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Task 1

Let (X, A, 1) be a finite measure space and f € LP(X) for some p € [1,00]. Show that
f e Li(Q) for all ¢ € [1,p] with

11l e < (X)) £l o

When does equality occur?
Task 2

Let (X, A, ) be a measure space and (fi)reny be a sequence of integrable functions.

Suppose that fy(z) — f(x) for p-a.e. x € X, and klim / | frldp — / | f|du. Prove that

i [ 1= flan=o.
k—o0 X

Task 3

Consider the Lebesgue measure space (R, My, ur), and let v be the counting measure on

My,
(a) Show that p;, < v but ddLVL does not exist.

(b) Show that v does not have a Lebesgue decomposition with respect to p.

Task 4

Let 1 and v be two positive measures on a measure space (X,.4). Suppose ?1_; exists so
that v < p.

(a) Show that if S—Z > 0 p-a.e. in X, then p < v and thus p ~ v.

(b) Show that if j—/’: > 0 p-a.e. in X and if 4 and v are o-finite, then 9 exists and

dv

dp AN .

o = \1 p-a.e. and v-a.e. in X.
v 1
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