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2 The Laplace Equation

Let Q be Lipschitz, f € L2(Q) Find u € H3(Q) s.t.:
—Qu=f inf /VU.Vv:/fv Vv e HY(Q).
u=0 on . Q Q

The solution u € H3(R) is a minimiser of the convex energy I: H}(Q) — R

) = i /
(u) =, min, 1V)

(v) =1 / VP - / f = LIVIA — (F.v)a



2 The Laplace Equation (mixed I)

Introduce the flux q = Vu € L?(2)9. One can then equivalently write:

Find (q,u) € L?()9 x H3(Q) s.t.:
—divq="f inQ,
q=Vu in Q, —(q,r)a + (Vu,r)g=0 Vr e L2(Q)d

u=20 on 0. (a, Vv)a = (f,v)a Vv e Hy(9Q).



2 The Laplace Equation (mixed I)

Introduce the flux q = Vu € L2(2)9. One can then equivalently write:
Find (q,u) € L?()9 x H3(Q) s.t.:

—divq="f inQ,
q=Vu in Q, —(q,r)a + (Vu,r)g=0 Vre [2(Q)?
u=0  onof (@.Vv)e=(f,v)a  VveHIQ.

The solution (q, u) is a saddle point of the Lagrangian:

max £(u,r) = L{a, U)=V€rgér(1mﬁ(q,V)

‘C(rv V) =3 ”r”Q + (r’ VV)Q - (fv V)Q



2 Lagrangian duality 4

The primal energy can be written in terms of the Lagrangian:

I(v) = sup L(r,v)
rel?2(Q)

Alexei Gazca Charles Universi




2 Lagrangian duality

The primal energy can be written in terms of the Lagrangian:

I(v) = sup L(r,v)
rel?2(Q)

Lagrangian theory can help derive dual (maximisation) problems:
D(a)= sup D(r)
rel?(Q)

D(r) = inf L(r,
(r) ety (r.v)



2 Lagrangian duality

The primal energy can be written in terms of the Lagrangian:

I(v) = sup L(r,v)
rel?2(Q)

Lagrangian theory can help derive dual (maximisation) problems:
D(a)= sup D(r)
rel?(Q)

D(r) = inf L(r,
(r) ety (r.v)

In general there can be a duality gap:

D(r) < D(q)= sup inf L(r,v)< inf sup L(r,v)=I(u) <I(v)
rel?(Q) veHy(Q) veH; (Q) rel?(Q)
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2 Lagrangian duality

In general, the following are equivalent:
» (g, u) is a saddle point of £
» u is a solution of the primal problem, q is a solution of the dual problem, there is

no duality gap, i.e. I(u) = D(q)
For Laplace, computing inf, (o) £(r, v) = ~Lr|& + (r, Vv)a — (, v)q leads to
(r,Vv)a = (f,v)a VveEHIQ)
This implies that

r € H(div; Q) == {s € [>(Q)? | divs € [*(Q)}
divek = —f



2 The Laplace equation (dual)

The dual problem corresponds to the maximisation problem:

D(q) = sup D(r)
rel?2(Q)
D(r) = =3 Irl3 — I 1y (dive)

The characteristic function I{Q_f} is interpreted as:

0 e [ 0 ifdive=—f
=gy (divr) = { +00  otherwise.

Note that we could maximise over r € H(div; Q).



2 The Laplace equation (mixed II)

Note that we could maximise over r € H(div;(2), and used the Lagrangian
L: H(div,Q) x L2(Q) = R:

L(r,v) = =3 Irlg — (divr,v)a — (f.v)e
This leads to the optimality conditions:
01L(q,u) =0 —(q,r)q — (divr,u)g =0 Vr € H(div; Q)
9,L(q, u) = 0 —(diva,v) = (f,v)a  VveL(Q).

The first condition implies that Vu = q € L?(R), and so u € H}(Q).



2 The Prager-Synge identity 8

The Prager-Synge (Hypercircle) Theorem [Prager, Synge; '47]
Let v € H3(2) and r € H(div; ) with divr = —f be arbitrary. Then

2 2 2
3 IVu—Vvig+3la—rlg=31Vv—rlg
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2 2 2
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2 The Prager-Synge identity

The Prager-Synge (Hypercircle) Theorem [Prager, Synge; '47]
Let v € H3(2) and r € H(div; ) with divr = —f be arbitrary. Then

2 2 2
3 IVu—Vvig+3la—rlg=31Vv—rlg

P The solution is characterised by three properties:
> u € Hy(Q);
> gq=Vu € H(div;Q)
> divg=—f
» The RHS is computable = a posteriori estimation [Ainsworth, Oden, Braess,
Schéberl, Bartels, Carstensen, Ern, Vohralik...].
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2 The Prager-Synge identity

The Prager-Synge (Hypercircle) Theorem [Prager, Synge; '47]
Let v € H3(2) and r € H(div; ) with divr = —f be arbitrary. Then

2 2 2
3 IVu—Vvig+3la—rlg=31Vv—rlg

P The solution is characterised by three properties:
> u € Hy(Q);
> q=Vu € H(div; Q)
> divg=—f

» The RHS is computable = a posteriori estimation [Ainsworth, Oden, Braess,
Schéberl, Bartels, Carstensen, Ern, Vohralik...].

