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Task 1 (Integral operators on L*(Q2) vs. C(f))
Let 2 C R? be a smooth bounded domain.
(a) Let a: 2 x Q x R — R be a continuous map and define
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Prove that A: C(Q2) — C(Q) is well-defined and compact.
(b) Let k € L*(Q2 x Q) and define

K(u)(w)i= [ b y)uty) dy
0
Prove that K: L*(2) — L*(Q) is well-defined and compact.

(c) Give an example of continuous a such that A is not well-defined as an operator
L3(Q2) — L*(Q).

(d) [Bonus] For f € C(]—1,1]) consider the following boundary value problem:
—u" = fin (—1,1), u(—=1) =0 =wu(l).
Show that the solution to this problem is unique and that it is represented by the

formula
e = [ EEOE= sy ays [ EEEEE g ay

Show that the solution operator f € L?(—1,1) — u € L*(—1,1) is compact.

Task 2 (Nemytskii operators)

Let € be a topological space with Borel measure p and let f: 2 x R™ — R” be a
Carathéodory function such that

|f(z,2)] < |29 + g(x) for p-a.e.z € Q,and all z € R™.

where ¢ > 0, p,q € [1,00), and g € L%(2). The associated Nemytskii (or superposition)
operator to f, denoted F'(u), maps a function u: @ — R™ to the function

r € Qi F(u)(x) = f(x,u(x)) € R".
(a) Prove that if u: € — R™ is measurable, then F'(u) is also measurable.
(b) Prove that F(u) € L%(2;R"™) whenever u € LP(Q; R™).

(c) Assume that f is uniformly continuous and let (uy)reny C LP(€2;R™) be a sequence
such that uy — uw in LP(Q;R™) and |ug(x)| < R for some R > 0, p-a.e. in Q. Prove
that F(uy) — F(u) in LI(€; R™).

(d) With the help of the Lusin-type theorem for Carathéodory functions, show that the
previous statement holds also without the restrictions on f and wuy.

Hint: Show that [, |f (2, ug(x))|? dp is small if p(A) is small, even if |uy(z)] is large.

Hand in date: 25.11.25 1 November 18, 2025



UNIVERZITA KARLOVA
Matematicko-fyzikalni Dr. Malte Kampschulte

fakult: )
akutta Dr. Alexei Gazca

Task 3 (Lower-semicontinuity of convex functionals)

Let 2 be a topological space with Borel measure p and let f: Q x R™ x R* — R be
a Carathéodory function that is convex in its third argument. Suppose that up — u in
LP(;R™) and v, — v weakly in L9(€Q2; R™). Prove that

/fx u(s ))du<hmmf/fx (), (@) d
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