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Introduction

This is a working draft of lecture notes for the Master’s course Basic Algebraic Number Theory. The
course is a partial follow-up to Bachelor’s courses Number Theory and Introduction to Commutative
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https: //www.karlin.mff.cuni.cz/~kala /files/UKA25.pdf

[ am very grateful to Matyas Kafka for typing the very first draft on the basis of my lectures from
Spring 2025, as well as to numerous other students for pointing out errors. Claude Opus 4.6 also did
some proof-reading and corrections. The current version is not perfect, so please do not hesitate to
email me any corrections!

The lectures themselves are based on several sources, primarily:

e A. Drépal, Komutativni okruhy [in Czech]
http://www.karlin.mff.cuni.cz/~zemlicka/11-12 /komalg.pdf

e K. Ireland, M. Rosen, A Classical Introduction to Modern Number Theory, Graduate Texts in
Mathematics 84 (Second Edition)

e J. Milne, Algebraic Number Theory,
http://www.jmilne.org/math/CourseNotes/ant.html

Last changes
May 12, 2026. Finished the first round of fixes, based on the course I taught in Spring 2026.
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1. Basics

1.1 Notation

Here is some notation that may differ from other courses at CUNI and that is consistently used
throughout these notes (as it is standard in algebraic number theory):

o If we write A C B, we allow A = B. If we want to write that A is a proper subset of B, we
write A C B.

e R* denotes the set of invertible elements of a ring R.

o If L, K are fields, we use the symbol L /K (read “L over K”) to denote that L is a field extension
of K.

e We use the symbol # to denote the number of elements in a set, e.g., #G is the number of
elements of G.

Let us also recall the following standard notation that we’ll use:

For a field K, we denote its algebraic closure by K.

Let L D K be a field extension and a € L be algebraic over K. The monic minimal polynomial for «
over K is denoted m, x(z) € K[z]. By a conjugate of o we mean a root of the minimal polynomial

M 1 (T).
LI’ll probably add a few more things here later.

1.2 Motivation

To motivate our interest in some of the topics we will study, we will outline a failed proof of Fermat’s
Last Theorem (or FLT for short).

Theorem 1.1 (Fermat’s Last Theorem). Forn > 3, the equation

n

has no nonzero solutions in 7.

“Proof”:
Let n > 3 and assume towards contradiction that the triple (z,y, z) solves the equation. WLOG we
can assume that x,y, z are coprime. We can rewrite the equation as:

yr=2"—a" = (2 - 2)(z - Gr) . (2 = ),

where (, = e’ denotes the primitive nth root of unity. The rest of the proof is divided into the
following steps.

Step A:
The terms (2 — ), (2 — (,2), ..., (2 — (" 'z) are (essentially) coprime in Z[(,].

Step B:
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We factor the terms into irreducibles

ai

z—x=mat..mk

2= G =pi' ... p)

Step A implies that m; and p; are pairwise distinct. Now we can rewrite the LHS like this

n naj nb}
yt=m

But then all the exponents on the RHS are divisible by n.
Step C:

Thus we can write

Z2—r=a«
Z = Cnx = Bn
for some «, 3, -+ € Z[(,].
Step D:
Our aim is to write a, 3, ... in some basis and compare the coefficients to arrive at a contradiction.

It is important to note that this proof would not be a viable proof of Fermat’s Last Theorem in
general case, but if we address the problems in this proof, we can make it work in certain special
cases (see Theorem [5.9)).

Problems:

e First, it is useful to assume that n is an odd prime. Once the proof is done for primes, one
easily proves the theorem for composite numbers. Let us denote this odd prime as p.

e Now we should distinguish the so-called 1st and 2nd case of FLT. The 1st case is when p does
not divide zyz and the 2nd case is when it does.

e Since Z[(,] need not be a UFD in general, the factorization into irreducibles in Step B may not
be unique. We should instead factor into prime ideals.

e After factoring into prime ideals, we will only get z — x = AP etc. for some ideal A in Step C.
We need to introduce a “class group” which will be trivial iff Z[(,] is UFD. If we then limit
ourselves to reqular primes, i.e., those that do not divide the size of this class group, then we
can replace the ideal A with an element (after considering invertible elements).

After solving these problems, we will be able to prove the 1st case of Fermat’s Last Theorem for
regular primes (see Theorem [5.9)). This way the proof serves as a motivation for us to study the class
group and other related topics.

1.3 Recap

In this section we state important definitions and theorems from the introductory Commutative
Algebra course that we will need. All proofs and further details can be found in my lecture notes (in
Czech only):

https:/ /karlin.mff.cuni.cz/~kala/files/UKA25.pdf

We may also sometimes need to reference theorems or propositions, which can be found in this text.
These will be marked by the number of the theorem preceded by “UKA”, e. g., “UKA véta 1.17.


https://karlin.mff.cuni.cz/~kala/files/UKA25.pdf
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Definition. A number field K is a finite degree extension of Q.

Theorem 1.2 (Primitive element theorem). Let K be a number field. Then there exists « € K such

that K = Q(a) = Q|a].

Definition. Let K D Q be a field. Then

a) Let S D R be rings. We say that o € S is integral over R if there exists a monic polynomial
f € R[z] such that f(a)=0.

b) Ok denotes the ring of elements o € K that are integral over Z.

Theorem 1.3. Let S O R be rings. Then TFAE:

a) a € S is integral over R.

b) The minimal polynomial for o over R is monic.

¢) R[a] is a finitely generated R-module.

d) There exists R' such that Rla] C R' C S and R' is a finitely generated R-module.

Definition. Let D € Z be squarefree with D # 0,1. A quadratic field is K = Q(v/D).
Theorem 1.4. Let K = Q(\/E) be a quadratic field. Then

0. _ {Z[\/E for D =23 (mod 4)

]
Z[H;/E} for D=1 (mod 4)

Definition. Let K = Q(v/D) be a quadratic field. Then we have
K={a+bWD|abecQ}
and we define the norm as the map

N:K—=Q
a+bvVD— a® —bD.

and the trace as the map

Tr: K —Q
a+ VD — 2a.



2. Algebraic integers and ideals

2.1 Trace and norm

Definition. Let L D K be a field extension of finite degree n. Let e = {ey, ..., e,} denote a basis of
the K-vector space L and let o € L.
a) We denote by M, («) the matriz of multiplication by « defined as

Me(a) = (aij)1<ij<n
where .
a-ej = Zaijei with a;; € K.
i=1
b) We define the norm as
Npjk(a) = det(M.(o)) € K.

c) We define the trace as
Trp k(o) = Tr(Me(a)) € K.

d) We define the characteristic polynomial for o in L/K as
Ca,r K (x) = det(x] — M(a)) € K[z].
Remark. Let o € L and cq 1)k (x) = > i c;x’. Then

a) cp, =1
b) co = car/x(0) = (=1)" N k()
C) Cp—1 = —TI'L/K<04)

Exercise. Prove that the trace and norm are independent of the choice of basis for L.

Exercise. Prove that the map o — M, («) is an injective ring homomorphism L < M, «,(K) (where
M, «n(K) is the ring of all n x n matrices with entries in K ).

Example. Let L = Q(v/D) for some squarefree D # 0,1 and K = Q. A basis for L is e = {1,v/D}.
For o = a 4+ bv/D € L we compute

a-1=a+bVD

o-VD =0bD + aVD.
Thus
a bD
Me(a) = (b a )

Npr(a) =a®>—b*D = ad

Trr/k(a) =2a=a+d

Ca(r) = 2% — 2 Tr(a) + N(a)

where o/ = a — byV/D. Also if a € Q, then ¢, is the minimal polynomial for a.

7
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Proposition 2.1. Let L O K be a field extension of finite degree n and o € L. Let m(x) be the
minimal polynomial for o over K and c¢(x) the characteristic polynomial for a in L/K. Then

a) c(x) = mi(z) where d = [L : K(a)]

b) c(a) =0

¢) Npjx(a) = (=1)"co = (=1)"m§ = (Ng(a)/x ()’

d) TI"L/K(O() = —Cp—1 — dTI'K(a)/K(CY)

Proof. Parts b)-d) all follow from a), so it suffices to prove part a).

CASE 1: Assume L = K(«) for some « € L, then d = 1. We choose the basis ¢ = {1, ,...,a"" '}
and compute the elements of M, («). We have

ae; =o' = ejqq fori<n

1
ae, =" = —m,_1a" " — - —mpa — myg

Now we can compute c¢(x) by taking the determinant of the matrix

-1 x 0 ... m
B:=2—-MJ(a)=]| 0 -1 =z - mo
0 0 —1 T+ My

which yields ¢(z) = m(x) (left as an exercise).

CASE 2: Now let d > 1 and {ey,...,eq} be a basis for L/K(a) and {1,q,...,adi '} be a basis for
K(a)/K. As an exercise, show that {e;a’} is a basis for L/K. Then

aeja’ = e;a and so
B
B
xl — M(«a) =
B
dxd
Taking the determinant yields
c(z) = (det(B))* = m%(x). O

Recall. Let K be a field and let o be a separable element over K and m(x) := mq k(). Then a
K-homomorphism

v: Kla) > K
is uniquely determined by ¢(«). Moreover ¢(«) is a conjugate of «, i.e., it is a root of m(x).
The separability of « is equivalent to m having no multiple roots, which happens iff the number of
maps ¢ is equal to # of distinct roots of m, which is degm = [K(«) : K. This happens iff

m(z) = [ [(x = ¢(a))

@

Proposition 2.2. Let L/K be a finite separable extension and o € L, ¢ := co1/k- Then
a) c(x) = [1(z — p(a))

b) Nijk(a) =]]v(a)

¢) Troy(a) =3 o)

where the products and sums above run over all K-homomorphisms

o:L—-L=K.
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Proof. a) The restriction ¢|x(q) is uniquely determined by ¢(«), which is a conjugate of o. Conversely,
for a conjugate [ there exists exactly one K-homomorphism

Vv: K(a) = L
a—f

By UKA, dusledek 2.10, ¢ has exactly d = [L : K(«a)] extensions ¢. By Proposition

d
= I @—v()
VK (a)=K
~ [ - el
LK
The rest follows from part a) and Proposition [2.1] O

Exercise. Show that Nk (a) € K for all a € L directly using the formula from Proposition b).