» Geometric proof (Pythagoras) = difficult to generalise
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2 Convex conjugates

The (convex) conjugate of a (proper) function ¢: R” — RU {400} is the (proper,
convex, Isc) function ¢*: R” — R U {+o0} defined by:

¢*(a*) = sup [a" -a — p(a)] .
aeRn



2 Convex conjugates

The (convex) conjugate of a (proper) function ¢: R” — RU {400} is the (proper,
convex, Isc) function ¢*: R” — R U {+o0} defined by:

¢*(a*) = sup [a" -a — p(a)] .
aeRn

For any proper convex Isc ¢: R” — R U {+0o0}, the Fenchel-Young inequality holds:
a*-a<y(a)+p*(a*) Vaa"eR,
with equality being equivalent to the duality relations:
a'ra=y(a)+ (@) & a=Vy'(a) <& a" =Vy(a)

(Or a € 0p*(a*) < a* € dp(a) for non-smooth ¢.)



2 The generalised Prager-Synge identity 10

This can be generalised to convex energies on W!P(Q):
_/Q[SO('aVV) + (-, v)] / [ (-, r) + ¥*(-, divr)]

S. REPIN A posteriori estimates for partial differential equations. Radon Series on Computational and Applied
Mathematics 4, Walter de Gruyter GmbH & Co. KG, 2008.

& S. BarTELs, A. KALTENBACH Exact a posteriori error control for variational problems via convex duality and
explicit flux reconstruction. Adv. Appl. Mech. 58, 2024.
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2 The generalised Prager-Synge identity 10

This can be generalised to convex energies on W!P(Q):
= [ .90+ ) == [+ o)

& S. REPIN A posteriori estimates for partial differential equations. Radon Series on Computational and Applied
Mathematics 4, Walter de Gruyter GmbH & Co. KG, 2008.

& S. BarTELs, A. KALTENBACH Exact a posteriori error control for variational problems via convex duality and
explicit flux reconstruction. Adv. Appl. Mech. 58, 2024.

Define the total error:

Pron(v.¥) = 0 (v) + p2 p(r) = I(v) = I(u) + D(q) — D(r)
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2 The generalised Prager-Synge identity

This can be generalised to convex energies on W!P(Q):
= /Q [(-, Vv) + (-, v)] / [o* (- (-, divr)]

& S. REPIN A posteriori estimates for partial differential equations. Radon Series on Computational and Applied
Mathematics 4, Walter de Gruyter GmbH & Co. KG, 2008.

& S. BarTELs, A. KALTENBACH Exact a posteriori error control for variational problems via convex duality and
explicit flux reconstruction. Adv. Appl. Mech. 58, 2024.

Define the total error:

Pron(v.¥) = 0 (v) + p2 p(r) = I(v) = I(u) + D(q) — D(r)

Thanks to strong duality, one concludes:

Pron(v.r) = 1(v) = D(r) = nZ,, (v.¥)



2 The generalised Prager-Synge identity

The generalised Prager-Synge identity takes the form:

ptzot(v7 r) = nzap(vv r)

So the gap estimator is

ngap /[ap( Vv) —r-Vv+ ¢ ]—i—/[w ) —divrv + ¢*(-, divr)]

> It is an identity = reliability and efficiency with constants one.
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2 The generalised Prager-Synge identity

The generalised Prager-Synge identity takes the form:

pt20t(v7 r) = nzap(vv r)

So the gap estimator is

ngap /[ap( Vv) —r-Vv+ ¢ ]—i—/[w ) —divrv + ¢*(-, divr)]

> It is an identity = reliability and efficiency with constants one.
» Globally equivalent to residual-type estimators.

» The integrands are non-negative and vanish if and only if the optimality conditions
are satisfied.

