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Task 1 (Compactness of DG approximations) (44646 Points)

For given polynomial degrees k,l € N, define the lifting operator R! : P*(T,) — P'(T5)
through
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Define the DG (‘Discontinuous Galerkin’) gradient operator Gl : P¥(T;,) — Pmaxtk—Li (7, yd
as G (vp,) :== Vo — R (vp).
(a) Prove that for any p € [1,00) and v, € P*(7T;) one has
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(b) Let {up}ns0 be a sequence with u;, € P*(7;) such that
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for some ¢ indepenedent of h and p € (1,00). Prove that, up to a subsequence, we
have as h — 0:

up — U strongly in LP(Q),
G (up) — Vu weakly in LP(Q)?,

for some u € Wy ().

(c) Define the discrete energy I;,: P*(T,) — R for p € (1,00) as
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where f € L (Q) is given. Prove that there is a unique minimiser u, € P*(7;), and
that u;, converges (as h — 0) to the solution of the p-Laplace problem u € VVO1 P(0).
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