms a field. This then has p* elements, so it is an extension of Z, of degree k. The homomorphism
a — aP is an automorphism, and by composing it we produce k distinct automorphisms (because
only the k-fold composition a a?" = a is the identity). This means that the Galois group is cyclic.
The subfields are the splitting fields of the polynomials f, = 2P — z for ¢ | k.

8. ** Observe that if Gal(T'/Q) ~ Ay, then there is no field U, T D> U D Q, with degree [U : Q] = 2.
If you feel confident, try to prove that the splitting field of f = 2* + 8z + 12 over Q is an example
of such a T'. (I have not managed to prove it so far, but according to a trustworthy source it should
be true.)

Solution. By the Galois correspondence the intermediate fields of T" D Q correspond to the sub-
groups of Gal(7T'/Q). The degree [U : Q] = 2 would have to correspond to a subgroup of Gal(7/Q)
of index 2, but A4 has no such subgroup.

A proof that the Galois group A, really occurs for the splitting field of f = 2% + 82 + 12 can be
found by an eager reader here:
https://kconrad.math.uconn.edu/blurbs/galoistheory/cubicquartic.pdf (Example 3.3)

6.6 Exercises 6

algebraic sets, Hilbert’s Nullstellensatz, radicals

1. Decide which of the following sets are algebraic:

a) {(t,t*,t*) e K*? |t € K}, d) * Z?* as a subset of R?,
b) {(cost,sint) € R? | t € R}, e) *{(t,sint) € R* | t € R}.
c) Z as a subset of R,
Solution. Everywhere let X denote the given set.
a) I claim X = V(z? — y,2% — 2), which witnesses that X is algebraic. Let us prove the two
inclusions. Every point of the form (¢, % ¢*) will be a zero of both polynomials, because

()= () =0, (t)* = (%) =0,

so X C V(2% —y,2® — z). For the opposite inclusion, let both polynomials 2% — y, 23 — z vanish at
(a,b,c) € K3. This means that
b=a? c=a’
so if we put t := a, then we already have (a,b,c) = (¢,t%,t3) € X, which proves X = V(22 —y, 23— 2).
b) X = V(2? +y* — 1), so it is an algebraic set. The inclusion C is clear from the Pythagorean
identity (cost)? + (sint)? = 1. For the opposite inclusion, let (a,b) € R? satisfy a? + b* — 1 = 0; then

1=a*+ b > ad?

so |a| < 1. Hence a lies in the image of the function cos : R — [—1, 1], so there exists ¢ € R such that
a = cost. Then
a® + (sint)? = (cost)®* + (sint)* = 1,


https://kconrad.math.uconn.edu/blurbs/galoistheory/cubicquartic.pdf
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so by comparing the equalities b*> = (sint)?. Now if b = sint, then (a,b) = (cost,sint) € X; conversely
if b = —sint, then (a,b) = (cos(—t),sin(—t)) € X. Altogether this proves V(z? + y* — 1) C X as
well.

c) It is not algebraic. Suppose for contradiction that X = Z = V/(I) for some ideal I < R[z]. If
I =(0), then V(I) =R # Z. So I contains some nonzero polynomial f. The elements of V' (/) must
then be its roots (not necessarily all the roots, we only have an inclusion), but a nonzero polynomial
has only finitely many roots, so V(1) C V(f) is finite, which Z is not, a contradiction.

d) X is not algebraic. If it were, we would have to have V(I(X)) = X, so it suffices to show
V(I(X)) 2 X. Let f(z,y) € I(X). Consider the polynomial f(z,0) € R[z] arising by substituting
zero for y and keeping x as an indeterminate. This polynomial should take the value zero at every
integer, so it should have infinitely many roots. But the only polynomial in one variable with infinitely
many roots is the zero polynomial, so f(z,0) = 0 € R[z|. But this already means that f vanishes
on the whole line R x {0}. We did this for an arbitrary f € I(X), so R x {0} C V(I(X)), which
already implies V(I(X)) 2 X, as we wanted. (By repeated use of the same idea we could even prove
1(X) = (0).)

e) X is not algebraic; this can be proved similarly to d). In brief, by considering f(x, b) for constants
b € [—1,1] we find that anything from I(X) would already vanish on the whole of R x [—1, 1], which
gives a contradiction with algebraicity. (Similar considerations can be pushed further to show that
in fact 1(X) = (0).)

2. (a counterexample to Hilbert’s theorem without algebraic closedness) Find in R[x] a maximal
ideal which contains no linear polynomial.

Solution. For instance (2% + 1) works: the factor ring is R[z]/(z* + 1) ~ C, which is a field, so
it is a maximal ideal. It contains no linear polynomial, however, because a (nonzero) multiple of a
quadratic polynomial will have degree > 2.

3. The Jacobson radical of a ring R is defined as J(R) := (/< g maximal M - Observe that a € J(R)
if and only if 1 — ar is a unit for every r € R.