» They can be localised = adaptive mesh refinement



2 The Prager-Synge identity (Laplace)

For Laplace, Taylor implies:
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2 The Prager-Synge identity (Laplace)
For Laplace, Taylor implies:
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2 The Prager-Synge identity (Laplace)
For Laplace, Taylor implies:
P(v) = I(v) = I(u) = 1" (w)]v — u,v — u] = L |[Vv = Vul},
For the dual energy:

2
P2 p(r) = D(a) = D(r) = 1 Irlg — 3 lalg
=3 Irlg — 3 lalg + (Vu.qa—r)a



2 The Prager-Synge identity (Laplace)

For Laplace, Taylor implies:

pR(v) = I(v) — I(u) = 31" (u)lv — u,v — u] = 1 |Vv - Vulj
For the dual energy:
p25(r) = D(a) — D(r) = 1 |r|5 — 3 a5
=1 Ir3 - 3 lal3 + (Vu,q—r)g
=1r—alj

So
2 2
Pron(v,¥) = 5 [Vv = Vulg + 3 |r — a5,



2 The Prager-Synge identity (Laplace)

The duality gap estimator takes the form:

Ngap(v. 1) = 1(v) = D(r) = 3 Vvl — (f. V)a + 3 Irlg



2 The Prager-Synge identity (Laplace)

The duality gap estimator takes the form:

Ngap(v. 1) = 1(v) = D(r) = 3 Vvl — (f. V)a + 3 Irlg
=5 1Vvlg + (divr.v)e + 5 rl



2 The Prager-Synge identity (Laplace)

The duality gap estimator takes the form:
2
Maap(vs 1) = 1(v) = D(r) = 3 [Vl — (f, v)a + 3 I¥]3
. 2
= 3 [Vv]§ + (dive, v)a + 3 [rl5

2 2
=3 1Vvlg = (r,Vv)a + 3 Irlg



2 The Prager-Synge identity (Laplace)

The duality gap estimator takes the form:

Neap(vo¥) = 1(v) = D(r) = L[Vv[3 — (£, v)a + L |r[3
=1 |Vv|3 + (divr, v)q + L [r[3
2
=L|Vv[3 - (r,Vv)a + 3 rl3

2
= % Vv —rlg

2 2 2
p(vir) = (vir) = LVu-Vvi+ija-rZ=21]Vv—r[3
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2 Local efficiency

The error estimator can be localised:

1
LV -2 = Y n(Vv.r) (V.0 = / Vvt

KeTh

We would like to have local efficiency:
n%(Vv,r) large = The error around K is large.
For Laplace this is just the triangle inequality:

2
nk(Vv,r) < 5 (IVv =Vl + la—rl)
2
< |Vv =Vl + a —rlk

= 2Ek
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The errors I(v) — I(u) and D(q) — D(r) are global quantities, so it is not immediately
obvious how to localise them.
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(or use a subgradient r € dp(b) in the non-smooth case.)



2 What about more general energies?

The errors I(v) — I(u) and D(q) — D(r) are global quantities, so it is not immediately
obvious how to localise them.

We will achieve this with the help of Bregman divergences:

Dy(a,b) = p(a) — ¢(b) — Vip(b) - (a — b).

(or use a subgradient r € dp(b) in the non-smooth case.)

This is a generalised notion of distance:
» Not necessarily symmetric D,(a,b) # D,(b, a).
» D,(a,b) >0 and D,(a,a) = 0.
» If ¢ is strictly convex: Dy(a,b) > 0if a # b.
> If p = Vg(b), then Dy(a,b) = ¢(a) + ¢*(p) —p - a.
> For ¢(a) = 3|al*> we have D,(a,b) = %|a — b|2.



2 Updated error measures
We will replace our error measures:

I(v) = I(u) = p3(v) ::/QDW(VV,VUH/QDMV, u)

D(q) — D(r) — P2 p(r) == /QDw(r,q)—F/QDW(div r,divq)

The integrands are now pointwise non-negative and vanish if and only if (v,r) = (u, q).



2 Updated error measures
We will replace our error measures:

I(v) = I(u) = p3(v) ::/QDLP(VV,VU)—F/QD#,(V, u)

D(q) — D(r) — P2 p(r) == / D,+(r,q) + / Dy-(divr,divq)
Q Q
The integrands are now pointwise non-negative and vanish if and only if (v,r) = (u, q).
Proposition [A. G; 2026]

Suppose strong duality /(u) = D(q) is satisfied. Then the following generalised
Prager-Synge identity holds:

pi(v) +p2p(r) = D ic(v.r)
KeTh

) = [ [T =0 D (04 [ [0 = divey v,



2 Local efficiency

Proposition [A. G.; 2026]
Suppose that the Bregman—Young inequality holds (here r, € dp(az)):

(a1 — a2) - (1 — r2)| < cBy (Dy(a1,@2) + D= (11, 12)) -
Then the duality gap estimator is locally efficient:

Mok (Vv,r) S /K [D,(Vv,Vu) + Dy-(r,q)],

where the constant depends only on cgy.

