
1. Uniform Spaces

1.1. Relation to Topological and Metric Spaces

Remark. For a set X, denote the diagonal by ∆pXq “ tpx, yq P X2 : x “ yu. The inverse relation
to a relation E is the relation tpx, yq : py, xq P Eu. For binary relations C,D on a set X we define
C ˝D “ tpx, zq P X ˆX : px, yq P C, py, zq P D for some y P Xu.

Definition. A pair pX,Dq is called a uniform space (US) if X is a set and D Ď PpX ˆ Xq is
nonempty and satisfies:

(Ua) @D P D : ∆pXq Ď D,

(Ub) @C,D P D : C XD P D,

(Uc) if D P D and D Ď E, then E P D,

(Ud) @D P D : D´1 P D,

(Ue) @D P D DC P D : C ˝ C Ď D.

The system D is called a uniformity. Elements of D are called neighborhoods of the diagonal. A
uniformity D is called separated if, in addition,

(Uf)
Ş

D “ ∆pXq. (Equivalently, for every x, y P X, x ‰ y, there exists D P D such that px, yq R
D.)

If D is separated, then we say that the uniform space pX,Dq is T1.
A system B Ď PpX2q is called a base of a uniformity (respectively, a base of the uniformity D) if

closing B under supersets yields a uniformity (respectively, the uniformity D). A system S Ď PpX2q

is called a subbase of a uniformity (respectively, a subbase of the uniformity D) if closing it under
finite intersections yields a base of a uniformity (respectively, a base of the uniformity D).

If pX,Dq and pY, Eq are uniform spaces, then we say that a mapping f : pX,Dq Ñ pY, Eq is
uniformly continuous if pf ˆ fq´1pEq P D for every E P E . A mapping f is called a uniform
homeomorphism if f is a bijection and both f and f´1 are uniformly continuous.

Lemma 1. A nonempty system B Ď PpX2q forms a base of some uniformity on X if and only if
the following conditions hold:

(a) @C P B : ∆pXq Ď C,

(b) @C,D P B DE P B : E Ď C XD,

(c) @C P B DD P B : D Ď C´1,

(d) @D P B DC P B : C ˝ C Ď D.

Moreover, if B is a base of a uniformity, then it is a base of a separated uniformity if and only
if

Ş

B “ ∆pXq.

Důkaz. The proof is an easy exercise, it can be used as an additional exercise during the exams.

Examples. • The discrete uniformity on a set X consists of all supersets of ∆pXq.

• If pX, ρq is a pseudometric space, define Eρprq :“ tpx, yq P X ˆ X : ρpx, yq ă ru for r ą 0.
Then tEρprq : r ą 0u is a base of a uniformity on X, which is a base of a separated uniformity
if, in addition, ρ is a metric. This uniformity is denoted by Dρ. We say that a uniformity D
is metrizable if there exists a metric ρ such that D “ Dρ.
It is easy to verify that if pX, ρq and pY, σq are metric spaces, then a mapping f : pX, ρq Ñ
pY, σq is uniformly continuous if and only if it is uniformly continuous as a mapping between
the uniform spaces pX,Dρq and pY,Dσq.

Definition. If R is a system of pseudometrics on a set X, then the uniformity generated by R
(denoted by DR) is the uniformity whose subbase is tEρprq : r ą 0, ρ P Ru.
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Remark. It is easy to see that if R is a system of pseudometrics on a set X, then DR is separated
if and only if R separates points of X (i.e. @x ‰ y Dρ P R : ρpx, yq ą 0). Furthermore, if S is a
system of pseudometrics on a set Y , then a mapping f : pX,DRq Ñ pY,DSq is uniformly continuous
if and only if

@ρ P S @ε ą 0 Dσ P R Dδ ą 0 @x, y P X : σpx, yq ă δ ùñ ρpfpxq, fpyqq ă ε.

Notation. For E Ă X ˆX and x P X we denote Erxs :“ ty P X : px, yq P Eu.

Proposition 2. If pX,Dq is a uniform space, then

τD “ tA Ď X : @x P A DD P D : Drxs Ď Au

is a topology on X. Moreover, the following hold.

(a) If B is a base of the uniformity D, then Bpxq :“ tDrxs : D P Bu, x P X, are neighborhood
bases at points in pX, τDq.

(b) D is separated if and only if pX, τDq is T1.