Corollary 2.3. a) The norm as a map N : L* — K* is a homomorphism, i.e.,
N(aB) = N(a)N(B) foralla,p e L™
b) The trace as a map Tr: L — K is a group homomorphism, i.e.,

Tr(a+ B) = Tr(a) + Te(8)  for alla,f € L

Exercise. Let M D L D K be separable extensions of finite degree. Show that
a) Nyyk = Nk © Nayr

b) Traryx = Trpy o Tryyr

c) Fora € K

NL/K(Oé) = Oén
n

Trp k(o) = na, wheren = [L: K]

2.2 Discriminant

Given a separable extension L/K of finite degree and a tuple of elements from L, we would like
to know whether this tuple is a suitable basis for the K-vector space L. The following notion of
discriminant will help us in doing so.

Definition. Let L/K be a separable extension of degree n and «y,...,qa, € L. We define the
discriminant as
A(al, e ,an) = det(TI‘L/K(OéiOéj)>1§i7j§n € K.

Lemma 2.4. Let L/K be a separable extension of degree n and let @1, ...,y be all the
K-homomorphisms L — L and oy, ..., o, € L. If we denote M = (pi(e))1<ij<n, then

MTM = (TI'L/K(OZZ'OKJ'))

1<i,j<n”

and
Alaq, ... ap) = (det(M))Q.
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The proof is left as an exercise (use Proposition [2.2).
Proposition 2.5. Let L = K(v) be a separable extension of degree n over K. Then

ALy, ") = (Hmw) —%(7))) — (=D Ny (' (7)),

i<j

where m is the minimal polynomial for v and @;’s are all the K-homomorphisms L — L.
Further,

A(l,..., 4" #0.
Proof. We set
l=pi(1) @i(y) - eily
M := : : :
L=0pu(1) ¢a(?) --o @)™
This is the well-known Vandermonde matrix, whose determinant equals
det(M) = [J(i(v) — (7).

i>j
The first equality then follows from Lemma [2.4]
Let us show the second equality.

m(z) = [[(z = ¢i(v))
m'(z) = (r — @2(V)) (@ = w3(7)) - - - (T — @a (7)) +
+ @ =i —p3(7) .. (2 —pa(7) + ...
m'(@:i(7)) = [ (e:(7) = ¢i(7)).
J,gFi

Now by Proposition [2.2
Nyye(m' () = [T eilm'(0) = [T ' (0i)) =
= [ (ei(v) = ;7)) =

0,17
n

= (DO [J(ein) — 000

1<J

For the last part, note that ¢’s are distinct homomorphisms, and so ¢;(7) # ¢;(7) for all i # j. Thus

A(L,...,y" Y £ 0. O
Corollary 2.6. Let L/K be a separable extension of degree n.
a) The map

B: LxL—K
(e, B) = Tr(ap)

s a symmetric bilinear form, which is also non-degenerate, i.e., for all x # 0 there exists y such that

B(z,y) # 0.
b) Let ay,...,an,B1,...,00 € L, B; = pijou, P = (pij) € K™". Then

A(ﬁl, e ,ﬁn) = (det P)QA(OQ, ce ,Oén)
c)ai,...,qp is a basis for L over K iff Aoy, ..., o) #0.
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Proof. a) Since separable extensions are simple, we find v € L such that K(y) = L and then we can
take the basis 1,7,...,7""! for L/K. Then

A(L,7y,...,7" ") = det(Tr(v'47)),

which is not zero by Proposition [2.5] The rest follows from the fact that a bilinear form B is non-
degenerate iff det(B(e;, e;)) # 0 for some (equivalently, every) basis e; (exercise).
b) If H is a matrix of bilinear form in basis «ay,...,a,, then PTHP is the matrix in the basis

B1,..., By Then

Aoy, ..., 0p) = det(H)
A(By, ..., B,) = det(PTHP) = (det P)*det H.

c) Take 3; := v"~! as a basis for K(7)/K and A(1,7,...,7""!) # 0. Conversely, if ay, ..., a, is not
a basis, then the matrix P is singular, hence by part b) we have A(aq,...,a;,) =0. ]

Exercise. For K :=Fy(x) and L := K(y/x) consider the extension L/K. Show that then

Trp k(o) =0 for all o € L.

2.3 Integral basis

From this section onward, let K be a number field and denote n := [K : Q]. We will also consider
ideals I < Ok to be nonzero, but we allow I = Ok.

We are quite familiar with bases for K over Q and how to find them. In this section, we will explore
the notion of a basis for O over Z.

Lemma 2.7. a) For every a € K there exists a nonzero m € Z such that ma € Ok.
b) For an ideal I < Ok, we have I N7 # {0}.

c) If a € Ok, then N(a),Tr(a) € Z.

d) If aq,...,a, € Ok, then Alay, ..., o) € Z.

Proof. a) Let
adad+ad_1ad_1+---+a020, d<n, a; €Z, aqg#0.

Then multiplying by azll_l yields
(aq@)® + ag_1(aga)™ +--- +a%tag = 0.

Hence a4a € Op.
b) Choose 0 # a € I C Ok and write the minimal polynomial for «

0=a4+a 104+ +ay, d<n, a;€Z, ag#0. Then

-1

aoz—ad—ad_la e —ao € 1.

¢) We prove the statement for the norm; for the trace the proof is analogous. We have N(«) € Q. The
conjugates p;(c) all lie in Oy because they share the minimal polynomial with a. By Proposition
N(a) = []¢i(a), therefore N(a) € QN Og = Z.

For an alternative proof, note that by Proposition 2.1 the trace and norm are coefficients of the
characteristic polynomial, which is a power of the minimal polynomial. Hence they must lie in Z.
d) Follows from the definition of discriminant, as we know that Tr(«;a;) € Z. O

Lemma 2.8. Every ideal I < Ok contains some basis for K/Q.
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Proof. Let ay,...,a, be a basis for K/Q. By Lemma ) we can find nonzero m € Z such that
ma; € Ok for all 1 <47 < n. By Lemma ) we can choose nonzero a € I NZ. Then {ama; | 1 <
i < n} is still a basis for K/Q and ama; € I, which concludes the proof. O

So far we know that the discriminant of a basis for O is nonzero and that it lies in Z. Proposition 2.5
might suggest that it is also always positive, but the following example contradicts this conjecture.

Example. Let K = Q(7). We then have a basis {1,i} =: {a1, as}. Now we compute its discriminant
with the use of Proposition for ¢; being the identity and ¢o the complex conjugation map.

A(O[l, 042) = (Z — 5)2
A(O&l, 052) =—4

Definition. Let ay,...,a, be a basis for K/Q. We call it an integral basis for I < O if
I =Zay+ -+ Za,.

The value of A(ay,...,a,) does not depend on the choice of basis and is called the discriminant of
the ideal I and denoted by A([). The number A(Ok) is called the discriminant of the field K and
is often denoted by Ag.

Proposition 2.9. Let I < Ok and let ay,...,a, € I be a basis for K/Q with |A(ay, ..., ap)|
minimal. Then it is an integral basis for I.

Proof. |A(au,...,a,)| € Z*, so considering the minimal value makes sense. Let
a=ca+ -+ ca, €1, where ¢; € Q.
Assume for contradiction that ¢; € Z for some i. WLOG ¢; € Z and let
= le|+{a} 1] € Z.

Consider the basis
/81 =0 — LCIJOéleQ =G, ... 7671 = Oy

We have
Bl = {61}0[1 + -4, =a— LClJO[l

and the transition matrix

{1} e e3 ... e
0 1 0 ... 0
1

Taking the determinant yields det = {¢;} # 0. We have
IABL, -, B = {ei A, .. a)| < |Alay, ... an)l,
which contradicts minimality, hence all ¢; € Z and
I CZoy+ -+ Zaoy,.
The converse inclusion follows trivially. ]

Exercise. Prove the Stickelberger theorem:
For all number fields K,
Ar=0o0r1 mod 4.
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Example. Let us use these results to find the integral basis of quadratic number fields.

Let D € Z be squarefree with D # 0,1. Let K = Q(v/D) be a quadratic field and let us search for
an integral basis of Q.

The first guess is 1, VD € Ok.

o A(1,VD) = (det G _\/\/_%»2 —4D.

As D is squarefree, by Corollary ), we see that Ag = D or 4D.

When D = 2,3 (mod 4), the discriminant cannot be D, as it would contradict Stickelberger’s theo-
rem. Thus the discriminant is 4D in this case, and Ok = Z[\/ﬁ]

When D = 1 (mod 4), we are inspired to look for an integral element that might give Ax = D,
i.e., that would have det P = 1/2 in Corollary ), i.e., whose expression in terms of 1, v/D would

involve dividing by 2. One of the first choices is %ﬁ which indeed lies in O; and then 1, %ﬁ give

a basis with discriminant D. Hence Ag = D and O = 7Z [%ﬁ] in this case.

Proposition 2.10. Ok /[ is finite for all I < Ok. In particular, #OK/(CL) =a" for eacha € Z™.

Proof. Let a € Z* and let wy,...,w, be an integral basis for O. Then

n
{Zciwi 0<¢ < a}
i=1

is a set of representatives for Ok / (a)- Hence Ok / (a) s finite with a" elements.
For I < Ok, choose a € I NZ". Since (a) C I, we have a surjection

Ok /(a) = Ox/1
a+(a) »a+1.

As OK/(a) is finite, Ok /1 must be also finite. O

Definition. Let R be a domain and F its field of fractions. We say that R is integrally closed if
whenever a € F' is integral over R, then o € R.

We say that a domain R is Dedekind if

a) R is noetherian,

b) Each prime ideal P < R is maximal,

¢) R is integrally closed.

Corollary 2.11. Ok is a Dedekind domain.

Proof. Ok is integrally closed by definition: if an element of K is integral over O, then it is also
integral over Z, so it lies in Ok.

By Proposition [2.9] every ideal I < Ok is finitely generated, therefore O is noetherian.

Let P < Ok be a prime ideal. Then Ok /p is a domain, which is finite by Proposition . Since
each finite domain is a field (exercise), P is maximal. O

2.4 Ideal cancellation

In this section, K is again a number field of degree n over Q.
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Notation. For a subset A of a ring R and an element 5 € R, we denote
BA={Ba|ac A}
If Ais an ideal, then A = (8)A, where () denotes the principal ideal generated by (.

Lemma 2.12. a) Let A < Ok and € K be such that A C A. Then § € Ok.
b) Let A, B < Ok be such that A= AB. Then B = Ok.

Proof. Take an integral basis aq, ..., «a, for the ideal A.
a) Consider the following system of linear equations for which «; are a nonzero solution.

BOQ; = Zaijaj aij € 7.