The assumptions will be satisfied e.g. if ¢(-,a) = @(|a|), where @ is a uniformly convex
N-function.



2 Uniformly convex N-functions 18

A function @: R>o — R>q is an N-function if [Diening, Ettwein, Rizicka, Fornasier...|

» ( is continuous and convex;
» There is a right-continuous, non-decreasing ¢': R>g — R>¢ with

(1) = [y F(s)ds

- o0)=0 & t

> @'(s)>0fors>0 In particular lim;_,o, 2 =0 and lim;, o, & = +o00.
>

lims— o0 @'(5) = o0.
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2 Uniformly convex N-functions

A function @: R>o — R>q is an N-function if [Diening, Ettwein, Rizicka, Fornasier...|

» ( is continuous and convex;
» There is a right-continuous, non-decreasing ¢': R>g — R>¢ with

S B() = [ @(s)ds
> o = ~ ~
¢'(0)=0 . . .
> @'(s)>0fors>0 In particular lim;_o+ @ =0 and lim; 1 @ = 400.
>

lims— o0 @'(5) = o0.

The N-function @ is said to be uniformly convex if

P20 26 Z0-2

s—t S s—t

uc

Some examples:

p(t)=—  @(t) =t(log(1+1))”  pe(lo00).



2 The ¢-Laplacian

Consider the energy

)= [ 20w = [ v

with uniformly convex @. In this case there is a unique minimiser u, belonging to the
Orlicz—Sobolev space:
Wy #(Q) = {v e W' (Q) | Vv € L7(Q)}

19(Q) = {W c 11(Q) | /Q@(\Wy) < +oo}.



2 The ¢-Laplacian

Consider the energy

)= [ 20w = [ v

with uniformly convex @. In this case there is a unique minimiser u, belonging to the
Orlicz—Sobolev space:
Wy #(Q) = {v e W' (Q) | Vv € L7(Q)}

19(Q) = {W c 11(Q) | /Q@(\Wy) < +oo}.

The minimiser u satisfies

/A(Vu)'Vv:/ fv Yve Wy?(Q).
Q Q

with A(Vu) = 20y (With 3(£) = £ one has A(Vu) = [VulP~2Vu)
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» Uniformly convex integrands ¢(-,a) = ¢(|a|) satisfy the Bregman—Young inequality
(the constant cgy depends on c¢yc, Cyc).

» For the p-Laplacian, local efficiency was known with the error measure [Ern,
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» Local efficiency for the p-Laplacian in terms of the natural distance was known
[Bartels, Kaltenbach; 2024], but the estimate contains non-explicit constants.



2 Uniformly convex N-functions
» Uniformly convex integrands ¢(-,a) = ¢(|a|) satisfy the Bregman—Young inequality
(the constant cgy depends on c¢yc, Cyc).
» For the p-Laplacian, local efficiency was known with the error measure [Ern,
Vohralik, El Alaoui...]
v —ul WLp(K) 3
but this is suboptimal.
» Error estimates should be carried out in terms of the natural distance [Barrett, Liu,
Diening, Rizicka...]
p—2 p—2
”|VV\TVV —|Vv| 2 Vu

12(K)

» Local efficiency for the p-Laplacian in terms of the natural distance was known
[Bartels, Kaltenbach; 2024], but the estimate contains non-explicit constants.

» Our error measure D,(Vv, Vu) is equivalent to the natural distance, and the
estimate depends only on ¢c, Cic.



2 Estimates for non-conforming functions 21

» So far things work with conforming functions v € W1(Q), but in practice
non-conforming methods can be useful.
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2 Estimates for non-conforming functions

» So far things work with conforming functions v € W1(Q), but in practice
non-conforming methods can be useful.

Problem: If v & W11(Q), then I(v) = +o0...
» Define an extended energy on the broken Sobolev space W11 (T}):

I: WH(T) = RU {400}
mn:lyum0+éwmm

where &, is a discrete approximation of the gradient (piecewise gradient, DG
gradient...)

» Similarly for the dual energy:

D) = [ ¢~ [ (. Divwn),



2 Estimates for non-conforming functions

» Of course, with strong duality one still has:
I(v) = I(u) + D(a) — D(r) = I(v) — D(r),

but /(v) — I(u) and D(q) — D(r) are not necessarily non-negative, so cannot
represent errors!



2 Estimates for non-conforming functions

» Of course, with strong duality one still has:
I(v) = I(u) + D(a) — D(r) = I(v) — D(r),

but /(v) — I(u) and D(q) — D(r) are not necessarily non-negative, so cannot
represent errors!