Solution. Firstly, let a € J(R) and r € R be arbitrary, and let us prove that 1 — ar is a unit.
Suppose for contradiction that 1 — ar is not a unit; that means that (1 — ar) is a proper ideal
in R. Every proper ideal is contained in some maximal one, so let (1 —ar) € M < R for M a
maximal ideal. But then 1 — ar € M and at the same time a € J(R) C M, hence consequently also
1= (1—ar)+r-a€ M, which is a contradiction. Therefore 1 — ar had to be a unit.

Secondly, let 1 — ar be a unit for all 7, and let us prove that a € J(R) = (1 maxima M - SUppose
for contradiction that this is not so, i.e. that there exists a maximal ideal M such that a ¢ M. That
means a + M # 0+ M in the factor ring R/M, which by maximality of M is a field. Then there
exists b+ M € R/M satisfying (a+ M)(b+ M) = 14 M, in other words for any representative b € R
we have 1 —ab € M. But this already means that with the choice r := b the element 1 — ab will not
be a unit, because (1 — ab) C R.

4. In the domain of the integers Z determine
a) /(0), J(2),

b) /(25), \/(125), \/(50), \/(100), \/(T], p}*) for pairwise distinct primes p;.
Further determine

c) J(2/(100)),
d) * when (Z/(n))/j(z/(n)) is a field.
Solution. a) (0) (since Z is a domain, it certainly has no nilpotent elements other than 0 itself), (0)

(a nonzero number cannot be divisible by all primes),
b) (5), (5), (10), (10), (I[,p:)- It suffices to prove the last, general form: if r := maxr;, then

(ILip)" € (ILipi*), so (ILip) © V(IL;pi'); conversely, for a € /(I[;pi'), ie. a” € ([[;pi"), we
necessarily must have p; | a”, hence p; | a for all i, so already a € ([, p:).
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c¢) (10)/(100), because the only maximal ideals of Z/(100) are (2)/(100) and (5)/(100).

d) It is precisely for n = p*, p a prime, k > 1. For it to be a field, 7(Z/(n)) has to be a maximal
ideal in Z/(n), so there must exist exactly one maximal ideal there (because the intersection of two
or more maximal ideals can no longer be maximal). The maximal ideals in Z/(n) correspond to the
maximal ideals in Z containing (n), i.e. to the primes dividing n, so we need exactly that n be a
multiple of only one prime.

5. In the domain Clx] of polynomials over the complex numbers
a) compute (0)7 j(@[m]), \/(x —3)5(z — )M (a3 +2), /(a6 —at — a2 + 1),
b) prove that /(p gcd(pp , where p € Clz].

Solution. C[z] is a principal ideal domain just like Z, so in exactly the same way /([ [, ¢;*) = (I ], 9:)
holds for g; pairwise non-associated irreducible polynomials.

a) We are in a domain, so \/@ = (0). Polynomials of the form x — ¢ are certainly irreducible, so
(x — ¢) is a maximal ideal, so every element of 7(C[z]) must have all complex numbers among its
roots — so it can only be the zero polynomial, because a nonzero polynomial in one variable has only
finitely many roots. Hence J(C[z]) = (0). Finally, using the irreducible factorisation we determine

V=BG D@ 12) = (o~ 8P — D+ VD) + Ve 4 D) =
= ((x —3)(z — 1)(x + V2)(x + ¥ /3V/2)(x + e4m/3\7§)> =
= ((z=3)(x = 1)(z* +2)),

V@ —d 251 = @ - D@ 1) = & - 12+ 02— e + 1) =
=((z = D(z+D(z—i)(z+1i) = (2* = 1).

b) Let p = [ [, g;* be the factorisation into irreducible polynomials for p # 0 (for the zero polynomial
the statement is verified directly); then we know +/(p) = (I[; g:). So it suffices to prove

ged(p, 1) Hg

Clearly ged(p, p') must divide p, so we know that in the factorisation it is enough to consider the
irreducible polynomials g; and no others; it thus remains to show that each of them occurs with the
exponent e; — 1. Let us fix one 7 and denote h :=

p = (gih) = (65 h+ g7’ W = eigf ' gih + g7 W = g5 (esgih + gilt) .

The derivative is therefore divisible by the (e; — 1)-st power of g;, but not by the e;-th, because that
would mean g; | e;gih+ g;h', hence g; | e;gih, which does not hold, because e; # 0 is a constant, g; { ¢.
(the nonzero polynomial ¢g; has smaller degree than g;) and h is a product of irreducible polynomials
all non-associated with ¢g;. This completes the proof.

6. Let us work over K = C:
a) Prove that I(V(z* —y)) = (z* — y) and that the algebraic set V(z? — y) C C? is irreducible.
b) Determine the set V(y* — 22, y* — 22y? + 2y?> — 2%) C C? and decompose it into irreducible
components.
c¢) * Decompose V(22 +y? — 1,22 — 22 — 1) C C? into irreducible components.

Solution. a) Analogously with Problem la) one can prove that V(z? —y) = {(¢,t*) | t € C}. Let us
prove that if some polynomial f € C[z,y| vanishes on this whole set, then it is a multiple of 2? — y.
Consider f := f(x,2%) € Clz]. Then f(t) = f(t,1?), so if f € I(V(z* —y)), then f(t) = 0. This
means that f is a polynomial in one variable which has infinitely many roots, and the only such
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polynomial is f = 0. Hence we know f (x,2?) = 0, which can be viewed as saying that z? is a root of
f € (C[z])[y], so we can factor out the root binomial y — %

f=W—a%fo forsome fo€ (Clz])y] = Clz,yl.