By linear algebra det M = 0, where

5 — ai —ai2 . —Ain
M— —ag1 5 — Q22 ... —Aap
ﬁ — Ann

The determinant of M is a monic polynomial in § with Z-coefficients, i.e., 0 = det M = " + ...,
hence g € Ok.
b) Analogously we consider the following system of linear equations

o = Z bijOéj bij € B.

with the matrix

1-— b11 —blg Ce _bln
—b21 1-— b22 ce _b2n
1 — by

whose determinant is again 0. We can also write

det=0=1+Q,
where each term in © contains some b;;, hence © € B and hence also 1 € B. Thus B = Ok. n
Exercise. Lemma [2.12] does not hold in general. Find examples of rings for which it does not hold.
Proposition 2.13. Let A, B < Ok and w € Ok be such that (w)A = BA. Then (w) = B.

Proof. Take € B. We have

(W) AD ()A = gA C A.

Apriori, g lies in K, but it follows by Lemma ) that g € Ok.
Hence
wlB = {é
w

it clearly is an ideal. We now have A = (w™'B)A. By Lemma [2.12b), w™'B = O and hence
(w) = B. O

BGB}COK;
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2.5 Ideal classes

Fix a number field K of degree n over Q.

Definition. Let A, B < Ok. We say that A and B are equivalent and write A ~ B if there exist
a, € O\ {0} such that (o)A = () B. Classes of this equivalence are called ideal classes. The class
number of K is defined as the number of ideal classes and denoted by h.

Remark. hy =1 < Ok is PID <— Ok s UFD.
While the first equivalence is fairly obvious, the second is not: prove it as an exercise! (See UKA,
véta 4.18.)

Proposition 2.14. There is M € Z* (that depends on K ) such that for all o, B € Ok, B # 0, there
aret € 7,1 <t < M and elements w,d € O such that

ta =wl+0, |NO| <|Np|.
Proof. Let v = % € K. It suffices to show that there exist t and w such that

IN(ty —w)| < 1.

Before proving the proposition, let us do some preparation.
Let wy,...,w, be an integral basis for Ok. By wi(] ) denote the conjugates of w;; more precisely, fix

the Q-embeddings ¢; : K — Q and let wi(j) = @;(w;).
For a general element v € K we have

v = E c;w;, and so

[ Seet?) | < Il 1 <
J i

|Nv| =

J i
< C(max|c])",

where

C=]I> I
7 1

Take m € Z,m > {/C, and let M := m™.
For the purposes of the rest of the proof, we define the “integral” and “fractional” part of v as follows

lv] = ZLCiJ%’ € Ok
{7} = Z{Cz}%

Now v = |v] + {7} and we can consider the injective map
p: K —R"
Zciwi — (Cl, R ,Cn).

Note that p({7}) € [0,1)™.
Let’s now return to v = % € K for the rest of the proof.



16 CHAPTER 2. ALGEBRAIC INTEGERS AND IDEALS

We divide the unit cube [0,1]" into m™ = M small cubes of side - and consider the points p({kv})
for 1 <k < M + 1. Then there exist two such points that lie in the same small cube, say for k£ < /.
Let 0 <t:=0—k < M.

We then have that ¢y = w+e¢ for w € O and € € K such that all coordinates of ¢(¢) lie in (—=, L).
Thus

1 n
|N€|<C(E) < 1. O

Theorem 2.15. Class number hy is finite.

Proof. Let us divide the proof into three steps.

Step 1. We'll show that for each A < O there is an ideal B < Ok such that A ~ B and M! € B
(where M is the constant from Proposition .
Take the element 5 € A, 5 # 0, such that |N ()| is minimal. For each o € A thereis ¢t,1 <t < M
such that

IN(ta —wB)| < IN(B)].
However, the minimality of |N(3)| implies that ta — wf =0, i.e., ta = wf € (B).
As t | M!, we have M!a € (/3). This holds for all & € A, and so we have M!A C (5).
Now let B := %M!A < Ok. We have (M)A = (8)B and thus A ~ B. Furthermore, we have € A,
and so M! = %M!B € B.

Step 2. Let’s show that there are only finitely many ideals B < Ok such that M! € B.

These ideals are precisely those that satisfy (M!) C B, and these correspond to ideals in Ox/ (M)
by the correspondence theorem (a corollary of the second isomorphism theorem).

But Ok/ (M) is finite by Proposition , and so it has only finitely many ideals. Thus there are
also only finitely many ideals B.

Step 3. By Steps 1. and 2., each ideal A is equivalent to one of finitely many possible ideals B. Thus
there are only finitely many ideal equivalence classes. O

Corollary 2.16. For each ideal A < Ok there is k,1 < k < hy, such that A* is principal.

Proof. Consider the set {A" | 1 < i < hg + 1}. At least two of the ideals in this set are equivalent.
Let A" ~ A/ with i < j and let o, 8 € Ok be such that (a)A" = (8)A7. We set k := j — i and
B := AF and show that B is principal. We have

(@)Al = (8)BAT = (%)Ai — BA' c A" 2 %e Ox.

By Proposition m (%) = B is principal. ]

Corollary 2.17 (Ideal classes form a group). For A < Ok we denote by [A] its ideal class. We can
equip the ideal classes with group structure as follows:

We define the group operation as
[4] - [B] = [AB]

with the unit element [Ok] and the inverse element
A= (4

where k is such that A* is principal (such k exists by Corollary . The resulting group is denoted
by CéK.

Exercise. Verify that Clx s indeed a finite abelian group.
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2.6 Cancellation and unique factorization

Recall that we’re fixing a number field K of degree n over Q, and that by an “ideal”, A < O, we
always mean a nonzero ideal.

Proposition 2.18. Let A, B,C < Ok.
a) If AB = AC, then B=C.
b) BD Aiff B|A.

Proof. a) By Corollary [2.16 there is k such that A* = (a). Then we have A*B = A*C, and so
(a)B = («)C. This implies B = C.

b) We show the implication “=", the other one is trivial. Again, there is [ such that B! = (3).
Thanks to B D A, we have C := %Bl_lA < Ok. Then BC = A, as we wanted. O

Theorem 2.19. Fach ideal in Ok has a unique factorization into a product of prime ideals (up to
order of the factors).

Note that the factorization is unique just up to order of factors. In factorizations into irreducibles,
one also needs to consider “up to multiplication by unit”, but that doesn’t play a role here, as units
don’t change the corresponding prime ideal.

Proof. Existence. Let A be a proper ideal and let P; be a maximal ideal (which is prime by Corollary
containing A. By Proposition P, divides A, therefore there exists an ideal A; < Ok such
that PLA; = A. If A; = Ok, then we are done. Otherwise A; is a proper ideal, so we can iterate this
process, obtaining

ACA CAC ...

Since O is noetherian, there exists i such that A; = Ok, leading to A = PP, ... P,.
Uniqueness. Let P ... P, = Q;...Q;. Thus

P|Qi...Q = PLDQ...Q

As P; is prime, it must contain one of the factors on the right hand side, WLOG P; D @Q;. Since
both are prime ideals and hence maximal (by Corollary , we get P, = ();. We can then cancel
them using Proposition ), obtaining P ... P, = (s ... Q;. Continuing like this, we arrive at the
two factorizations being equal. ]

Definition. Let P < Ok be a prime ideal and A < O an ideal. We denote by ordp A = vpA the
unique ¢ € Zsq such that P' | A and P! { A.

Remark. Here are some basic properties of ord:
a) ordp AB = ordp A + ordp B,
b) A =[] P4 (which is only formally an infinite product).

2.7 Ideal group

We have already introduced the notion of ideal class group. In this section we will introduce the
notion of ideal group. The set {I < Ok | I # {0}} is a commutative semigroup (or monoid).

We can obtain a group by considering formal fractions AB™! (ordered pairs of ideals with equivalence
defined as AB™' = (AC)(BC)™!, which is well-defined thanks to the cancellation property). This
group is denoted by Zx and is called the ideal group of the field K.
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We can view the formal fractions as subsets of K by recalling that there always exists a k € Z* such
that B* is principal (by Corollary [2.16)). Let B* = (). Then we have

ABF1 1
= = _AB* ' Cc K.
B) A “

Sets of this form are called fractional ideals. Alternatively they can be defined as finitely generated
Ok-submodules in K. As an exercise, you can show that these are equivalent definitions.

AB™!

For each I < Ok, we have I = IO and thus I € Tx. Thanks to the cancellation property it follows
that 10, = JO,' < I=J.

Definition. The set {(a)(8)™ | a, 8 € Ok \ {0}} denoted by Py is called the group of principal
fractional ideals of the field K.

Exercise. Show that



3. Prime ideals

3.1 Prime factorizations
We will focus on the prime ideals and what they look like in Og. We always fix a number field K of
degree n = [K : Q).

Let P < Ok be a prime ideal. PNZ is an ideal in Z and by Lemma [2.7 we have P NZ # {0}. Since
Zis a PID, PN7Z = aZ for some a € Z". It’s an easy exercise that in fact a = p is a prime number.
This then means that there exists a unique prime number p such that p € P, i.e., P | (p). We would
now like to factor all such (p) = pOk.

Definition. Let P < Ok be a prime ideal and p € P a prime number. We define the ramification
index of P as

e:=e(P/p) :=ordp(p).
We also define the inertia degree of P as f > 1 such that
#Ox/p = p’

and denote it by f or f (P /p). Note that the definition makes sense, as Ok/p is a finite field of
characteristic p, and so its size is indeed p/ for some f.

Theorem 3.1 (efg theorem). Let p € Z be a prime number, Py,..., P, < Ok all prime ideals
containing p. Let e;, f; be their ramification indices and inertia degrees, i.e., p = P{* -+ Py®. Then

g

Zeifi:n: (K : Q.

i=1
Moreover if K/Q is a Galois extension, then ey,...,eq =€, f1,...,f, = f and efg =n.

Note that the efg theorem works for general number field extensions L/K as well. However this
weaker version is slightly less technical.

Definition. Let p € Z be a prime number and P;, e;, f;, g as in the efg theorem. We say that
a) p splits completely in K if g =n,e; = f; =1 for all i, i.e.,

(p)=PF...P,.
b) pisinertin Kifg=1,e; =1, fi =n, i.e.,
(p) = P.
¢) p ramifies in K if there exists an index ¢ such that e; > 2.

Later on we will prove that only finitely many prime numbers ramify, and that they can be charac-
terized.
We need a bit of preparation before proving efg Theorem [3.1]

19
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Proposition 3.2. Let P < Ok be a prime ideal of inertia degree f. Then
#Ok | pk = p*'  forallk € ZT.

Proof. We proceed by induction on k.
For k =1 the statement follows from the definition of f.

