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Task 1 (The Prager—Synge identity) (243 Points)

Take the primal and dual energy functionals corresponding to the Laplace problem:

I: Hy(Q) = RU{+o0o}, D: L*(Q)* — RU {400},
I(v) = 3l|Vollg = (f.v)e, D(v) = —4lr|3 — xPpy(div ),

with f € L?(Q2). Denote by u € H}(Q) and q := Vu € L?(2)? the primal and dual
solution, respectively.

(a) Prove that the strong duality relation I(u) = D(q) holds.
(b) Prove that for any r € L?(Q)¢ with divr = —f and v € H}(Q) one has:

D(r) = D(r) = 5|Ir — ql I(v) = D(r) = 5| Vv =75,

Conclude that the Prager-Synge identity holds:

2 2 2
IVo = Vullg + [ — qllg = 5IVo = rlg.

Task 2 (Computing convex conjugates) (24242 Points)
For the following functions compute f* and f**:
(a) [:R" = R, f(r) =a'z+bwitha € R" and b € R.

(b) f:R" = R, f(z) = 2" Az with A € R™™ symmetric and positive definite.
(c) f[: R—=R, f(z) =¢€".

Definition. The support function of a subset C' of a normed vector space V is defined

as
oc: V' = RU {400}
oc(v*) == sup(v*,v)
veC
Task 3 (Subdifferential of the norm) (2+3 Points)

Let C' be a non-empty, closed, convex subset of a normed vector space V; denote the
indicator function of C' by x¢.

(a) Prove that
(Xc)"=0c and  o¢ = xc-

(b) Prove that the subdifferential of the norm is given by
ol = {v" e V7 | (v, 0) = loll, [lo*], <1},

where |||, denotes the dual norm in V*.
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