» Solution: Use Bregman divergences:
5.(v) ::/Dw(ﬁhv,Vu)+/D¢(v, )
Q Q

p_p(r) ::/Dw(hQ)—i—/Dw(@inhr,divq)
Q Q



2 Estimates for non-conforming functions

» We have the error relation

(V) +75 5(r) = > nk(v.r)+(r—q,B4v — Vu)g + (Divsr —diva, &4v — Vu)g
KeTh

» But note that (q, Vu)q + (divg, u)q = 0, since q and u are conforming!
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» Hence, if r is conforming = we can swap u — s for an arbitrary conforming
s € WH(Q) in the remaining terms!



2 Estimates for non-conforming functions

» We have the error relation

(V) +75 5(r) = > nk(v.r)+(r—q,B4v — Vu)g + (Divsr —diva, &4v — Vu)g
KeTh

» But note that (q, Vu)q + (divg, u)q = 0, since q and u are conforming!

» Hence, if r is conforming = we can swap u — s for an arbitrary conforming
s € WH(Q) in the remaining terms!

P> We can then close the estimate with a Young-type inequality with e.



2 Local efficiency

Proposition [A. G.; 2026]
Suppose that the Bregman—Young inequality with ¢ holds (here ry € dp(az)):

[(a1 — @2) - (r1 — r3)| S € (Dy(a1, @2) + Dy (r1,12)) + Dy(r1, 13).
(Similarly for ).

If r is div-conforming, then we have the a posteriori bound:

) 4750 S 3 Bvan) - inf [/ DW(QShv,Vs)—F/Dlp(ws)]
KeTh sewy (@) Lo Q

A similar statement holds if v is conforming.

» Uniformly convex integrands satisfy the assumptions.
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> Poincaré inequality:
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> Integration by parts formula:
(Vv,ng = —(v,divr)g Vv e H(Q), r € H(div;Q).
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2 Key properties
Crucial properties that we'd like to preserve at the discrete level:

> Poincaré inequality:
Ivig S IVvlq Vv e Hy(Q)

> Integration by parts formula:
(Vv,ng = —(v,divr)g Vv e H(Q), r € H(div;Q).
» Orthogonality between gradients and divergence-free fields:
(Vv,r)a=0  VveH;(Q), re H(div;Q), divr = 0.
» Orthogonality = H(div; Q) regularity

rel2(Q7 (Vv,r)a=0 VYweH(Q) = recH(div;Q),divr=0



2 Piecewise polynomials

On a shape regular mesh, denote the space of piecewise polynomials of degree k as:

Pi(Th) == {vin € L(Q) | vh|k € Pk(K), for all K € Tp}

: : ,~Vh|K,




2 Jumps and averages

Define the jump of v, € Px(7p) on a facet F € F as:

+ — : i
) vilE=v,lr fFeF, F=K NKC
[vnlF '_{ ValF if Fe Fy.

1] Lvele



2 Jumps and averages

Define the average of vi, € Pi(7s) on a facet F € F}, as:

i+ vy lr) fFeF, F=K NK_
o > \Yp IF h |F h» +
{{Vh}}’: o { Vh‘/: if Fe .7:;?

ﬁ hT\\’_ Vhlk_

I[I[[] Tvale fvnbr



2 Jumps and averages

For a vector-valued function r, € Py(75)%:

+ont T on i T =
[[I’h'n]]FZ:{rh nT4r,-n ifFeF F=KiNKo

FhlF if FeFp.
. K_
+ n
F

II[[]]] Tvals fvnle



2 Crouzeix—Raviart element 30
vh = {vh € P1(7h) | f[[v;,]];: = [va]r(xF) = 0 for all F € .7'";',}
F

Vg = {vh evh | ][ vh = vh(xg) = 0 for all FE]-';?}¢ H&(Q)
F

(a) Crouzeix—Raviart minimiser on (b) Crouzeix—Raviart basis function
Q=(-1,1)% with f = 1

Alexei Gazca Charles University



2 Raviart—-Thomas element

sh._ {l’h € P1(75)? | rn-n € Py(F) for all F € Fp,
[y - nF =0 for all F & 7}, }
h ::{rhEZhIVh'NZOO“ rN}

Alexei Gazca

¥ < H(div; Q)

divX" = Py(T5)

zZ+

T+

4
Friifd

Frid
5x
s
/ i
{u

\
AARA

:}:»:*\
)

(a) RT
function

basis

Charles University



2 Key properties at the discrete level

» Poincaré inequality (if |['p| > 0): IWalag S IVavelg Vv, € Vh
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2 Key properties at the discrete level

» Poincaré inequality (if |['p| > 0): IWalag S IVavelg Vv, € Vh
» Discrete integration by parts formula:

(thh, rh)Q + (vh,div I’h)Q = (Vh7 rp - n)ag Vvh S Vh, rp, €© Zh.