Now let k& > 1. Viewing Ok /pk as an additive group, it has a subgroup kot /Pk. By the 2nd
isomorphism theorem,

(OK/P’“)/(P’“*l/Pk) ~ Ok / pk-1.

By the inductive hypothesis, we have
Thus it remains to show that

k—1

#P7  ph = pl.
Because factorization into prime ideals is unique, we have P*¥~! £ P* and so we can choose a €
P!\ P*. Since (a) +P* D P*, by Proposition2.18b) we have («)+ P* | P*. By unique factorization
(Theorem [2.19), P is the only prime dividing P*, so () + P* = P! for some [ < k. On the other
hand, a € P*~! gives P*~! D (o) + P* = P!, hence | > k — 1. Since a € P*, we must have [ = k — 1,
ie., (a) + P* = pk-L,
Consider the surjection
k—1
p: Ox - P77/ pr
v — ya + P*

which is a group homomorphism. Let us determine its kernel:

yeEKerp <= ya € P* <= ordp(ya) >k —
k < ordp(ya) = ordp(y) + ordp(a) = ordp(y) + k — 1.

We have thus obtained
vEe€Kerp <= ordp(y) >1 <= y€P.

Hence Ker ¢ = P. By the 1st isomorphism theorem,
OK/P ~ Pk_l/Pk7
which concludes the proof. O

Recall. Recall the Chinese remainder theorem (CRT for short) whose proof can be found in UKA,
tvrzeni 1.21.

Let R be a (commutative) ring and Ay, ..., A; < R pairwise comaximal ideals, i.e., A; + A; = R for
all 7 # j. Then

Rigy . A, ~=B/a > xB/q, and
Ay A=A NN A,
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Proof of Theorem [31]. Let (p) = P{*--- Py?. As an exercise, show that P{* are pairwise comaximal.
Then by CRT,

OK/(p) ~ OK/Plel X - X OK/pgeg.

By Proposition [2.10] the size of LHS is
#Oxk /(p) = p".

By Proposition [3.2] we have
#RHS = Hpeifi — pzeifi.

From the isomorphism it follows that n =" e, f;.
It remains to prove the “Moreover” part, which will follow from Proposition below. O

Definition. Let K/Q be a Galois extension, A < Ok an ideal and ¢ € Gal (K/Q). Then we define
oA :={o(a) | ae A} < Ok.

Remark. Note that the following holds:
a) 00 =0 = OK/O—A = UOK/OA ~ OK/A
b) For a prime ideal P, ocP is also a prime ideal.

Proposition 3.3. Let p € Z be a prime number and P,Q < Ok prime ideals dividing (p). If K/Q
18 Galois, then there exists o € Gal (K/Q) such that o P = Q; in other words, the Galois group acts
transitively on {Py, ..., P,}.

Proof. For the purpose of this proof, let us denote G := Gal (K / @). Assume towards contradiction
that Q@ € {oP | 0 € G}. By CRT there exists a € Ok such that

a=0 mod (Q
a=1 modcocP foralloced.

Now we have

N(o)=]Jeac@nZ=(p).

Then
P (p)| (N()=]](ca) = P|(ca)

for some 0. Thus oo € P, which contradicts « =1 mod o~ P. O

Proof of Theorem |3.1], “Moreover”. For each i there is some o € Gal (K/Q) such that o P, = P,.
Then

OK/Pl ~ OK/Upl = OK/Pl.,
and so f1 = f;.
Let us apply o to (p) = P{*--- Py”.
We have p € Z, and so o(p) = (p). Thus (p) = (cP1)" -+ (0 P,)™.

Here 0 P, = P; occurs with exponent ey, whereas in (p) = P[*--- P;?, it has exponent ¢;. By unique
factorization, we must have e; = e;. O
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3.2 Finding factors
How can we explicitly find the prime ideals dividing a given rational prime p?

Theorem 3.4 (Dedekind criterion). Let K be a number field such that Ok = Z[a] for some . Let
f € Z[x] denote the minimal polynomial for o and let p be a prime number.

For g € Z|x] we shall denote g € F,[x] its reduction modulo p.
We let

Fla) =[] o)

be the factorization into irreducibles over F,, where g; are some fized monic polynomials in Z[z]|.
Then

T

POk = H(Pa gi(a))”

i=1
18 the distinct prime ideal factorization.
Moreover

O/ (p. () = Frl g
and so the inertia degree f; of (p, gi(«)) is deg g;.
The assumption Ox = Z[a] for some « is strong and doesn’t have to hold! However, in general
the theorem holds for all primes p that do not divide the index (O : Z[a]) (as a subgroup), with
essentially the same proof — try it as an exercise.

For example, this can then be applied to determining the behavior of odd primes p in a quadratic
field Q(v/D) using the polynomial f(z) = 22 — D, even in the case D =1 (mod 4).

Proof. Consider the isomorphism

Factoring mod p gives us

Now IFpm/(f) has maximal ideals (g;) := (g; + (f)) for i € {1,...,r} and we have

Let us show that no smaller exponents give 0.

The ideal (g;) corresponds to (g;(a) + (p)) < Ok/ (p) and this by the 2nd isomorphism theorem
corresponds to P; := (p, g;(a))) < Ok. These P; are all the prime ideals in Ok that contain (p). If we
have

pOK = H queia
then the e} are characterized by the property

POk D H Pfé, but pOg does not contain any product with smaller exponents.

Under the correspondence, it corresponds to [[(g;)¢, hence e; = e}, which concludes the proof. [
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Example. Consider the number field K = Q(v/—5). Then Ox = Z[V/—5] and f = 2% + 5 is the
minimal polynomial for v/—5.
For p = 2 we have

2 +5=(zx+1)* mod 2
r=1 gir=x+1€Zx] e =2
20k = (2) = (2,V/=5 + 1) = 2 ramifies

For p = 3 we have

?+5=(z+1)(xr—1) mod3
30k =3)=(3,v-5+1)(3,vV—5—1) = 3 splits completely

For p = 11, 2 + 5 is irreducible mod 11
110k = (11) = (11, (v/=5)* +5) = (11) = 11 is inert.

Exercise. a) In the example above, characterize the behavior of all p. (Hint: Try using Legendre
symbols)

b) Characterize the behavior of all p for general number field Q(v/D).

¢) Use Theorem [3.4] (when it applies) to verify Theorem [3.1]

3.3 Ramification

Theorem 3.5. Let p be a prime number. Then p ramifies in K if and only if p | Ak.

In order to prove this theorem, we first need to introduce a generalization of the discriminant.
We assume A C B to be rings such that B is a free A-module of rank m, i.e.,

B~A™
as an A-module. Now for an element § € B we can define the map

B—B
x+— fBx

which can be viewed as a linear map A™ — A™. We can then define Trg,4 3 as the trace of this
linear map. More concretely, for an A-basis ey, ..., e, € B we have

Be; = Zaijei and
TI'B/Aﬁ = Zaz’i € A.

Now given some (i, ..., [, € B we define

A(Bi, ..., Bm) = det(Trp/a(BiB;)) € A
A(B/A) := (Aler, ... en)) < A.

We leave the proof of the following lemma as an exercise.
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Lemma 3.6. Let B D A be rings such that B is a free A-module with a basis ey, ..., e,. Let I < A
be an ideal.
a) Then

éi:=e+IB, ie{l,...,m}

is a basis for B/1B as an A/ [-module.

b)
A€, ....em) =Aler,...,e,) mod .

c) If B; O A are rings that are free A-modules of finite ranks, then
A(1Bi/ ) =[]A(B
Definition. Let R be a ring and o € R. We say that « is nilpotent if o = 0 for some r > 1.
Proof of Theorem [3.5]. Let p= Pf*--- P;*. By CRT we have
Ok /(p) ~ Or/pa x - - x OK/pg@g.
Let us observe the following.

Lemma 3.7. OK/PZ?i contains a nonzero nilpotent element iff e; > 2.

Proof of Lemma [3.7. 1f e; = 1, then P, is a maximal ideal, so Ok / P, is a field and hence does not
contain any nonzero nilpotent elements.
Now if e; > 2, then o € P;\ P is nilpotent. ]

Now from Lemma [3.7] it follows that
Ok /per x -+ X OK/pgeg

contains a nonzero nilpotent element iff e; > 2 for some 7. In other words, it is sufficient for one of
the factor rings to contain a nilpotent element.
Thanks to Lemma [3.6] we have

Ax = A(Ok/Z)
=A ((OK/(p)> /Fp> mod p
= HA ((OK/sz> /]Fp) mod p.

If e; = 1, then Ok/p is a field and (OK /P,) /F, is a separable field extension by UKA, disledek
2.18, hence by Corollary [2.6f) we have

A((Ox/p) [F,) #0
If all e; =1, then
HA <((9K/pfz> /Fp) %0 modp, andso pftAg.

If e; > 2 for some 4, then Ox/ (p) has a nilpotent element B # 0. We choose an [F,-basis for Ok / (p)
by = B,by, ..., by
One can check that Tr(8b;) = 0 for all 4, hence
A ((OK /(p)) /F,,) = det(Te(b;d;)) = 0 in F,.
Thus p | Ak. O



4. Geometry of numbers

We continue with the setting that K is a number field of degree n over Q. Recall that ideals are
always assumed to be nonzero.

4.1 Ideal norm

Definition. For an ideal I < Ok, we define its (numerical) norm as
NI =#0k/].

One can also define N'(0) = 0.

Note that by Proposition [2.10 the norm AT is always finite and lies in Z*. Further,
N(aOg) = |a|® forall a€Z.

Note that A'T = 0 in the factor-ring Ok /1, and so I | NT.

We also have N1 =1 iff [ = Og.

Note that in UKA, sekce 4.6, we have defined the norm of an ideal in a quadratic number field as
g € Z* such that (g) = II’, where I' is a conjugate ideal. In Proposition below we will see that
our new definition is more general.

Proposition 4.1. a) Let P < Ok be a prime ideal and p the prime number contained in P. Then
NP =p/(P®),

b) Let I = [[ P for P; prime ideals and r; > 1. Then

NT = lefin',

where p; 1s a prime number contained in P;.
) NIJ)=N(I)-N(J).
d) If I D J, then
#1/g=N(T)/N(I) =N(I").

Proof. a) This is the definition of the inertia degree f.
b) By CRT we have
Ok /1 ~ OK/plﬁ X e X OK/P;{”.

By Proposition

which implies part b).
c¢) Factor I, J into prime ideals and use part b).

