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Task 1 (Constrained minimisation) (242+2 Points)

(a) Let K be a closed, convex, non-empty subset of a normed space V. Find Oy (v)
for any v € K.

(b) Let J: V. — R be a Gateaux-differentiable function defined on a Banach space
V. Prove that u is a solution of the constrained minimisation problem J(u) =
min,ex J(v), with K C V a closed, convex, non-empty subset, if and only if

(J'(u),v—u)yy >0  forallve K.

(c) Take the usual Laplace energy I(v) := %HVUH?) — (f,v)q, defined for v € H'(Q)
with f € H~1(Q) given. Derive the optimality condition for a minimiser u € H'(Q)
with the constraint u|gn = up, where u, € H 1/2 (0Q2) is a given boundary condition.
Can you turn the optimality condition into an equation?

Task 2 (Computing dual problems: p-Laplace) (343 Points)

(a) Let (V,]|-]|) be a normed space and (V*,||-]|,) its dual. Let ¢: R — R U {400} be
a convex lsc function that is even (p(t) = p(—t)). Prove that the function

f:V—=>RU{+o0}
fw) =e(lvl)

is a proper convex lsc function, and
) = (llv*l,)
Hint. Write f*(v*) =sup sup [(v",v) — p(||v])].
>0 veV, ||v]|=t

(b) Use (a) and the Fenchel duality theorem (Prop. 6.2.1) to find a dual problem for the
p-Laplace problem (p € (1,00)), which consists in the minimisation of the primal

energy:
I: W,P(Q) = R, (1)
1 p y
)= / Vol — (f,0)a 2)

with f € L' (Q) given.
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Task 3 (Computing dual problems: Bingham) (4 Points)

Using the Fenchel duality theorem, find a dual problem for the scalar Bingham problem,
which consists in the minimisation of the energy I: Hj(2) — R, defined as:

1= [1voP e [ 1vol- [ o 3)

with v, >0, 7, > 0, and f € L*(Q) given.

Hint. You may use the fact that if g: QO x R? — R is a Carathéodory function such that
re LP(Q) — g(-,7(-)) € LYQ) is continuous (p,q € [1,0)), then

sup /Qg(:c,r(x))dx:/ sup g(z,a)dz.

relr(Q)d Q acRd

At some point, the characterisation of equality in the Fenchel-Young inequality could be
useful.
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