» Orthogonality between discrete gradients and divergence-free fields:

(Vave,tn)a =0  Yve VS r,eXh, divr=0.



2 Key properties at the discrete level
» Poincaré inequality (if |['p| > 0): IWalag S IVavelg Vv, € Vh
» Discrete integration by parts formula:
(Viva, tp)a + (vh,diveg)g = (vh, rh - n)ag Vv, € VA v, e XN
» Orthogonality between discrete gradients and divergence-free fields:
(Vivir)a=0  Yve Vi rexh divr=o.
> Zero discrete divergence in Po(7,)¢ = Raviart-Thomas
MaZR Liz Valker Myfys)
(rn, Viavp)a=0 Vv, € V,g st. Mpvp =0 = rp=Tyr, for some r, € Z',(,

& S. BARTELS, Z. WANG Orthogonality relations of Crouzeix—Raviart and Raviart—Thomas finite element
spaces. Numer. Math. 148:127-139, 2021
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2 Discrete strong duality
These properties allow the derivation of discrete strong duality principles for
Ih: VB — RU {400} Dp: Xh — RU {+oc}

/h(vh) ZL¢h(-,Vth)+/f2¢h(~,nth) Dh(rh)/Qﬁ(-,ﬂhrh)—i—wf,(-,divrh)

The canonical discretisations would otherwise be:
> Mixed |: (u,q) € H5(Q) x L2(Q)? — (un,qn) € VS x Po(Th)?
» Mixed Il: (u,q) € L2(Q) x Hy(div; Q)9 — (up, qn) € Po(Th) x T



2 Discrete strong duality

These properties allow the derivation of discrete strong duality principles for

Ih: VB — RU {400} Dp: Xh — RU {+oc}
In(vh) = /QSDh(‘»Vth) + /leh(‘, Myvh) Dp(rp) = /QQOZ(-, Mprp) + U5 (-, divry)
The canonical discretisations would otherwise be:

> Mixed |: (u,q) € H5(Q) x L2(Q)? — (un,qn) € VS x Po(Th)?
» Mixed Il: (u,q) € L2(Q) x Hy(div; Q)9 — (up, qn) € Po(Th) x T

In contrast, the duality approach delivers:
» Information about gradients: H!-convergence for uj,

» Physically conforming flux: q € H(div; Q)



2 Discrete strong duality
These properties allow the derivation of discrete strong duality principles for
Ih: V= RU {400} Dp: Xh — RU {+oc}
In(vh) = /QSOh('ythh) +/Q¢h(',|_|hvh) Dp(rp) = /ng’,‘,(-,l'l,,rh) + 5 (-, divry)
It is possible to write optimality relations pointwise:
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2 Discrete strong duality

These properties allow the derivation of discrete strong duality principles for
Ih: V= RU {400} Dp: Xh — RU {+oc}

In(vn) = / @5 Vivn) +/¢h(',nhvh) Di(rp) = / 0 (M) + ¥i(-, divry)
Q Q Q

It is possible to write optimality relations pointwise:

I'Ihq;, = D(,Dh(~, thh) a.e. in Q
divqn = Dyp(-, up) a.e. in Q

Crucially, one can obtain generalised Marini formulas:

DQ/J;,(-, Flhuh)

an = Don(-, Vup) + "

(idge — Mpidga)



2 A priori error analysis (Laplace)
For f € L2(Q), find up € VJ sit.

an(un, vi) = (Vaun, Vavy) = (f, vh)a

Alexei Gazca Charles Universit:




2 A priori error analysis (Laplace)
For f € L2(Q), find up € V} sit.
an(un, va) = (Vntn, Vave) = (f, vh)a

Classical analysis [Berger, Scott, Strang; 1972]:
» Extend the bilinear form aj, to H}(Q) + V}
» With the help of an elliptic projection, prove the error bound

a —
IVu—Vhup|q < |nf ||Vu—VvhHQ+ sup an(u = Un, vn)
wevs  IVavalg



2 A priori error analysis (Laplace)
For f € L2(Q), find up € V} sit.
an(un, vi) = (Vntn, Vavy) = (f, vh)a

Classical analysis [Berger, Scott, Strang; 1972]:
» Extend the bilinear form aj, to H}(Q) + V}
» With the help of an elliptic projection, prove the error bound

a —
IVu—Vhup|q < |nf ||Vu—VvhHQ+ sup an(u = Un, vn)
wevs  IVavalg

» To handle the second term, note that

ap(u — up, vp) = Z /Vu ne [v]r

FEF]

This requires u € H3/?7(Q)...