25
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d) By 2nd isomorphism theorem

(OK/J)/(I/J):OK/], and so
#O0k [ j=#1)7-#O0k /7. Thus
#1)7=NI/NI=N({I1J),
where the last equality holds by part c). (Note that I | J, and so I7'J < Ok). O

Recall that for a € Ok, we write Ok for the principal ideal («); in particular pOg = (p).

Proposition 4.2. Assume that K/Q is Galois.
a) Given a prime number p and prime ideal P < Ok such that P | (p), let

pOK:(Pl...Pg)e.

Then
NPy o2 p)r e T oP
oeGal(K/qQ)
b) For each I < Ok we have
NI)-0x= ][ oI
ocGal(K /)

Proof. a) Since N'P = p/, we have the equality of ideals
N(P) Ok = (") = () = (P1... )7,

which shows the equation (1).
By Proposition [3.3| the Galois group G := Gal (K / Q) acts transitively on {Py, ..., P,} and therefore
the action has only one orbit of size g. This means that for all ¢ the stabilizer

Gp ={0c€G|oP, =P}

has size equal to
#G _

NED,,
#{orbit of B} g 7

Thus (2) holds.
b) follows immediately from a) by considering the prime ideal factorization of I. O

Finally, we have the following result comparing the norm of an element with the ideal norm, that
we’ll prove a bit later.

Proposition 4.3. For each € Ok, we have |[N(8)| = N(BOk).
This proposition implies that the following diagram commutes:

e |v 1o

Q< 1 @t (~1y)
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4.2 Minkowski bound

One of the main goals of this chapter is the proof of the following key theorem. We’'ll prove it later,
but let’s start by formulating it and discussing some of its corollaries. However, first we need to
discuss complex embeddings that play a role in the formulation of the theorem.

Complex embeddings.

Number field K is a finite extension of Q, and so K = Q. Moreover, it is natural to consider Q as
a subfield (consisting of all algebraic clements) of the algebraically closed field C (see UKA, tvrzen{
2.8).

Further, Q-homomorphisms of K into Q are exactly the same as Q-homomorphisms of K into C
(as the image of K must consist of algebraic elements). Therefore it is more common to talk about
embeddings of K into C (and we will do so from now on).

If we choose a primitive element o € K (i.e., K = Q(«)), then an embedding ¢ : K < C is uniquely
determined by o(a), which must be a root of the minimal polynomial m for « over Q.

Some of these roots are real, corresponding to embeddings o : K — R C C. It’s common to denote
the number of real embeddings by 7.

Some roots lie in C \ R, and these roots form pairs o, @ (where @ denotes the complex conjugate).
These correspond to pairs of conjugate embeddings 0,5 : K < C, and we denote their number by
2s.

Finally, note that the n = [K : Q] = degm equals the total number of roots of m, and so n = r + 2s.

Theorem 4.4 (Minkowski bound). Let K be a number field of degree n and let 2s denote the number
of embeddings K — C, whose image does not lie in R. Then there exists a set of representatives for
the class group Clk consisting of ideals I < Ok such that

L /4\° 1
NI<Z (—) Al
n" \mw
Remark. The term n”—T'L (%)s 1s called the Minkowski constant. The whole RHS is called the Minkowski

bound and s often denoted By .

Example. For K := Q(i) and an ideal I < Ok, we can compute the Minkowski bound
N(I)<Bx=127...,

hence I = O for all representatives of the ideal class group. Therefore the class group (/x has only
one element, and so Ok = Z[i] is a PID.

Corollary 4.5. There is no unramified field extension K/Q, i.e., for each number field K there
exists a prime number p that ramifies in K.

Proof. Since hy > 1 for each K, there exists an ideal I < Ok from Theorem such that

I /4\°
13/\/133(—) A2
nn

™

After rearranging we obtain

where the last inequality is an analysis exercise.
Thus |Ag| > 2, and so there exists a prime number p such that p | Ag, which ramifies by Theorem
3.5l ]
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One can also talk about ramification for general extensions of number fields L/ K, in which case it can
happen that every prime ideal of K is unramified in L. The keyword (with fairly magical properties)
is Hilbert class field.

Minkowski bound also implies an alternative proof of Theorem [2.15] However, this is circular rea-
soning given our proof of Theorem [2.15] as the finiteness of the class number was used in its proof.
Nevertheless, the bound implied by Corollary is better than the bound from Theorem [2.15

Corollary 4.6. Class number hy is finite.

Proof. Take an ideal I < Ok that satisfies Minkowski bound, and factor it into prime ideals
I=]]P" = Bx>NI=]](NP)" = 2< NP < By and r; < log, B.

Thus there are only finitely many candidates for P;, and finitely many possibilities for ;. Hence there
are only finitely many possible representatives I, and so hx is finite. O]

Finding the class group (/k.
Minkowski bound also gives an algorithm for determining (/. Let’s briefly discuss it.

a) Find S = {I < Ox | NI < Bg}.
b) For I,J € S, test whether I ~ J, i.e., whether IJ~! is principal.
¢) Find relations [I.J] = [H] and [[7!] = [J].

Let us describe how to carry out step b). There exists H < O such that JH = (NJ), and then

_IH I1H

17!
/ " JH

J)

W)
It now suffices to check whether TH = (N'J)(a) =: (8) for some o € Ok, as then IJ~! is principal.
We have -
N(IH) = N(8) = INp],

which leads to a diophantine equation.
Example. Consider the case K := Q(v/—5). Then Ok = Z[v/—5] and consider the ideal
(3)=3,v-=>5—-1)(3,V=5+1).

Does there exist a such that

Na=N(3,v/-5—-1) =37

Rewriting Na as a? + 5b? yields the diophantine equation
a® + 5% = 3,

which clearly has no solutions, hence the ideal (3,1/—5 — 1) is not principal in Of.

4.3 Lattices
Definition. Let V' be a real vector space of dimension n < co. A lattice A in V' is a subgroup
N=Ze  + -+ Ze,,

where e; are linearly independent over R.
A lattice is full if r = n.
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Example. Z[i] C C is a lattice with basis 1, . This lattice can be identified with the lattice Z? C R.

On the other hand, consider Z[ﬂ] =7-1+4+7Z+v2 C R. Since 1 and v/2 are not linearly independent
over R, Z[v/2] is not a lattice in R.

Lemma 4.7. Let V be a finite-dimensional real vector space and A <V an additive subgroup. Then
A is a lattice iff it is discrete, i.e., for every A € A there exists an open set U C V such that
UNA={\}

Proof. The proof is left as an exercise. O

Definition. Let A = ) Ze; be a full lattice. We call the set

D:= {Zaiei

a fundamental parallelepiped for A.

Definition. By volume we shall mean the usual measure on V' ~ R" and denote it by Vol.
Let A be a lattice with a fundamental parallelepiped D. The covolume of A is the volume Vol D.

Lemma 4.8. Let A =) Ze; be a full lattice with fundamental parallelepiped D. Then:
a)
V=||\+D)
AEA
(where | | denotes the disjoint union).
b) For every v € V there exists a unique X\ € A such that v — X\ € D. In other words D is a
fundamental domain for the action of shifting by A.
c)
Vol(D) = |det(ey, ..., e,)]|.

d) The volume of D is preserved under a change of basis.

Based on part b) of the lemma, we shall use the terms “fundamental domain” and “fundamental
parallelepiped” interchangeably.

Proof. a), b) are trivial, and we know c) from linear algebra.
d) Changing the basis results in multiplying Vol(D) by the determinant of the transition matrix,
which is +1. 0

Further, we want to relate the covolumes of a lattice and its sublattice. For that we shall use the
following well-known result (also called Structure theorem for subgroups of free abelian groups of finite
rank).

Theorem 4.9 (Invariant factor theorem). Consider full lattices N C A C V. There ezists a basis
€1,... e, for N and positive integers my | mo | - -+ | my, such that m;e; is a basis for N\’

Proof. Let us start with arbitrary bases e, ..., e, for A and fi,..., f, for A’. As each f; also lies in
A, we can express them as Z-linear combinations of eq, ..., e, and consider the corresponding matrix
(i.e., the transition matrix from eq,... e, to fi,..., fn)-

With this matrix, we can do the following operations: We can do usual row and column operations
(adding or subtracting a multiple of a given row/column from another row/column), and we can also
permute the rows (or columns), as this corresponds to renumbering the basis elements. Note that after
each sequence of these operations, we still have two bases for V', and so the corresponding transition
matrix is regular. In particular, it can’t contain a row or column that would be identically 0.

We will do the following iterative algorithm:
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(1) Choose the element a in the matrix with the smallest nonzero absolute value, and place it in
the position (1,1).
(2) By row and column operations, reduce all the elements in the 1st row and column modulo |al.

(3) Repeat steps (1) and (2) until the 1st row and column contain only the element a;q, and all
other elements are 0. (This process terminates, for the absolute values |a| in step (1) form a
decreasing sequence of positive integers.)

(4) Next we want to make sure that the element a1; divides all the elements of the matrix (which
need not be the case after (3)). If not, then assume that aiq 1 a;;, add the ith row to the first
row, and return to step (2). The element a,; now appears at the position (1, ), and so it can
be reduced modulo a;;. Repeating steps (1)—(3), we obtain a new, smaller value of a;.

(5) Repeat step (4) until ay; | a;; for all ¢, j. (This process terminates, for the absolute values |a1;]
in step (4) form a decreasing sequence of positive integers.)

(6) From now on, ignore the first row and column, and repeat steps (1)—(5) with the (n—1) x (n—1)
submatrix (a;j)a<i j<n, until the entry ags | a;; for all 2 < ¢, 5 < n. Note that by (5), we have

aiy | ag
(7) Tteratively ignore the first k rows and repeat the steps above. Eventually, we obtain a diagonal
matrix satisfying ayq | ags | ass | - -+ | @py. This matrix corresponds to the desired bases. ]

Proposition 4.10. Consider full lattices ' C A C V. Then

Vol(D")
Vol(D)

= (A : Al)?

where (A : \') is the indez of a subgroup.

Proof. Using Theorem we have that (A : A’) = [[ m;. We can then view the ratio of volumes on
the LHS by cutting D’ into my, ..., m, pieces in the directions given by e;, which yields the desired
equality. O]

Proof of Proposition [£.3] By definition we have
N(BOk) = #OK /50,
Let wq,...,w, be an integral basis for Og. Then fBwy, ..., Bw, is a basis for FOk and
Ok =Y Zw, BOx=> Zpuw.

Thus we can view SOk C O C R" as lattices.
Apply Proposition with A = Ok and A’ = fOgk. We get

. g Vol(D') i | det(Bwr, . ., Bwn)| de
N(30x) = #0x /50 = (4 1) B 7Y B [oelfon e Pl ot goeag )] — ).