This precisely means that f € (2? — y), so we have proved the inclusion I(V(z? —y)) C (2 — y).
The opposite inclusion is trivial, so we have proved the equality.

Now let us show the irreducibility of V(z? —y). For this, let V(2? —y) = AU B for some algebraic
sets A, B, and let us prove that necessarily one of A, B equals V(2? —y). We know that V(2% —y) =
{(t,#*) | t € C} is an infinite set, so at least one of A, B is infinite; WLOG let it be A. But then
necessarily I(A) C (2? — y) by a proof analogous to the previous paragraph: there we could take all
complex numbers as the roots ¢t of the polynomial f , but it was amply sufficient that some infinitely
many complex numbers are roots. Every point of A is of the form (¢,t?) and such a t will be a
root of f for every f € I(A), so again we will have I(A) C (22 — ). Applying V to the inclusion
I(A) C (2 — y) we obtain

V(e* —y) CV(I(A) = A
(we use that V reverses inclusions and that V(/(A)) = A for an algebraic set A), so necessarily
V(2? —y) = A, as we wanted to prove. Hence V (z* — y) is irreducible.
b) Here we simply solve the system of polynomial equations

y4 - 33'2 = 07
v — 22+ — 2t = 0
over C. The first equation factorises as (y* —x)(y*+ ) = 0, so it suffices to solve the cases y> Fx = 0
separately. In these we can use y? = £x to simplify the second equation to
(£2)? — 2%(£2) + 2(£2) — 2° =0,
P?1Fr+l—x)=0,
2*(1—-2)(1£1)=0.
Here we already see that for + = + we are solving 22?(1 — x) = 0, which has the (double) root 0
and further the root 1. On the other hand, for = = — the whole equation trivialises, which means

that every pair (z,y) satisfying 4> = —z is a solution of the second equation. So from the first case
we have finitely many solutions, while from the second one a whole curve of zeros. Altogether:

V(y4 - ZL’2,y4 - 5(}2y2 + ny - ZE3) = {(070)7 (17 1>’ (1) _1)} U V(y2 + [E)

One-point sets are always algebraic and irreducible, while V (y*+x) = {(—t*,t) | t € C} is irreducible
(this can be proved similarly as in part a)), so we have (since (0,0) € V(y* + x)) the irreducible
decomposition

Vyt — 2%yt — 2%y + oy — 2% = {(1,)}u{(1,-D}uV(y* + )
(the point (0,0) already lies in V(y? + x), so it does not give a separate component).

7. If K is a finite field, then every subset of K" is algebraic.

Solution. One-point sets are algebraic, because
{(ar,...;an)} =V(z1 —ay, ..., 2z, — ayp).

Further, we know that the union of two algebraic sets is an algebraic set, because V(I.J) = V(1) U
V(J). By an easy induction it follows that an arbitrary union of finitely many algebraic sets is again
an algebraic set. So if we work over a finite field K, then for an arbitrary nonempty A C K™ we have

A = U {(ay,...,an)},
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which is a finite union of algebraic sets, hence an algebraic set. (The empty set is also algebraic, via

0 =Vv(1).)

8. Observe that for an ideal I < R the radical v/T equals 7='(y/0/I), where 7 : R — R/I is the
natural projection.

Solution. a" € 1 <= 7(a)" =0.

9. Let K be an infinite field and V = {(¢,¢%,¢3,...,t") | t € K} C K". Determine I(V) (with a
proof!) and, using the problem from the homework (V" irreducible <= (V') a prime ideal), deduce
that V' is irreducible.

Solution. (a sketch) We have I(V) = (2% —x;, | k = 2,...,n) =: P, which is a prime ideal, because
Klzy,...,x,)/P ~ K|ry] is an integral domain (the isomorphism is f + P — f(z1,2%,...,27)). Via
the equivalence from the homework we thus see that V' is an irreducible set.

10. Think through the following characterisations of ideals by means of factor rings: I < R is
e maximal if and only if all nonzero elements of R/I are invertible,
e a prime ideal if and only if a product of nonzero elements in R/I is always nonzero,
e a radical ideal if and only if a power of a nonzero element in R/I is always nonzero.

Solution. The first two bullets only say things we already know: I is maximal if and only if R/I is
a field, resp. I is a prime ideal if and only if R/I is an integral domain.

I is a radical ideal if and only if /T = I, i.e. when (3n)(a” € I) <= a € I. If we reformulate the
same in the factor ring, then we want that for an arbitrary a + 1 € R/I

@n)((a+1)"=0+1) < a+1=0+1.

But this says precisely that a power can only be zero when its base was already zero, i.e. that a
power of a nonzero element in R// is already nonzero.

11. Prove that f(z,y) = y*+2?(x—1)* € R[z, y] is an irreducible polynomial, but the set V(f) C R?
is reducible.

Solution. In R squares are non-negative, hence for (a,b) € R?* we have f(a,b) = 0 exactly when
b =0 and at the same time a(a — 1) =0, so V(f) = {(0,0), (1,0)}, which is clearly a reducible set.