2 A priori error analysis (Laplace)
Alterantive approach [Ern, Guermond; 2021]:

. _ 2 2
|u—unly < c inf fu— v, lvaly = > <||VV”Q + he[ Vv - "”(‘9K>
Vg KeT,

Alexei Gazca Charles University
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2 A priori error analysis (Laplace) 36
Alterantive approach [Ern, Guermond; 2021]:

: , 2 2
|u—unly < c inf fu— v, lvaly = > <||VV”Q + he[ Vv - "HaK)
vhEVE KeTs

“Minimal regularity” estimates for u € H(Q) [Gudi; 2010]:

IVu—Vhup|g <c ( lgl“/ IVu—Vpvalg + osc(f))
Vh h
osc(f) = Y (M If = fillx)

KeTh
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2 A priori error analysis (Laplace) 36
Alterantive approach [Ern, Guermond; 2021]:

: , 2 2
|u—unly < c inf fu— v, lvaly = > <||VV”Q + he[ Vv - "HaK)
vhEVE KeTs

“Minimal regularity” estimates for u € H(Q) [Gudi; 2010]:

IVu—Vhup|g <c ( lgl“/ IVu—Vpvalg + osc(f))
Vh h
osc(f) = Y (M If = fillx)

KeTh

Truly minimal regularity (u € H}(Q), f € H71(Q)) estimates [Zanotti, Veeser; 2019]:
”VU — thh|| ~ I2'\F/ ||Vu — thh||Q (f, Vh>Q — <f EhV>Q
Vh h
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2 A priori error analysis (Laplace) 36
Alterantive approach [Ern, Guermond; 2021]:

: , 2 2
|u—unly < c inf fu— v, lvaly = > <||VV”Q + he[ Vv - "HaK)
vhEVE KeTs

“Minimal regularity” estimates for u € H(Q) [Gudi; 2010]:

IVu—Vhup|g <c ( lgl“/ IVu—Vpvalg + osc(f))
Vh h
osc(f) = Y (M If = fillx)

KeTh
Truly minimal regularity (u € H}(Q), f € H71(Q)) estimates [Zanotti, Veeser; 2019]:
”VU — thh|| ~ Ig'\F/ ||Vu — thh||Q (f, Vh>Q — <f EhV>Q
Vh h

What is ¢?

Alexei Gazca Charles Universit:




2 A priori error analysis via duality (Laplace)

Convex duality easily delivers constant-free and (almost) minimal-regularity
(f € L?(Q)) estimates [Bartels, Kaltenbach; 2024]:

2 IVavh — Viunlg + 3 Ien — anla < & Jan — a3
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2 A priori error analysis via duality (Laplace)

Convex duality easily delivers constant-free and (almost) minimal-regularity
(f € L?(Q)) estimates [Bartels, Kaltenbach; 2024]:

3V hvh — Vaunlg + 3 s — anld, < 5 lan — ralg
New idea: Mimic the a posteriori arguments (Prager—Synge) at the discrete level.
Estimate (u,q) — (v,r) — Estimate (up, qn) — (vh, rp)

— recent work on the Signorini problem [Bartels, Gudi, Kaltenbach; 2024].



2 A priori error analysis via duality (Laplace)
Ih(v) = 3 |V avalg = (o vi)a Dy(rn) = =3 [Maral§, — 15y (divry)
» Step 1: identify the strong convexity measures:

01 (Vh) = In(vh) — In(un) = 3 HVth — Vhunlg
P2 ,(rh) == Da(an) — Da(rn) = 3 [Marn — Maqn[,



2 A priori error analysis via duality (Laplace)
Ih(v) = 3 |V avalg = (o vi)a Dy(rn) = =3 [Maral§, — 15y (divry)
» Step 1: identify the strong convexity measures:
01 (Vh) = In(vh) — In(un) = 3 HVth — Vhunlg
02 5, (rn) = Dn(an) — Di(rs) = 3 IMary — Maanlg
> Step 2: examine the discrete gap estimator:

eaph (Ve ¥h) = In(vi) — Da(rn) = 3 |V v — a3



2 A priori error analysis via duality (Laplace)
Ih(v) = 3 |V avalg = (o vi)a Dy(rn) = =3 [Maral§, — 15y (divry)
» Step 1: identify the strong convexity measures:
01 (Vh) = In(vh) — In(un) = 3 HVth — Vhunlg
02 5, (rn) = Dn(an) — Di(rs) = 3 IMary — Maanlg
> Step 2: examine the discrete gap estimator:
Naap,n(Vhs ¥4) = In(vh) = Da(rn) = 3 |V pvh — ralg