4.4 Lattice points in convex bodies

Proposition 4.11. Let A C V' be a full lattice with fundamental domain D and let S C V be a
measurable set. If Vol.S > Vol D, then there exist a, 5 € S such that

b —a€eA.
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Proof. For A € A we denote Sy := SN (A + D). Now we can express the volume of S as

Vol § = ZVOI Sh.
AEA

The volume Vol S remains unchanged under shifting the set S, and so

Vol D < Vol S =Y " Vol(=\+ S)).
AEA

As (=A+S,) C D for all A\, and the total volume of these sets is greater than the volume of D, two
of these sets must intersect.

Thus there exist o, 8 € S and A\, € A such that —\ + a = —\ + 3. This implies that o — 8 =
A— XN €A, as we wanted. H

Theorem 4.12 (Minkowski). Let V' be a real vector space of dimension n. Let T C 'V be a subset
which 1s

e compact,

e conver, and

o symmetric around the origin, i.e., « € T iff —a € T.
Let A be a full lattice in V' with fundamental domain D.

If
VolT >2"Vol D, then TnNA=#{0}.

Proof. Clearly T # (). Then 0 € T by symmetry and convexity. However, we want to show that
some nonzero element lies in T'. We will show this when Vol T > 2™ Vol D; if the volumes are equal,
then one slightly enlarges T' without increasing its intersection with A (this uses compactness of T

exercise).
1 t
S==-T=4q=-1teT;.

We set
Now Vol S > Vol D. By Proposition there exist a, 5 = %,% € S such that

54 (—
ASfB—a= o+ (=)
2
We have —y € T by symmetry, and so the whole RHS lies in 7" by convexity. O

Minkowski theorem has a fun application.
Corollary 4.13. FEwvery positive integer is a sum of four squares.
Proof. We have Euler’s four-square identity (from 1748)
@+ 0+ E+d) (2 + f2+g?+h?) =
(ae +bf + cg + dh)* + (af — be + ch — dg)* + (ag — bh — ce + df)* + (ah + bg — cf — de)*.

Therefore it suffices to prove the statement only for primes.
For p =2, we have p=1+1+0+40.
From now on, let p > 2 be an odd prime.

Lemma 4.14. There are m,n € Z such that

m?>+n*4+1=0 mod p.
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Proof. Rewriting the congruence as

2:

m —n?—1 mod p,

one can see that there are 1%1 possible values for the RHS and ’%1 possible values for the LHS. By
pigeonhole principle, at least two must be equal and give a solution. O

Fix a pair (m,n) from Lemma and consider
A= {(a,b,c,d) € A |c=ma+nb modp, d=mb—na mod p}.

This is clearly a subgroup of Z*. Since Z* is discrete, A is also discrete. Thus A is a lattice by Lemma

291}
For (a,b,c,d) € A, we have

a? + 02+ + d* = a®(1+m? +n?) + b2 (1 +m? +n?) + 2mnab — 2mnab =0 mod p.
Lemma 4.15. (Z* : A) = p?, and so the volume of fundamental domain D for A is Vol D = p.

Proof. We have Z* D A D (pZ)*, and so A is a full lattice.
By second isomorphism theorem

L/ p ~ ((Z/pZ)4)/<A/<pZ)4>.

From this we see that (Z* : A) = (IF;*D : A/(pz)4). The quotient A/(pz)4 is an F,-vector space of

dimension 2 (because a,b can be chosen arbitrarily, and they then determine ¢, d), and so the index

4 . 4) — #F;L) _p4_2
(FP-A/(}?Z)>—W—E—I?- [

Let T denote the closed ball of radius r at the origin in R?, where r? = (2 — €)p for some sufficiently

small € > 0. We have

m2rd

VolT =

= (2 — 5)2p2% > 24 Vol D,
and so by Theorem there exists nonzero (a,b,c,d) € TNA, i.e.,
A+ +A+d*=0 modp
A+ b+ A+ d*<r? < 2.
Thus p = a® + V* + ¢* + d*. O

Exercise. Show that all primes p =1 mod 4 can be expressed as the sum of two squares.

4.5 Minkowski space

Definition. Let K be a number field of degree n with r real embeddings oy,...,0, : K — R and
2s complex embeddings
O 1, Orgls oy Opgsy Opys - K= C.

We then define the Minkowski embedding as the map
oc: K<—<R xC°

a— (010, ..., Oy st).

We call the real vector space V := R" x C?® of dimension r + 2s = n the Minkowsk: space.
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Proposition 4.16. Let I < Ok. Then o(1I) is a full lattice in V' of covolume

Proof. Take an integral basis for the ideal I = Za; +- - -+ Zay,; such a basis exists by Proposition [2.9
The image o(I) is generated by o(ay),...,0(c,). We need to check whether they are independent
over R to see if they form a lattice.

Let A be a matrix, whose ith row is of the form
(010 ...000u, Reopiiay, Imo,qa, .. .).

Matrix A has a nonzero determinant, hence the generators of (/) are indeed linearly independent
over R and thus o(7) is a lattice.
Now consider a matrix B with ¢th row of the form

(0105 ... 0p 0, Opy1Qy, Gry1Q, ... ).
Matrices A and B are related by some column operations.

det A = (—2v/—1)""det B # 0.

The determinant of B is nonzero because B is the matrix M from Lemma and Ag # 0. Thus

o(I) is a full lattice. Since A can be viewed as having oa;’s as its rows, Vol D = | det A|. By Corollary

2.6b)
Ay, ...,an)] = (Ok : I)2|AK|

|det A = 275(Ok : I)|Ax|Y? = 275 | Ak |V2NT. O
Lemma 4.17. Let v := (T1,..., %, Zr41, - - -, Zrss) € V. We define a distance on 'V as
r r+s
Izl =) lzil +2 ) [ail,
i=1 i=r+1

and the corresponding closed ball in V' as the set
X(t) = {z € V| ||a] < t}.

Then
AR el Ak
nl2s

Exercise. Check that Lemma holds for (r,s) = (1,0),(0,1).

Vol X (t) =

Proposition 4.18. Let [ < Og. Then there exists a nonzero element o € I such that
INa| < B - NT.

Proof. Let D be fundamental domain for o(I). The set X(¢) is symmetric, convex and compact.
Choose t so that Vol X (t) > 2™ Vol D; by Theorem [4.12} there exists a nonzero o(«) € (1) N X(1).
Now

A
INa| = |oyal...|o.af - |ar+1a|2 . |0r+504|2 <

s r+5

AG " 1 $n
< al +2 : <
¢ (Simal 23 mal) <t

=1 Jj=r+1
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By our assumption Vol X (¢) > 2" Vol D, together with Lemmas and [4.17, we have

T TSN ’AK‘l/Q

— 2>2" NI ——.
nl2s = N 28

Choosing t so that equality holds and isolating t" gives

ool om
INo| < =" 2 NT.|Ag|Y? = Br - NT. 0
nn n" 2T

Now we can prove the Minkowski bound from Theorem

Proof of Theorem .4 Let [A] € C/k. Consider the class [A™!], which contains some ideal J < Of.
By Proposition there exists a nonzero € J such that

INB| < By - NJ.
Since SOk C J, we have J | BOk, so there exists an ideal H < Ok such that HJ = fOf. Now
[H=[J=[A = HclA]

Therefore

NJT-NH=N(BOx)Z|NB| < Bx-NJ
NH < Byg. O

4.6 Dirichlet’s unit theorem

Let’s turn to the structure of the unit group Oj.

Definition. We denote by p(K') the torsion subgroup of O, i.e., the subgroup of all elements of
finite order.

Note that each ¢ € p(K) is a root of unity and we will often refer to them as such.

Theorem 4.19 (Dirichlet’s unit theorem). Let K be a number field with r real embeddings and 2s
complex embeddings. Then Oy is a finitely generated abelian group of rank r+ s — 1.

Definition. The free generators of O are called fundamental units and the tuple (uq, ..., Upsrs-1)
is called a system of fundamental units.
Dirichlet’s unit theorem can be restated as saying that

Ok ={¢-uf" ... w777 | € p(K),m; € Z}
and the expression of each u € OF as uw = (- u{™ ... v 77" is unique.
Lemma 4.20. An element o € K lies in O iff « € Og and Na = +£1.
Proof. Let o € Oj;. Since «v is invertible, there exists § € O such that af = 1. Then
Na-Np=1.
Since both Na and Nf lie in Z, we get Na = +1.
Let a € O with Na = +1.

ilzNaHaa

:I:lza-Haoz::oz-ﬁ

oF#id

Since K is a field and 8 = o', we have 8 € K. The conjugates oo are roots of m,, hence oo € Op,
and therefore 8 € Og N K = Ok. H
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Lemma 4.21. pu(K) is finite and cyclic.

Proof. Since every finite multiplicative subgroup of a field is cyclic, it suffices to show that p(K) is
finite.

Let ¢, € p(K) be an mth root of unity. Since Q(¢,) C K, [Q((y) : Q] divides [K : Q]. However
there are only finitely many m with ¢(m) < C for each bound C, hence u(K) is finite. O
We will start building up towards the proof of Dirichlet’s unit theorem.
Proposition 4.22. Let m, M € Z. Then the set of all a € Og such that

o dega:=degm, <m

o || < M for all conjugates o’ of «
is finite.
Proof. « is a root of a monic polynomial f = 2% + ag_12% + -+ + ay € Z[z] with deg f < m. Since
the conjugates o’ are bounded, then by Viete’s formulas, all the coefficients of f are also bounded:
For example, we have —ay_1 = > o' < dM < mM. As the degree d and all the coefficients a; are

bounded, there are only finitely many possible polynomials f, and so they have only finitely many
possible roots . O

Corollary 4.23. Let a € Og be such that each conjugate o of a satisfies |o/| < 1. Then o is a root
of unity or zero.

Proof. For every k > 1, o* € Q(«), and hence o has bounded degree. Since taking a conjugate is a

homomorphism, we have |a*| < 1. By Proposition the set {1,a,a?...} is finite, which means

af = of for some k # ¢. Then o = 0 or /=% = 1, in which case « is a root of unity. m

Definition. We define a map
L: K*()—=R™(+)
a— (log|oal, ... loglo.al,2log o1, ... ),

which is a group homomorphism called the logarithmic Minkowski map.
Now consider taking u € O, so |Nu| = 1. We have

1=|ow|----- lovu| - oy ul?. ..

0 = log |o1u| + -+ - + log |o,u| + 2log |0, qu| + . ..
The image L(u) thus lies in a hyperplane consisting of solutions to

1+ 2 =0.