On the other hand f is irreducible: suppose for contradiction that it is not; then it factors as
f = gh, where both g and h are non-constant. In view of deg,(f) = 2 we would then have, WLOG,
deg,(g) < 1.If we look at f as an element of R[z][y], then it has leading coefficient one, so deg,(g) = 0
would mean ¢ | 1, i.e. g is constant, which is a contradiction.

So we must have deg,(g) = deg,(h) = 1. Moreover f is monic in the sense f € R[z][y], so g, h
must be monic as well, in other words

g =Y+ 9o, h =1y -+ hg
for some gg, hy € R[z]. Then comparing the coefficients in
v +at(@ =1 = f=(y+9)y+ho) =y + (g0 + ho)y + goho
already gives hg = —go and consequently (z(x — 1))* = goho = —g3. If now a € R is the leading
coefficient of gy, then taking leading coefficients on both sides we get 1 = —a?, which clearly no real

number can satisfy.
So altogether f is irreducible, as we wanted.



6.7. EXERCISES 7 87
6.7 Exercises 7

Algebraic number theory

1. Find all units in OQ(\/B) for D =—-2,-3, 7.
* If you have ever seen Pell’s equation, try also D = 2, 5.

Solution. It suffices to solve the equation N(w) = +1 for w € Og(vp)- For instance for $—I—y1+r €

Og(y/=3) We then solve the equation 2>+ oy +y? = 1. We rewrlte 11; as (:E + ) + 4y = 1, from
which y2 < ‘—", so |y| < 1 and we easily finish. It turns out that in Og(y=3) there are six units: 1

and iliQF. For D = —2 and D = —7 a similar procedure shows that the only units are +1.
For positive D one needs to know the theory around Pell’s equation (see the second-year Number
Theory course); the units are then (up to sign) the powers of the fundamental unit. For D = 2 these

will be £(1 +v/2)", n € Z, for D = 5 then =+ (H‘[) , n € Z, and for instance for D = 7 again
+(8+3VT)", n € Z.

2. Irreducible elements for K = Q(y/—14):
a) If an element o € Ok has norm p, which is a prime in Z, then « is irreducible in Ok.
b) Find some irreducible element of Z[v/—14] with prime norm.
c¢) Prove that 3 and 1 + y/—14 are irreducible.
d) Prove that 3-3-3-3 = (5 +2y/—14)(5 — 2¢/—14) are two different irreducible factorisations.

Solution. a) Suppose that o = 7. Then p = N(8)N () is a factorisation of a prime into a product,
so one of N(f), N(v) is £1. WLOG let N(8) = £1. Then § is a unit, so it follows that a cannot be
factored into a product of two non-units, i.e. it is an irreducible element.

b) For instance N (3 ++/—14) = 3% + 14 = 23.

¢) The norms in K are only non-negative, because 2% + 14y is a positive definite quadratic form.
Since N(3) = 9 = 32, the only way 3 could be reducible would be if it factored into a product of two
elements of norm 3. But no such element exists in O, because 22 + 14y% = 3 has no solution in Z:
we estimate 3 > 14y2, so |y| < 1, so y = 0, but then z? = 3 is impossible. Therefore 3 cannot factor
nontrivially in Og.

Similarly N(1++/—14) = 15 = 3-5, so for 14 /—14 to be reducible it would have to factor into a
product of elements of norms 3 and 5. But we already know that elements with norm 3 do not exist
in OK

d) On the left-hand side we already know that 3 is irreducible. We shall prove that 5+ 21/—14 are
irreducible as well. Both have norm 52 + 14 - 22 = 81 = 3*. How could 5 & 2/—14 factor? We want
to show that only as an element of norm 1 times an element of norm 81. So it suffices to rule out
factorisations with norms 3 - 27 or 9 - 9.

A factorisation with norms 3 - 27 is out of the question, because we already know that elements
of norm 3 do not exist. To rule out the second one, we first claim that in O only £3 has norm 9.
For this let us solve the equation x? + 14y? = 9. Again we estimate |y| < 1, so y = 0 and we solve
22 = 9, whose only solutions are x = 3. So if 5 4= 21/—14 were to factor into a product of elements
with norms 9, it would up to sign have to be 3 - 3. But this does not hold; we see that £3 does not
divide 5 4+ 24/—14, so we draw the conclusion that 5 + 2y/—14 is irreducible.

This verifies that 81 has in Ok two different factorisations into products of irreducible elements,
so it is certainly not a Gaussian domain.