(c) If pY, Eq is a uniform space and f : pX,Dq Ñ pY, Eq is uniformly continuous, then f :
pX, τDq Ñ pY, τEq is continuous.

(d) If D is generated by a system of pseudometrics R, then for every net pxiqiPI and every x P X
we have that xi

τD
Ñ x if and only if ρpxi, xq Ñ 0 for every ρ P R.

Důkaz. The proof was presented, it will be examined.

Definition. A topological space pX, τq is called uniformizable if there exists a uniformity D such
that τ “ τD.

Lemma 3 (On a pseudometric). Let pX,Dq be a uniform space and let tDn : n P N Y t0uu Ă D
satisfy

(i) D0 “ X ˆX,

(ii) @n P N : Dn “ pDnq
´1,

(iii) @n P N : Dn`1 ˝Dn`1 ˝Dn`1 Ď Dn.

Then there exists a pseudometric ρ on X satisfying

(a) @n ě 1 : tpx, yq : dpx, yq ă 2´n´1u Ď Dn Ď tpx, yq : dpx, yq ď 2´nu,

(b) Dρ Ă D and ρ ď 1.

Důkaz. The proof was presented, it will be examined.

Corollary 4. Every uniformity is generated by some system of pseudometrics. Every T1 uniformity
is generated by a system of pseudometrics that separates points.

Důkaz. The proof was presented, it will be examined.

Věta 5. A T1 uniform space is metrizable if and only if it has a countable base.

Důkaz. The proof was presented, it will be examined.

Remark. A countable base of D is something different from a countable base of τD. An example is
the discrete uniformity whose base consists of a single element ∆pXq, but τD is the discrete topology
and hence the weight of pX, τDq equals |X|.

Věta 6. A T1 topological space is uniformizable if and only if it is T3 1
2
.

Důkaz. The proof was presented, it will be examined.
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1.2. Subspace, Sum and Product

Definition. • Let pX,Dq be a uniform space and A Ă X. Define D|A :“ tDXpAˆAq : D P Du.
Then pA,D|Aq is a subspace of pX,Dq.

• Let pXi,Diq be uniform spaces. The product of uniformities is the uniformity DΠIXi
on ΠIXi

whose subbase is tpπi ˆ πiq
´1pDq : i P I,D P Diu. Then pΠIXi,DΠIXi

q is the product of
uniform spaces.

• Let pXi,Diq be uniform spaces. On
Ţ

I Xi :“
Ť

iPIptiuˆXiq we define the sum of uniformities
as the uniformity

Ţ

I Di :“ t
Ť

iPIptiu ˆDiq : Di P Di for each i P Iu. Then p
Ţ

I Xi,
Ţ

I Diq is
the sum of uniform spaces.

Remark. It is easy to verify that the sum/product/subspace of uniform spaces is a well-defined
uniform space. The topology generated by the uniformity D|A is the subspace topology, and the
topology generated by the uniformity DΠXi

is the product topology.

Proposition 7. Let pZ,Dq and pXi,Diq for i P I be uniform spaces.

(i) A mapping f : Z Ñ ΠIXi is uniformly continuous if and only if the mappings πi ˝ f are
uniformly continuous for each i P I.

(ii) Let fi : Xi Ñ pYi, Eiq, i P I, be uniformly continuous mappings. Then the mapping ΠIfi :
ΠIXi Ñ ΠIYi is also uniformly continuous.

(iii) Let fi : Z Ñ Xi, i P I, be uniformly continuous mappings. Then the mapping ∆Ifi : Z Ñ

ΠIXi is also uniformly continuous.

(iv) If f, g : Z Ñ R are uniformly continuous mappings, then the mappings f`g, f´g, maxtf, gu,
mintf, gu, and |f | are also uniformly continuous. Moreover, if f, g are bounded functions, then
the mapping f ¨ g is also uniformly continuous.

Důkaz. The proof was presented, it will be examined.

the end of 1. lecture (19. 2. 2026)

1.3. Completeness and Total Boundedness

Definition. • A net pxiqiPI in a uniform space pX,Dq is called Cauchy if for every D P D there
exists i0 P I such that for all i, j ě i0 we have pxi, xjq P D.

• A uniform space pX,Dq is called complete if every Cauchy net converges in pX, τDq.