» Step 3: use the discrete strong duality Iy(up) = Dx(qp):

Dot n(Vhs ) = Tap n(Vhs ¥h)

2V hun — VthH?z + 2 Mhan — I_|hrh||g21 =1 |Vhvy — nhrh\lé




2 A priori error analysis via duality (Laplace)
Set vy = Zf"(u) and ry, = Z7(q):

IVAZru = Vaunld + MaZita — Maan|g = [VaZi v — NiZitalg



2 A priori error analysis via duality (Laplace) 3
Set vy = Zf"(u) and ry, = Z7(q):
IVAZru = Vaunld + MaZita — Maan|g = [VaZi v — NiZitalg

Using the commuting property V,Z;"u = 1,V u = 1,q, we obtain an a priori error
identity:

IVAZE u — Vaul3 + |MaZita — Mran]s = [Ma(a — Zia) 3
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2 A priori error analysis via duality (Laplace) 3
Set vy = Zf"(u) and ry, = Z7(q):
IVAZru = Vaunld + MaZita — Maan|g = [VaZi v — NiZitalg

Using the commuting property V,Z;"u = 1,V u = 1,q, we obtain an a priori error
identity:

IVAZE u — Vaul3 + |MaZita — Mran]s = [Ma(a — Zia) 3

Similarly, we get quasioptimality with explicit constants:

IVu—=Vhulg +la—Thanlg ~ inf [Vu—Vyva|g+ inf g —ars|g
VhEVS d_rheZ"f
IVrh=—Th

Alexei Gazca Charles Universit:




2 A priori error analysis via duality ((-Laplace)

Take a discretisation of the -Laplace problem:

In(vh) = /Qw(vhvh) — (fo, vi)a — (Fr, Vavi)a — (&h, Va)ras

Dp(rn) == — /Q @ (Marn) = X7 sy (div (rs — Fp)) — ngh}(("h — Fp)n)

Here f,, Fy, g, are piecewise constant approximations of load terms f, F, g € L¥".



2 A priori error analysis via duality ((-Laplace)

Take a discretisation of the -Laplace problem:

In(vh) = /Qw(vhvh) — (fo, vi)a — (Fr, Vavi)a — (&h, Va)ras

Di(rn) = — /Q (M) = Xy (dv (n — F1) = X7 (v — Fa)n)
Here f,, Fy, g, are piecewise constant approximations of load terms f, F, g € L¥".

Error bounds for Crouzeix—Raviart discretisations:

» [Yan, Liu, Carstensen...| Pioneering works with restrictive assumptions.

» [Kaltenbach; 2024], [Storn; 2025] Medius analysis: includes oscillation terms and
shape-regularity-dependent constants.

» [Blechta, G-O, Kaltenbach, Razicka; 2026] Requires jump stabilisation and
implementing a smoothing operator.

» [Diening, Hirn, Kreuzer, Zanotti; 2025] Focuses on Stokes (pressure-robustness),
requires a smoothing operator and shape-regularity-dependent constants.



2 A priori error analysis via duality ((-Laplace)

Proposition [A. G.; 2026]
The discrete generalised Prager-Synge identity holds for all v, € V3 and rj, € K:

/ D, (Vhup, Vu) + / Do«(Npan, q) = / [0(Vhavh) — Nprp - Vave + @ (Marp)]
Q Q Q

Furthermore, quasioptimality holds:

/Dw(thh,Vu)+/ Dy (Mpan,q) ~ inf /D (Vhvh, Vu)+ mlf( /D%,*(I'Ihrh,q)7
Q Q rhERp

VhE Vh

where the constants depend only on ¢y, Gye-



2 Other results

We get similar results for:
» Laplace (new for duality-based analysis):
> quasioptimality with known constants and minimal regularity
> Right-hand-side f € H}(Q).
> Mixed inhomogeneous Dirichlet—=Neumann BCs.
» Incompressible Stokes:
> A posteriori identity (known with geometric proof)
> Extended energy = Estimate for non-divergence-free velocities (known with geometric
proof).
> Stress reconstruction formula (known with restrictive assumptions)
> Quasioptimality with known constants and minimal regularity (new).
» Linear elasticity:
A posteriori identity (known with geometric proof)
Extended energy = Estimate for non-symmetric stresses (known with geometric proof).
Stress reconstruction formula (new)
A priori estimate with known constants and minimal regularity (new).

vV V. V V



Thank you for your attention!
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