3. Principal ideals for K = Q(\/ 14):
a) Prove that (174 2v/—14,20 + v/—14) = (3 — /—14) is a principal ideal in Z[/—14].
b) (2,4/—14) is not a prln(:lpal ideal in Z[v/—14].
c) Prove that (2 ++/—14,7 4+ 2v/—14) = (3,1 — v/—14) and that this is a proper ideal which is
not principal.
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Solution. a) We prove the equality of ideals as two inclusions. One is easy:

3—V—14= (20 +v—14) — (17 + 2¢/—14),

o (3—+—14) C (17 + 2y/—14,20 + v/—14). For the second inclusion we want to show that both
17 + 24/—14 and 20 + y/—14 are multiples of 3 — /—14. We do not need to know exactly which
multiples they are, so let us just look in the factor ring Ok /(3 — v/—14). There v/—14 = 3, so
together with 3 —+/—14 | N(3 — v/—14) = 23 we obtain

17+2v-14=17+2-3=23 =0, 20+v—-14=20+3=23=0,
so indeed 17 + 2y/—14,20 4+ v/—14 € (3 — v/—14), hence (17 + 2y/—14,20 + /—14) C (3 — \/—14).

b) Suppose for contradiction that (2,v/—14) = («). Then N(«) must be a common divisor of
N(2) =4 and N(v/—14) = 14, so N(«) | 2. Similarly as in the previous problem we easily show that
elements with norm 2 do not exist, so the only remaining possibility is N(a) = 1. Then « | 1, so we
may WLOG take a = 1.

So we would have to have (2,1/—14) = Ok. But a general element of the ideal (2,+/—14) is some

(a+bvV—=14) - 24 (c+ dvV—14) - /=14 = (2a — 14d) + (2b + )V —14,

which always has an even rational part, so e.g. 1 cannot be expressed in this way, which contradicts

(2,v/—14) = Ok. So (2,+/—14) must be non-principal.

c) First let us verify the equality of ideals, again as two inclusions. Successively we have

24+ vV—14=3—(1—-+v—14) € (3,1 —v/—14),
T+2V/—14 =22+ V—14) + 3 € (3,1 — /—14),

0(2+vV—14,742y/—14) C (3,1 — v/—14). From the opposite side then

3= (7T+2vV/—14) — 224 v—14) € (24 v—14,7 + 2y/—14),
1— V=14 =3-(2+V—14) € 2+ V—14,7 + 2V/—14),

0 (3,1 —=14) C (2 + V=14, 7 + 2y/=T4).

Further, suppose for contradiction that (3,1 —+/—14) = («). Then N(«a) | ged(N(3), N(1 —
v —14)) = ged(9,15) = 3. Since elements of norm 3 do not exist, this would mean N(a) = 1, so
(3,1 — v/—14) = Ok. We shall contradict this by observing that all elements of (3,1 —y/—14) have
norm divisible by three. For this let us consider 35+ (1 —1/—14)~; then computing in the factor ring
Ok/(3) we have

N(3B+ (1= V=T1)) = (38 + (1 — V=14 (38 + (1 + V—14)y) =
=(1—+vV-14)y(1 +vV—14)y = N(1 — v/—14)N(y) = 15N(y) =0 (mod 3).

This already means that e.g. 1 ¢ (3,1 —+/—14), so we have a contradiction and this ideal could not
have been principal.

4. Multiplication of ideals for K = Q(v/—14):
a) (54 v—14,2 + v—14)(4 + v—14,2 — V—14) = (6,3y/—14).
b) Let I = (3,14 +/—14). Then II' = (3), I is not principal and I # I'.
c) Let J = (5,14 +/—14). Then (15) = I.JI'J’". Use this to find two different irreducible factori-
sations of 15.
d) * I, J are prime ideals.
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Solution. a) Before multiplying we choose a nicer set of generators for the ideals:
5+ v—14,24+vV—14) = (3,2 + vV—14), (4+vV—-14,2 — v/ —14) = (6,2 — V/—14).

Then we multiply out the generators with each other, which gives the result written by means of
four generators:

(3,24 V=14)(6,2 — vV—14) = (18,6 — 3v/—14,12 + 6/—14, 18).

Now we simplify this expression. The duplicate 18 can be omitted, and further 3 can be factored out,

SO
(18,6 — 3v/—14,12 + 6v/—14,18) = 3- (6,2 — /— 14,4 + 2¢/—14).
Here we now rewrite (2 —/—14,4 4 2v/—14) = (2 — v/—14,8), so

3-(6,2 —v—14,4+2y/—14) =3 (6,8,2 — /—14).
Already in Z we have (6,8) = (2), so all the more in Ok, and we finally rewrite
3-(6,8,2—+/—14) =3-(2,2—v—14) = 3-(2,V/—14) = (6,3v/—14).
b) By Proposition [.11] we have 11" = (N(3), Tr(3 - (1 — /=14)), N(1 + v/=14)) = (9,6, 15). This

is an ideal generated by integers, so the result will be generated by their ged in the sense of Z, hence
IT" = (3). The ideal I’ = (3,1 — v/—14) we have already seen in c), from where we know that it is
not principal, so I cannot be principal either (if I = («), then I’ = (a/)).

Finally, let us assume for contradiction that I/ = I’. Then I = (3,14 +y/—14,1 — /—14). But then

1=3—(14+v—14)— (1—V=14) e I,

so I = Ok, which contradicts NI = 3.
c) Let us show NJ = 5. We compute this using JJ' = (N(5), Tr(5- (1 —v/—14)), N(1++/—14)) =
(25,10, 15), which we again compute via the ged in Z as (5). With this we now rewrite

[IIJ = (I1)(JJ') = (3)(5) = (15).