We shall denote this hyperplane by H and remark that H ~ R""*~1 as real vector spaces (e.g.,
consider the map x +— (z1,...,Z15-1))-

Proposition 4.24. The image of L : O — H s a lattice in H and the kernel Ker L = u(K) is
finite.

Proof. Let o € Ker L, thus |o;a| = 1 for all i. By Corollary a is a root of unity and hence lies
in p(K), which is finite by Lemma [4.21]

Consider a bounded subset C' C H, i.e., C' is contained in a box
{(x1, ..., 2045) € H| || < M}

for some bound M. If L(u) € C, then |oju| < e for all j. By Proposition there are only finitely
many v € Oj such that L(u) € C, hence L(OF) is discrete and thus it is a lattice. O

We have
Rank O = Rank(L(Of)) < dimH =7+ s — 1,

hence we have proved an upper bound for the rank of O%.
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4.7 Lower bound on the unit rank

Let’s complete the proof of Dirichlet’s theorem by showing an upper bound on the rank of O in
the following theorem.

Theorem 4.25. L(Oj) is a full lattice. Therefore Rank O =r + s — 1.

Proof. For r +s — 1 = 0 the theorem holds trivially, and so assume that r +s—1 > 1.

The idea of the proof is to consider the lattice o(Of) and various stretched boxes for Minkowski’s
Theorem [£.12] We will use them to construct many elements of Of of bounded norm. Some of these
elements will have to differ by multiples of units, which will allow us to construct units ¢; that are
very large in one embedding o; and small in all other embeddings. The images of these units will be
independent in L(O}), establishing that it’s a full lattice.

For x := (z1,...,2,15) € R" x C* we define
Nr:=x1 Ty T 1Tpp1 - Ty s Ty
so that Nk g(a) = N(oa) where o is the Minkowski embedding. Note that
INa| = Ja| -] - |2 [P e
Let x € R" x C*® with |[Nz| = 1 and consider the set
r-0(Og)={x-o0a|ac Ok},

where “” denotes the coordinate-wise product. By Proposition , 0(Ok) is a full lattice with
covolume Vol D = 27%|Ak|"?) and z - 0(Ok) is also a full lattice with the same covolume (since
|INz| =1).

Consider T' C R" x C?® as in Theorem [4.12] Then there exists a nonzero 3, € Ok such that z-08, € T.
Since T is compact, there is a constant M > 0 (depending only on 7T') such that |[Ny| < M for all
y € T. In particular,

[Nk/o(Ba)l = [N(0B:)| = [N(x - 0s)| < M,
where the second equality uses |Nx| = 1. Therefore the principal ideal 5,0 has bounded norm.
There are only finitely many such principal ideals; denote them (7),..., (7). For our f3,, we have
(B:) = () for some i, so there exists a unit §, € O with 8, = v;0,. Then z - 00, € o(y; ") - T. Let

T :=0(yw') - TU---Uo(y ") T,

which is a bounded set (independent of x).

Therefore, for all  with |Nz| = 1 there exists 0, € O such that |z; - 0;6,| < M’ for all j, where M’
is independent of x.

For each 1 <i <r + s, choose z with |[Nz| =1 and |z;| > M’ for all j # i. The bound above gives
a unit ¢; := d, € O such that |o,e;| < 1 for all j # i, i.e., log|oje;| <O.

Now we shall prove that
L(€1), e ,L(8T+5_1)
are linearly independent vectors in L(QOj), i.e., the matrix with rows of the form

(Crggy o lpeiy 20184, oo 200 g 1Ey)
is invertible, where
lie; == log |oje;].
We know f;e; < 0 for all j # ¢ and
big;+ -+ 20,15, =0.

Then the sum of ith row is —2¢,, ;; > 0. Proving the following lemma from linear algebra concludes
the proof.
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Lemma 4.26. Let (a;;) be a real matriz such that
a) a;; <0 forall j # i
b) >_;aij >0 for all i

Then it is invertible.

The proof of Theorem is thus also concluded.

4.8 Comments on units

Let us provide some remarks about systems of fundamental units.

How to find fundamental units

a) Choose m € Z* and find many «; € Ok such that N(«;) = +m. Since there are only finitely
many such «;’s, we will have collisions of the form (¢;) = (o), but then aiaj_l € Ox.

b) Repeat a) until you have found enough such units, they then generate a subgroup of finite index.
But how do we know when we have enough units? We will introduce the notion of regulator, which
will play an analogous role to the discriminant, helping us to determine that our units generate the
full unit group.

Regulator
Lett:=r+s—1andey,...,e € Op.
Definition. The regulator, denoted by Reg(eq, ..., &), is the determinant of a matrix with ith row
of the form
682‘ = (IOg |O'18i|, ey 210g |0-7’+18i|a ce )

Moreover we define

Reg K := Reg Oy = | Reg(e1, ..., &t)]s

where (e1,...,¢) is a system of fundamental units.

Class number formula
Now how do we find Reg O 7 We will use the class number formula

wK|AK|1/2

B 27(2m)* Reg O %
where wy = #u(K) and (x is the Dedekind zeta function. Note that p(K) is finite by Lemma [1.21]

and wx > 2 because we always have £1 € pu(K).
The Dedekind zeta function is defined as

hi + IeSg=1 CK(S)u

I<Ok
It generalizes the Riemann zeta function: for K = Q we have Ok = Z, and since all ideals I < Z are
principal of the form (n) with A(n) = n,

00
1
)
ns
n=1

Cols) =

which is the Riemann zeta function.
Now since we know how to find hx from the previous chapter, the only thing that remains is Reg Oy,
which we can obtain from the class number formula.

S-units
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Definition. Let K be a number field and S a finite set of prime ideals in Og. The set of algebraic
S-integers is
Ok(S) :={ae K|ordpa >0 for all P & S}.

Furthermore, the set of algebraic S-units is
Ox(S) ={ae K|ordpa =0 for all P ¢ S}.
Exercise. Show that Ok (0) = Of.
Example. Let K = Q and S = {(2), (3), (5)}. Then
OX(8) = {£2%3"5™ | k,¢,m € Z}.

Theorem 4.27. O (S) is a finitely generated group of rank r + s — 1 + #S for every finite set of
primes S and every number field K.



5. Cyclotomic fields & FLT

5.1 Basics of cyclotomic fields

From now on, let ( be a primitive nth root of 1 and consider the cyclotomic field, i.e., the number
field K = Q((). In this section we’ll study the ring of integers O of K.

We won’t prove a few easy facts that can be found here (in Czech only): https://www.karlin.mff.cuni.
cz/~kala/files/ T C25.pdf

We'll also only partly prove the hard fact that the cyclotomic polynomials are irreducible (that we
don’t really need and that’s also proved in the Czech lecture notes).

Exercise. Show that if  is a primitive nth root of 1, then (* is a primitive nth root of 1 iff (a,n) = 1.

K = Q(Q) is a splitting field for m¢ g and also it is the splitting field for 2" — 1 = [[I_, (x — ¢%).
Thus K/Q is a Galois extension.

Definition. For n € Z* we define the nth cyclotomic polynomial

O(2)= [] @-¢=]]@-0),

1<a<ln ¢!
(a,n)=1

where (' runs over all primitive nth roots of 1.

Remark. a) deg ®,(x) = ¢(n), where ¢ is Euler’s totient function.
b) 2" —1 =[]y, Pa(z).

From now on let G = Gal (i/@Q). Elements of G permute the roots of z™ — 1. For 0 € G we have
o¢ = ¢ for some a. Since o is invertible, a is also an invertible element mod n, hence (a,n) = 1
and thus elements of G map primitive nth roots to primitive nth roots. The coefficients of ®,, are
therefore also preserved by elements of G and thus

®, € Qz] N Oglr] = @, € Z[z].

For (a,n) =1 we define a map o, such that o, = (* Thus, for each o € G there exists a such that
o =0,

However o, is not necessarily well-defined, even when (a,n) = 1 (ezxercise: show that o, is actually
not well-defined for (a,n) > 1). Consider f,g € Q[z], then

If we suppose that f(¢) = g((), then for o, to be well-defined it is necessary that f(¢*) = ¢g(¢*). Thus
(f —9)(¢) = 0, and we need that ¢* is also a root of f —g. Since (f —g)(¢() =0 <= m¢o | (f —9)
(and f,g were arbitrary), we need m¢g(¢*) = 0. Having this for all (a,n) = 1 is equivalent to
me,g = Pp, which is in turn equivalent to the irreducibility of ®,,.

39
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Consider the following injective group homomorphism

v G (Zfn)"

Og > @

This map is surjective (and thus an isomorphism) if and only if ®,, is irreducible.
We can summarize our findings so far into the following proposition.

Proposition 5.1. TFAFE:
a)y: G— (Z/n)X is an isomorphism.
b) [K: Q] = ¢(n)

c) G acts transitively on primitive nth roots of 1.
d) @, is irreducible in Z[z].

Proof. Exercise (that essentially follows from the previous discussion). ]

In fact, all of these conditions hold (as we have shown d) in the Number theory course). Nevertheless,
we can give an independent proof, starting with the case when n = p” is a prime power.

5.2 Prime powers

Theorem 5.2. Let n = p” for a prime number p and let ¢ be a primitive nth root of unity. Let
K =Q(¢). Then:

a) [K:Q] =) =p"(p-1).

b) O = Z(]

¢)m=1—Cis a prime element in Ok and (p) = (1), where e = p(p").

d) A = £p°, where ¢ = p"Ypr —r —1).

Note that by the efg Theorem , part ¢) means that f = g = 1, in particular,

O/ (m) = Z/ (p)-
Proof. Since ( is a root of ™ — 1, we have ( € Ok and Z[(] C O. It remains to prove the other
inclusion. For that purpose, we first make the following easy observation.

Lemma 5.3. Let (' be some other primitive nth root of unity. Then (' = (* for some (s,n) =1 and
¢ =" for some (t,n) = 1. Thus Z[{] = Z[¢'] and Q(¢) =Q(({') = K.

Let’s continue with ¢’ = ¢* for some (s,n) = 1. We have

11:2/ =1+C+C+ -+ €Z[¢] and symmetrically
11:5/ € Z[('] = Z[¢], and so

1-— Cl X X

1—¢ € Z|(]* C Ok.

Let us now prove part a). We have
degm¢ = [K : Q] < deg®,, = p(n).