• A uniform space pX,Dq is called totally bounded if for every E P D there exists a finite set
K Ď X such that ErKs “ X. (Where ErKs :“

Ť

xPK Erxs.)

Remark. If the uniformity D is generated by a system of pseudometrics R, then a net pxiq is
Cauchy in pX,Dq if and only if

@ρ P R @ε Di0 @i, j ě i0 : ρpxi, xjq ă ε.

Remark. It is not difficult to see that in a complete metric space Cauchy nets are convergent. It
then easily follows that a metric space pX, ρq is complete (resp. totally bounded) if and only if the
uniform space pX,Dρq is complete (resp. totally bounded).

Remark. Let pX,Dq be a uniform space. It is easy to verify that convergent nets in pX, τDq are
Cauchy in pX,Dq and that uniformly continuous mappings send Cauchy nets to Cauchy nets.

Proposition 8. Let pX,Dq be a T1 uniform space. Then

X is totally bounded ô every net in X has a Cauchy subnet.
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Důkaz. The proof was presented, it will be examined.

Proposition 9. (i) If a subspace of a complete T1 uniform space is complete, then it is closed.

(ii) A subspace of a totally bounded uniform space (resp. a closed subspace of a complete uniform
space) is totally bounded (resp. complete).

(iii) The product of totally bounded (resp. complete) uniform spaces is totally bounded (resp. com-
plete).

Důkaz. The proof was presented, it will be examined.

Věta 10. Let X be a T1 uniform space. Then pX, τDq is compact if and only if pX,Dq is complete
and totally bounded.

Důkaz. The proof was presented, it will be examined.

Proposition 11. Let X and Y be T1 uniform spaces, let Y be complete, let A Ă X, and let
f : AÑ Y be uniformly continuous. Then there exists a uniformly continuous mapping F : AÑ Y
such that F |A “ f .

Důkaz. The proof was presented, it will be examined.

Definition. Let pX,Dq be a T1 uniform space. Its completion is a pair pe, Y q, where Y is a complete
T1 uniform space and e : X Ñ Y is a uniform embedding onto a dense subset (i.e. epXq “ Y and
e : X Ñ epXq is a uniform homeomorphism).

Věta 12. Every T1 uniform space has a completion. Moreover, if pe, Y q and pe1, Y 1q are completions
of a T1 uniform space X, then there exists a uniform homeomorphism F : Y Ñ Y 1 such that
F ˝ e “ e1.

Důkaz. The proof was omitted, it will not be examined.

1.4. Uniformity on Compact Spaces

Věta 13. Let pX, τq be a compact Hausdorff space. Then there exists exactly one uniformity on X
that generates the topology τ ; a base of this unique uniformity is formed by the open neighborhoods
of the diagonal ∆pXq.

Důkaz. The proof was presented, it will be examined.

Proposition 14. Let pX,Dq and pY, Eq be T1 uniform spaces and let pX, τDq be compact. Then
every continuous mapping f : X Ñ Y is uniformly continuous.

Důkaz. The proof was presented, it will be examined.
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2. Topological Groups

Definition. A triple pG, ¨, τq is called a topological group (TG) if pG, ¨q is a group, pG, τq is a
topological space, and the multiplication operation ¨ : G ˆG Ñ G (where G ˆG is equipped with
the product topology) and the inversion operation ´1 : GÑ G are continuous.

Examples. Examples of topological groups include the following.

(a) Any group with the discrete topology.

(b) Any normed linear space with addition as the group operation and the topology induced by
the norm. More generally, every topological vector space is a commutative topological group.

(c) GLpn,Rq (the group of all real invertible n ˆ n matrices). The group operation is given
by matrix multiplication, and the topology is given by coordinatewise convergence (i.e. the
topology inherited from the product topology on Rnˆn).

the end of 2. lecture (26. 2. 2026)

(d) IsopXq, where pX, ρq is a metric space. The symbol IsopXq denotes the set of all surjective
isometries f : X Ñ X with the group operation given by composition and the topology of
pointwise convergence (i.e. the product topology inherited from XX).

(e) IsopV q, where pV, } ¨ }q is a normed linear space. Here IsopV q denotes the set of all surjective
linear isometries f : V Ñ V with the group operation given by composition and the topology
of pointwise convergence (i.e. the product topology inherited from V V ).

