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Task 1 (Zarantonello iteration for strongly monotone problems) (3 Points)
Let V be a Hilbert space and let A: V' — V* be strongly monotone and Lipschitz contin-

uous; i.e. there are two constants m, M > 0 such that for any vy,vy € V one has:
(A(v1) = A(v2), 01 — vy = mllor — v}, (la)
[A(v1) — A(v2) [y < Moy — val|y- (1b)

Show that there is a constant # > 0 such that the sequence {uy}rey C V generated by:
u = up—1 — 0y (A(ug-1) — f), (2)

where f € V* is given, uy € V chosen arbitrarily, and Jy : V* — V is the Riesz map,
converges to a limit u € V' that satisfies A(u) = f

Hint: Banach’s fixed point theorem.

[Bonus +3 Points] Consider the Zarantonello iteration (2) on a sequence of finite di-
mensional subspaces {V, }nen of V' such that |J,V,, = V. Prove that the sequence of
discrete solutions wuj € V;, converges to w in V.

Task 2 (Strong convergence) (242 Points)
In the proof of Theorem 3.1.1 in the notes, we saw that the weakly converging Galerkin

approximations u, — u satisfy:

lim (A(un), un) my (o) = (A(u), u) gy(), (3)

n—oo
where A: Hj(Q) — H~'(Q) is defined for all v,w € Hy(Q) as (A(v), w) 3 (q) := [oaVo-
Vw.
(a) Prove the claim we made: the condition (3) implies that actually w, — u strongly
in H}(Q).

(b) Prove that the strong convergence still holds for strongly monotone and Lipschitz
A, with the weaker condition

lim sup(A(un), un) g1y < (Aw), u) pi (o), (4)
n—oo
Task 3 (Nitsche’s method) (3343 Points)

Take a family of shape-regular triangulations {75}, and associated finite element spaces
Vi, € HY(Q), as described in Section 2.6 of the lecture notes. Consider the Laplace
equation:

(VU, VU)Q = (f,U)Q Y € H&(Q),

with f € L?(Q2). In the Nitsche method for the weak imposition of boundary values, we
look for a discrete function u; € V;, that solves

(Vun, Vup)a — (Vg -, vp)eq — 0(Von -, up)aq + (b7 un, vn)aa = (f, vn)a,
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for all v, € Vj; here 8 € {—1,0,1}, and o > 0 is a parameter to be chosen. Also,
hy := 092 — (0,00) is the piecewise constant function with hz|r = hp for a boundary
facet F' € F?. (Note that u; does not belong to the target space Hg(f2).)

(a)

Prove that for large enough a > 0, the discrete solution w, € V) exists, and it is
uniformly bounded in the following h-dependent norm

1/2
2 -1 2
fonll, = (Hwth ‘ ||hf2vh||ag) |

Hint: use the inverse facet-to-element inequality.

Prove that u;, converges weakly in H'(2) to a limit u € H}(Q), and that this limit
is in fact the solution of the Laplace equation.

For the skew-symmetric variant of the Nitsche method (# = —1), prove that the
convergence of uy, is in fact strong.

[Bonus +2 points.] Prove that the symmetric variant ( = 1) can also be in-
terpreted as the optimality condition Jj (u;) = 0 in V}*, for the minimisation of an
appropriately defined energy J,: Vj, — R.

[Bonus +2 points] Prove that the discrete variational problems from (d) I'-
converge to the usual Dirichlet principle for the Laplace problem.

Hand in date: 26.02.26 2 February 19, 2026