Recall that we can write

at—1= H(I)d(x),

d|n
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hence
1= (z)- (a7 —1) (5.1)

—1 .
If we denote t := 2", we can rewrite

-1

P, (x) = Ppr(z) = o] =1+t+---+t*'"' Thus
/ 1 _CI
p=2@)=[I0-)=T[7=0-0
¢ ¢’
Since II_TCCI lies in O, we obtain

p=o,(1)=u-(1-()

for some u € Of and e = p(p").
Denoting 7 := 1 — ( yields the equality (7)¢ = (p). By the efg Theorem we have

e<|[K:Q] <¢(n)=e,

which proves part a). Since (7) is a prime ideal in Ok, 7 is a prime element (exercise), which also
proves part c).

Thanks to the efg theorem we also have the following isomorphism

Ox/(m) = 2/ (p).

To view it concretely, consider the map
2/ (p) = Ox/ (x)
a+ (p) — a+(m)

which is an injection between fields (this is always true, regardless of the inertia degree). Since the
inertia degree is equal to 1, this map is also an isomorphism, which yields

Ok = Z + 70k (5.2)

Now we want to show that
A (Z[C]/Z> = pF
for some k. We have

A (Z[C]/Z) = A(LC,. ¢ = Nigo (@ (0)).

Using (j5.1)) we obtain
@/ (C) _ prc‘pr_l
p" - gpr—l . 1

Furthermore we have

N(p")=N(p) =p"“
N(¢) =1

To determine N(¢? — 1), we use the following lemma.

S

Lemma 5.4. For all 0 < s <r, we have N(1 — (P") = +p?".
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Proof. If s = 0, then N (1 — () is plus or minus the constant term of ®,-(1 — x), which is ®,-(1) = p.
Take now s > 1. Note that ( is a primitive p"th root of unity, and so (?" is a primitive p"~*th root
of unity. Thus by the previous paragraph, we have Ng»*)/q(1 — (P*) = 4p.

Since ¢P" lies in the subfield Q(¢?") and [Q(¢) : Q(¢P)] = w(p")/(p"~*) = p*, we have

Noy/a(1 = ¢*") = Noeryse (Noaee) (1 =€)
= Noertyo (1= ¢7)7)
= (Ng(eryo(1 = ¢7)"
= +pF. O

As we wanted, this implies that for some k,
v = A (ZA/z) = AQLC...0Y = A (Ox/z) - Ok : 2

Thus we have Ay = p* and (O : Z[¢]) = p™ for some ¢, M, and so pM Ok C Z[(].
Let us finally prove Ox = Z[¢] (which is b), and it will also immediately imply d), as we know

A (Z[C]/Z>) From (j5.2)) we have

Ok =Z[¢) + 70k =
10k = 7Z[(] + 0 =

Ok = Z[¢] + nZ[¢) + 0k =
Ok = Z[¢] + m° Ok

and hence A
Ok =Z[(] + Ok

for all j. Thus we also have

Ok = Z[(] + p" Ok

for all m. However for m = M we have pM O C Z[(] and therefore O = Z[(], which concludes the
proof. O]

5.3 General n

One can proceed by induction on the number of prime divisors of n to establish a structural result
for general n. As we’ll be distinguishing mth roots of unity for different m, we’ll always denote by
(m (some) primitive mth root of unity.

First of all, observe that for odd n, we have Q((,) = Q((2,) (exercise), and so we can wlog assume
that 2 doesn’t divide n exactly to the first power (i.e., va(n) # 1).

Theorem 5.5. Assume that vo(n) # 1 and let ¢ be a primitive nth root of 1 and K = Q((). Then
W) [K Q] = ¢(n)

b) Ox = Z[(], i.e., 1,¢,...,C?"™ =1 is an integral basis.

d) For each prime number p, we have

p|Ax < p|n

c) If n = p"m with pt m then
pOg =( PP, )#¥).
——

pairwise distinct
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Proof. We'll only sketch the proof. Let n = pi*--- p* be the prime factorization; we’ll proceed by
induction on k. The case k = 1 is covered by Theorem [5.2]

For the induction step, write n = p"m with p ¥ m. From the induction hypothesis, we know that
(Ag,r), Agen)) = 1. The proof of the theorem will then quite easily follow from the following general
result. O]

Theorem 5.6. Let K, L be number fields, n = [K : Q|,m = [L : Q|. Assume that (Ax,Ar) = 1.
Then

a) [KL: Q] =nm,

b) Ok, = OOy (by the right hand side, we mean the smallest ring that contains both Ok and Or),

Proof. Let’s start by considering the number field K N L. If a prime p ramifies in K N L, then it also
ramifies in K and L, and so p divides Ag and Ay. But these discriminants are coprime, and so there
is no such p and we have Agn, = £1. By Corollary [4.5] this is possible only when K N L = Q, which
in turn implies a).

Let aq, ..., a, be an integral basis for K/Q, and 4, ..., 5, an integral basis for L/Q. As KNL = Q,
we then also have that (i, ..., 5, is a K-basis for KL/K.

We want to show that Ok, C OOy (as the other inclusion is trivial). Let a € Ok, and write it in
the K-basis as

m
a=> xf with ;€K (5.3)
i=1
Let 01,...,0,, : L — C be the Q-homomorphisms and consider their extensions &1,...,0,, : KL <
C, which are K-homomorphisms. By applying these to the expression for a, we get

gj(a) = Zfﬂzﬂj(ﬁi)-

We can view this as a system of linear equations with variables z;, whose coefficients all lie in Og.
Solving this system of linear equations using Cramer’s rule, we get z; = det(M;)/ det(M) for certain
matrices M;, M; all of these determinants also lie in Og. Very importantly, by Lemma we have
A = (det(M))2 €.
We thus have

ALZL‘,' = det(MZ) det(M),

where the LHS lies in K and the RHS lies in (’)@. Thus
ALJIZ' e Kn O@: Ox.

By we then obtain Ao € OgO,. Symmetrically, we have Axa € OOy

As (Ag,Ar) = 1, we can use Bézout’s formula to conclude that o € OxOp. As this holds for all
a € Ok, this indeed shows that Ok C OOy, establishing b).

Then {;3; | 1 <7 < n,1 < j < m} is an integral basis for K'L/Q. The proof of ¢) follows by
computing the discriminant Ay in this basis (exercise). O

5.4 Regular primes and units

Definition. Let p be an odd prime number and let h, denote the class number of Q((,). We say
that p is regular if p 1 hy,.

Note that it is not known whether there are infinitely many regular primes, although it is expected
that 61% primes are regular. However it is known that there are infinitely many irregular primes.
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Theorem 5.7. TFAE:

a) p is a regular prime.

b) p does not divide the denominator of By, for all k =2,4,...,p— 3, where By, is the kth Bernoulli
number. Those are numbers that satisfy the following:

t > "
et—1:ZB"'H

n=0

Definition. Let ( be a primitive nth root of unity. We define
Q)T =Q(C+¢T,

which is the largest totally real subfield in Q((), i.e., all conjugates of the generator are real or
equivalently all embeddings of Q(¢)* are real. We have Q({)" = Q(¢{) N R.

Lemma 5.8. Let ¢ be a primitive nth root of unity where n is odd, K = Q((). Then for allu € O
there exists 1 € p(K) and v € Oy, such that

U=pW-0.

Proof. Write the complex number v = p - v with v € R and p lying on the unit circle, |u| = 1. We
need to show that p € pu(K) and v € O

We have u/u = p?> € Ok. As all the conjugates of u? have absolute value 1, by Corollary we
have 2 € pu(K). However, as we're assuming that n is odd, all roots of unity in K are squares, and
so also pu € u(K), as we wanted.

Thus v € OF. We have that v € Q(¢) "R = Q(¢)™, which concludes the proof. ]

5.5 FLT

Theorem 5.9. Let p be an odd reqular prime number. Then there are no x,y, z € Z satisfying
P +yP =2 and ptxyz.

Proof. Assume towards contradiction that there is a solution and that (x,y, z) = 1 (they are coprime).
For p = 3 we have
a®*=0,+1 mod 9

for all a, which leads to a contradiction. Similarly for p = 5. We assume then that p > 7 and WLOG
assume p { z — y (exercise).
We have the factorization )

e

4y =@+ ¢y =2
=0

Let us view the ideals (z + ('y) in Z[(] = Og(c)-

Lemma 5.10. The principal ideals (x + ('y) < Z[(] aree pairwise coprime.

Proof. Assume for contradiction that there exists a prime ideal P such that
Pl(z+y), P|(z+y)
for some i # j. Thus z + 'y, x + ¢y € P, and so

'=¢)yeP.
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Observe that

e (29T
¢ 0= (5 ) a-o.

-~

X
€0}

J/

and so (¢ —¢?) = (1 —¢) = (v). Thus
P | (my) and similarly P | (7).
Since z and y are coprime in Z, they are also coprime in Z[(], and so P | (7). But (7) is a prime

ideal, hence P = (7). Recall that 7 | p, and so ZN P = (p).
Now we have

1=¢" mod P
—z+y=2+Cy=0 modP
—x+y€eZNP=(p
— =P+ yP=2x4+y=0 mod (p)
Hence p | z, which contradicts the assumption p { xyz. O
We will also need the following lemma (that is an easy exercise).

Lemma 5.11. a) For every o € Z[(], we have o € Z + pZ[(].

b) Let « = ag + a1 + - - + ap—1CP~" with a; € Z and at least one a; = 0. If n € Z is such that n | a,
then n | a; for all .

Consider the following as an equality of ideals in Z[(]:

p—1

Gy =T+ )
i=0
The ideals (x+('y) are pairwise coprime (Lemma, so their prime factorizations must be disjoint.
Moreover each factor must be a pth power, so we write (z + (y) =: AY. Since A? is principal, the
order of A; in the class group divides p, so it is either 1 or p. By Lagrange’s theorem, the order of A;
also divides h,,, and since p is a regular prime, the order must be 1, meaning that A; is principal.
Let A; =: (o) for all ¢ and consider ay:

T+ Cy = uaf
for some u € (96(0. By Lemma ﬁ we have
uU=p-v
where p = (" for some r and v € Q(¢)*. Therefore
z+Cy =v(" - af,
with v = . Now by Lemma [5.11h) we have
o =b mod pZ[(]
for some b € Z. From this we have
r+Cy=v("-b mod pZ|C
r+Cy=v("-b mod pZ
— vb=("(x+ y) mod pZ
=("(z+ ¢ 'y) mod pZ[¢

Hence p | (" (x+Cy)—C"(x+( " y). Considering this using Lemmal/5.11pb), p divides all the coefficients
at distinct powers of (. This forces p | x, p |y, or p | x — y contradicting our assumptions. ]
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