(f) HpKq, where K is a compact Hausdorff space. The symbol HpKq denotes the set of all
surjective homeomorphisms f : K Ñ K with the group operation given by composition and
the compact-open topology, i.e. the topology whose subbase is formed by the sets ErL;U s :“
tf P HpKq : fpLq Ă Uu, where L Ă K is compact and U Ă K is open.
(A proof that this is indeed a topological group is left as an exercise.)

The neutral element of a topological group G is denoted by eG (or simply e if the group G is
clear from the context). Recall that a subgroup N Ă G is a normal subgroup (denoted N C G) if
gNg´1 “ N for every g P G (not to be confused with the unrelated notion of a normal topological
space). Furthermore, recall that for N C G we can define the quotient group G{N , i.e. the group
whose elements are cosets of the form xN :“ txn : n P Nu, with the group operation defined
naturally by pxNqpyNq “ pxyqN and pxNq´1 “ x´1N .

For each g P G we define the left translation Lg : GÑ G and the right translation Rg : GÑ G
by Lgphq “ gh and Rgphq “ hg for h P G. A topological space X is called homogeneous if for every
x, y P X there exists a homeomorphism f : X Ñ X such that fpxq “ y.

Lemma 15. Let G be a topological group. Then the following hold.

(a) The inversion mapping ´1 : GÑ G is a homeomorphism.

(b) For every g P G, the left and right translations Lg and Rg are homeomorphisms of G.

(c) G is a homogeneous space.

(d) @U P Upeq DV P Upeq : V ¨ V ´1 Ă U .

(e) If one of the sets A,B Ă G is open, then A ¨B is open.

(f) If H Ă G is a (normal) subgroup, then H is also a (normal) subgroup.
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(g) If H Ă G is a subgroup and IntpHq ‰ H, then H is open.

(h) The product of topological groups equipped with the product topology is a topological group.

(i) A homomorphism of topological groups f : GÑ H is continuous if and only if it is continuous
at the neutral element eG.

2.1. Uniformities on Topological Groups

Definition. Let G be a topological group. Then

• the right uniformity on G is the uniformity DR whose base is given by the system tRU : U P
Upequ, where RU :“ tpx, yq : xy´1 P Uu for U P Upeq,

• the left uniformity on G is the uniformity DL whose base is given by the system tLU : U P

Upequ, where LU :“ tpx, yq : x´1y P Uu for U P Upeq.

Lemma 16. Let pG, ¨, τq be a topological group. Then τ “ τDR
“ τDL

(i.e. the topology generated
by the right uniformity is the group topology). Moreover, the mappings Rg : pG,DRq Ñ pG,DRq and
Lg : pG,DLq Ñ pG,DLq are uniform homeomorphisms for every g P G.

Věta 17. Every T1 topological group is T3 1
2
. Moreover, a T1 topological group is metrizable if and

only if it has a countable character.

Lemma 18 (On right/left invariant pseudometrics). Let pG, ¨, τq be a topological group and let
tUn : n P NY t0uu Ă Upeq satisfy

(i) U0 “ G,

(ii) @n P N : Un “ pUnq
´1,

(iii) @n P N : Un`1 ¨ Un`1 ¨ Un`1 Ď Un.

Then there exists a right-invariant (respectively, left-invariant) pseudometric ρ on G satisfying
ρ ď 1,

(a) @n ě 1 : Bρpe, 2
´n´1q Ď Un Ď Bρpe, 2

´nq,

(b) Dρ Ă DR (respectively, Dρ Ă DL).

Moreover, if the left and right uniformities on G coincide, then there exists a bi-invariant pseudo-
metric ρ with the properties above.

Věta 19 (Birkhoff–Kakutani). Every metrizable topological group is metrizable by a right-invariant
(respectively, left-invariant) metric.

Definition. We say that a topological group is SIN (Small Invariant Neighborhoods) if there exists
a base B of neighborhoods of e such that gUg´1 Ă U for every U P B and every g P G.

Proposition 20. A topological group is SIN if and only if its left and right uniformities coincide.

Věta 21. A metrizable group is SIN if and only if it is metrizable by a bi-invariant metric.

Examples. Typical examples of SIN topological groups are compact groups, discrete groups, and
commutative groups. An example of a metrizable topological group that is not SIN is GLpn,Rq.