One irreducible factorisation of 15 is 3 - 5. About 3 we already know that it is irreducible, and for
5 we prove it analogously: if it factored nontrivially, it would have to be into a product of elements
of norm 5, but such elements do not exist, because 2 + 14y = 5 has no solution.

For the second factorisation let us show that I.J = (1 ++1/—14). We write out the ideal on the left
as

IJ = (3,1 + Vv=14)(5,1 + v—14) = (15,3 + 3vV—14,5 + 5V/—14,(1 + —14)%).

Since N(1 + /—14) = 15, all four of these generators are multiples of 1 + \/—14, so certainly
(1 ++/—14) | IJ. If equality did not occur in this divisibility, we would have to have N(I.J) >
N((1+ +/—14)). But both these norms are equal to 15, so equality must already have occurred.

(Alternatively, it suffices to realise that from 3 - (1 ++/—14) and 5- (1 + /—14) one can already
combine 1- (1 ++/—14).)

d) Let us observe more generally that an ideal with prime norm NI = p must be a prime ideal
(the converse does not hold, however — there exist prime ideals whose norm is not a prime!). Since
NI =3 and NJ =5, this covers both our ideals.

Consider the factorisation of I into primes, say I = P - -- P,. The norm is multiplicative, so then
p=NI=NP,---NP,. Prime ideals are always proper ideals, so we always have N P; > 1. But then
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only one factor can occur in the product, otherwise we would factor a prime nontrivially. So k =1
and I = P is a prime ideal.

5. Let G be a subgroup of the additive group Z", where n € N. Prove that G ~ Z™ for some m,
0 < m < n. As a consequence, observe that an arbitrary ideal in Ok can be written with at most
two generators.

Solution. First, let GG, considered as a set of vectors of the QQ-vector space Q", generate some
subspace V', and let this space be m-dimensional. We show that then G ~ Z™.

Let us proceed by induction on m. For m = 0 the statement is obvious, because G = 0. For m = 1
the group G generates only a line, so we can choose on this line the shortest nonzero vector b. Every
other element g € G must be an integer multiple of b, because otherwise g — k - b for some suitable
k would be shorter than b.

Now let m > 2. From the generating set G of the vector space V' let us choose some basis
Cly- -+, Cm. Let then V7 be the linear span of ¢y, ..., ¢,_1 and subsequently G’ := G N V’. Certainly
Cly.. . Cm_1 € G', 50 G’ generates V', and by the induction hypothesis G’ ~ Z™~!, which means that
G’ is a free abelian group with some basis b1,...,b,,_1. It then remains only to choose a suitable
by € G so that by, ..., b, is a basis of G as a free abelian group.

With the standard scalar product restricted from Q™, the space V' must have a one-dimensional
orthogonal complement inside V' — let it be generated by some vector z. WLOG let us multiply it
by a common multiple of the denominators occurring in its coordinates, so that then x € Z™. Since
x is a normal vector to V', the distance of any vector from V' is directly proportional to its scalar
product with z. So let us choose some element b,, € G \ G’ minimising |z - b,,|. This is certainly
possible, because all the values x - b,, are integers.

Let us prove that the set bq,...,b,_1,b, now generates G. Since it is at the same time a Q-
linearly independent set, it will then automatically be a basis of G as a free abelian group. Consider
an arbitrary g € GG. Because by, ...,b,, is certainly at least a basis of V', we can express

for uniquely determined qi,...,q, € Q. We want to prove that these are in fact integers. First
suppose for contradiction that ¢,, ¢ Z. Then we can consider

§3:g_ LQmme GG\Gla

which then gives |z - §| = (¢m — |gm]) |T - bm| < |7 - by|, contradicting the choice of b,,. So we have
Gm € 7Z. Consequently g — ¢,,b,, lies in G, but at the same time in V', hence it lies in G’, and so it
must have integer coordinates with respect to by,...,b,,_1, S0 q1,...,¢m_1 € Z. Altogether we have
thus proved that G is a free abelian group with basis by, ..., by,.

6. Let K = Q(v/D) and w = /D, resp. %ﬁ for D = 2,3, resp. 1 (mod 4). For m € Z and
a =a+bw € Ok prove that m | a in Ok if and only if m | a,b in Z. Observe that for D =1 (mod 4)
the same need not hold for m | a + bv/D, a,b € Z.

Solution. By Theorem [4.3| we know that Ox = Z[w]. Since w is an integral element over Z and has
a quadratic minimal polynomial, we know that Ox = Z & Zw in the sense of abelian groups, i.e. that

Ok is a free abelian group with free basis 1, w. In other words, a + bw for a,b € Q is an element of
Ok if and only if a,b € Z. From this (for m # 0)

b b
m|a+bw <= ﬁ+_wE@K = g,—eZ <= m|a,b.
m m m m

For m = 0 it suffices to argue

Ola+bw < a+bw=0 <= a=b=0,
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because 1, w is a Q-linear basis of K.

For D = 1 (mod 4) the same no longer necessarily holds with VD in place of w, because e.g.

2|1+ /D in O, since %@:we(%@ and yet 21 1.

7. Solve the Diophantine equations 22 + 1 = 3°, 2% + 3 = y3 and 22 + 4 = ¢,

Solution. As a model example let us solve z? + 1 = ¢°; we claim that the only solution is (z,y) =
(0,1). We factor the left-hand side in Z[i] as (z +4)(z — i) = y°. Since Z[i] is a Gaussian domain (in
fact even a PID, Q(7) has class number 1), we make use of unique factorisation: if we show that the
brackets on the left-hand side are coprime, then each of them must already be a fifth power on its
own, possibly up to multiplication by a unit.

Let d be some common divisor of x 47 and « —¢. Then we must also have d | (z+1) — (x —1i) = 21,
so N(d) | N(2i) = 4. We want to show that the only possibility is N(d) = 1, whereupon d is a unit,
so that z+1, x —i are coprime. So suppose for contradiction that N(d) # 1; then necessarily 2 | N(d).
That means 2 | N(z +14) = 22 + 1 = 3°, so y is even. Then z is odd, so modulo 4 we get

2=2"+1=9"=0 (mod 4),

which is a contradiction. So x + i, x — i really are coprime.

Then z + i is a fifth power times a unit, i.e. z 4+ i = ua® for some a € Z[i] and some u € Z[i]* =
{41, £4}. Since Z[i]* is a four-element (indeed cyclic) group, we have u = u°, so we can simplify to
x4+ i = (ua)’. If we then denote ua = a + bi, a,b € Z, we can write out

r+i=(a+0bi)’ = (a° — 10a*b* + 5ab*) + (5a*b — 10a®b* + b°)i.
Comparing the imaginary parts we then have the equation
1 = 5a*b — 10ab® + b° = b(5a* — 10ab* + b*).
From this b | 1, so b = 1. For b = —1 we get
—1 =5a* — 10a® + 1,
which cannot hold modulo 5. For b = 1 we get
1 =5a" —10a® + 1,

which simplifies to a?(a? — 2) = 0. For integer a the expression a* — 2 will always be nonzero, so the
only solution is a = 0. Altogether we have thus obtained that we must have a + bt = 7, from which
we compute

v+i=(a+b)’ =i =i,

so x = 0 and consequently y = 1.

8. Prove that Oy /p) = Z[\/'D], resp. Z[Hgm] for D =23, resp. 1 (mod 4).

Solution. Let K = Q(v/D), where D is a squarefree integer. An element a € K is integral over Z if
and only if its minimal polynomial over Q has integer coefficients. Let us first set aside the rational
a: by the rational root theorem, a € Q is integral over Z only when « € Z. So further let us consider
a € K\ Q. Such an « has the minimal polynomial

(r—a)(z—d) =2 —z(a+d)+ad = 2> —2Tr(a) + N(a).

So « will be integral if and only if both Tr(«) and N(«) are integers. (Careful, this is specific to
quadratic number fields; in fields of higher degree integrality of the norm and the trace is in general
not enough. . .)
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So let us have o = a4 bv/D. First, thanks to Z 3 Tr(a) = 2a, the number a must be an integer or
a half of an odd number. First let @ € Z. Then thanks to Z > N(a) = a* — Db* we must also have
Db? € Z. By means of p-valuations this means the same as v,(Db?) > 0 for every p, where we write
out the valuation on the left-hand side as v,(D) + 2v,(b). We assume that D is a squarefree integer,
so v,(D) can only be 0 or 1. In any case then

1 1
b) > —=v,(D) > —=
UP( ) - 22)17( ) = 2a
so v,(b) > 0, hence b is an integer. In this case we have thus arrived at a € Z[v/D], whose elements
are always integral for an arbitrary D (e.g. because VD is integral and Oy is a ring).

Now let us consider the case when a = ¢/2 for some odd ¢. We show that this can occur only
for D =1 (mod 4) and that it then forces b = m/2, where m is odd. This will thus correspond to

a €7 [1%5} Let m := 2b; then we have 2o = £ + m+/D. If o was integral, 2 must be integral

as well, and since ¢ is an integer, we derive m € Z just as in the previous paragraph. So it remains
to show that m must be odd and D must be 1 (mod 4). For this let us compute modulo 4: since
N(2a) = 4N(a) and N(«) was an integer, we have

0=N{+mVD)=0?—-Dm?>=1-—Dm?> (mod 4).

For even m we would have m? = 0, which gives a contradiction in the previous congruence, so m
certainly must be odd. Then m? = 1, so we obtain 1 — D = 0, hence D = 1.

Subsequently we only verify that all the elements of Z [%ﬁ] are for D = 1 (mod 4) really

integral. For this it suffices to verify that %ﬁ itself is integral, which however follows from the fact

that it has trace 1 € Z and norm % €.

9. Let K =Q(VD). If P < O is a nonzero prime ideal and o € O, then o" = o (mod P).

Solution. 1t suffices to know that the factor ring Ok /P has exactly N P elements. If « =0 (mod P),
then the conclusion is obvious. Otherwise « is nonzero in the finite field Ok /P. So it lies in its
multiplicative group, which has NP — 1 elements, so by Lagrange’s theorem from group theory we
have o¥F~1 =1 (mod P). Multiplying this congruence by « then gives the desired conclusion.

10. Let R be a Gaussian domain and 7' its field of fractions. If v € T is integral over R, then
u € R.

Solution. It suffices to show v,(u) > 0 for all prime elements p. So suppose for contradiction that
v := vy(u) < 0 for some p. Let u be a root of a monic polynomial f(z) = 2" +c¢,_12" '+ 412+,
where ¢; € R. Then

u" + cpu" - cu 4 ¢y = 0.

Since ¢; € R, we have v,(c;) > 0. On the left-hand side u™ has valuation n - v, while every other
term c;u’ has valuation i - v 4 v,(¢;) > v. Since v < 0, we have iv > nwv, so u™ has strictly lower
valuation than all the other terms on the left-hand side. Consequently the whole left-hand side will
have valuation nv. But that means nv = v,(0) = oo, which is a contradiction.

11. * A prime p > 5 is given together with a natural number k such that p | k% + 5. Prove that
there exist natural numbers m, n satisfying p?> = m? + 5n?. Assume that you know that the class
group of Z[v/—5| has two elements.

Solution. Denote K = Q(v/=5); then O = Z[v/—5]. The given condition says that k is a root of
2?45 over I, so by Theorem the ideal (p) factors in Ok as a product of two prime ideals PP’
Let us check that these are two different prime ideals: since p 1 5, we cannot have k = 0 (mod p), so
k is not a root of the derivative (z2 +5) = 2z (we have p > 5, so also p { 2), so it is not a double
root of z% + 5.
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So now N(P) = p. The ideal P itself may or may not be principal. But since the class group
has two elements, the square of any ideal must be trivial in the class group, i.e. the square of any
ideal is a principal ideal. So we may take P? = («a) for some o € Og. Since P # P’ we have
(p) = PP"{ P? = (a), so if we write a =: z + yy/—5, then p does not divide at least one of =, y. We
have

p> = N(P)> = N(P?) = N(a) = 2° + 5y°.
So if p divided one of z, y, it would have to divide the other one as well. So p 1 z,y; in particular

both x and y are then nonzero. Taking m := |z|, n := |y| solves the problem.

12. ** Try to think through that when D = 1 (mod 4), then Z[v/D] can never be a Gaussian
domain.
Solution. For D = 1 (mod 4) we know that %ﬁ € Q(v/D) is integral over Z, but does not lie

in Z[v/D]. At the same time Q(v/D) is the field of fractions of Z[v/D], so by Problem the ring
Z[\/D] cannot be Gaussian.



7. Homework assignments

In the version from the winter semester 2023,/2024.

7.1 Homework 1

1. Consider a ring R. Prove that R is an integral domain if and only if R[z| is an integral domain.
2. Let R be a ring. Prove that if R[z] is Noetherian, then R is Noetherian as well.

3. Let R be a Gaussian domain and consider polynomials f,g € R[x] which are coprime in this
ring. Prove that the ideal (f, g) < R[z] contains some nonzero element of R.

4. Let R be aring and I, J < R comaximal ideals. Prove that for arbitrary natural numbers m, n
the ideals 1™, J™ are comaximal.

5. By a multiplicative set in a ring R we mean a set S C R which is nonempty, does not contain
0 and is closed under multiplication. Using Zorn’s lemma (without using Lemma of the notes)
prove: if S C R is a multiplicative set and an ideal I < R satisfies I NS = (), then there exists a
prime ideal P D I satisfying P NS = ().

7.2 Homework 2

1. Find o € C such that Q(v/2,v7) = Q(a). (Please prove carefully, do not rely on “obvious”
statements which are not obvious.)

2. Let U be a field and G < Aut(U). Prove that then for all ¢ € Aut(U) we have Fix(U, pGp™1) =
o (Fix(U, G)

3. Let T be the splitting field of the polynomial 2*—5 over Q. Determine the degree of the extension
T : Q).

4. For all the possible root fields U of the polynomial 2*+ 2 + 2%+ z + 1 over Q describe Gal(U/Q)
and find some “known” group it is isomorphic to.

7.3 Homework 3

1. Let V be the splitting field of the polynomial f(z) = 2* — 2 over the field Q. Decide whether
V D Q is a Galois extension and determine Gal(V/Q). Find all the fields T' such that V > T D Q,

[V : T] =2 and at the same time 7" D Q is a normal extension.

2. Let P be a prime ideal in a ring R and I, J proper ideals in R. Prove:
a) VI C P if and only if I C P.

b) VT T T = VT + T

94
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3. Let K be a field and V C K™ a nonempty algebraic set. Prove that V is irreducible if and only
if I(V') is a prime ideal.
4. Let R C S C T be domains. Prove:
a) If T is a finitely generated S-module and S a finitely generated R-module, then T is also a
finitely generated R-module.
b) Let o, 8 € S. If «v is an element integral over R and (3 an element integral over R[a], then § is
also an element integral over R.
c) 3v/5 + 6v/8 is an element integral over Z.
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