2.2. Quotients of Topological Groups

Věta 22. Let G be a topological group and let NCG. Consider on G{H the quotient topology induced
by the mapping π : GÑ G{H. Then G{H is a topological group and π is an open homomorphism.
Moreover, G{H is T1 if and only if H is closed (regardless of whether G itself is T1).

Věta 23. Let G be a T1 topological group and let H Ă G be a locally compact subgroup. Then H is
closed.
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2.3. Representations of Topological Groups

Definition. Let G be a T1 topological group. We say that a function f : GÑ R is right uniformly
continuous if f is uniformly continuous as a function from pG,DRq to R. The set of all bounded
right uniformly continuous functions f : GÑ R is denoted by RUCpGq.

Lemma 24. Let G be a T1 topological group. Then a function f : G Ñ R is right uniformly
continuous if and only if

@ε ą 0 DU P Upeq @u P U @x P G : |fpuxq ´ fpxq| ă ε.

If RUCpGq is equipped with the norm }f}8 :“ supxPG |fpxq|, then pRUCpGq, } ¨ }8q is a Banach
space. Moreover, RUCpGq separates points and closed sets in G.

Věta 25 (Teleman). Let G be a T1 topological group. Then there exists a Banach space V such
that G embeds as a topological group into IsopV q.
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3. Paracompact Spaces

Definition. If X is a set and U is a cover of X, then a system V is called a refinement of U (denoted
V ă U) if V is a cover of X and for every V P V there exists U P U such that V Ď U .

Furthermore, let X be a topological space and let S Ď PpXq. The system S is called

• locally finite if every point of X has a neighborhood intersecting only finitely many sets from
S,

• discrete if every point of X has a neighborhood intersecting at most one set from S,

• σ-locally finite (respectively, σ-discrete) if it is a countable union of locally finite (respectively,
discrete) systems.

Remarks. Every (σ-)discrete system is (σ-)locally finite. The system tp´ 1
n ,

1
n q : n P Nu is σ-discrete

but not locally finite.

Fact 26 (Closure of a locally finite family). If A is a locally finite family in a topological space X,
then tA : A P Au is locally finite and

Ť

A “
Ť

tA : A P Au.

Definition. A Hausdorff topological space X is called paracompact if every open cover of X has a
locally finite open refinement.

Examples. All compact spaces and all discrete spaces are paracompact.
(Later we will prove that every metric space is also paracompact.)

Věta 27 (Characterization of Paracompactness). For a T3 topological space X, the following con-
ditions are equivalent.

(a) X is paracompact.

(b) Every open cover of X is refined by a σ-locally finite open cover.

(c) Every open cover of X is refined by a locally finite cover.

(d) Every open cover of X is refined by a locally finite closed cover.

Corollary 28. Every Lindelöf T3 space is paracompact.

Definition. For a system S of subsets of a set X and x P X, define stSpxq “
Ť

tS P S : x P Su.
We say that a cover V star-refines a cover U (denoted V ăst U) if tstVpxq : x P Xu refines U .

Věta 29 (Characterization of Paracompactness II). For a Hausdorff topological space pX, τq, the
following conditions are equivalent.

(a) Every open cover U of X has an open star-refinement that is a cover.

(b) There exists a uniformity D on X generating the topology of X (i.e. τD “ τ) such that for
every open cover U of X there exists D P D with tDrxs : x P Xu ă U .

(c) X is T3 1
2
and for every open cover U of X there exists a continuous pseudometric ρ on X

such that tBρpx, 1q : x P Xu ă U .

(d) X is T3 1
2
and every open cover of X is refined by a σ-discrete open cover.

(e) X is paracompact.

Definition. A Hausdorff topological space X is called collectively normal if for every discrete
family F of closed sets there exists a family of pairwise disjoint open sets tUpF q : F P Fu such that
F Ă UpF q for every F P F .
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Remark. If the family of closed sets is finite, then it is discrete if and only if it is disjoint. In
particular, every collectively normal space is normal.

Proposition 30. Every paracompact topological space is collectively normal, and hence normal.

Věta 31 (Stone). Every metrizable topological space is paracompact.

Definition. Let G be an open cover of a space X. A family of continuous functions tfi : X Ñ

r0, 1s : i P Iu is called a locally finite partition of unity subordinate to G if the family ttfi ‰ 0u : i P Iu
is locally finite, refines G, and

ÿ

iPI

fipxq “ 1

for every x P X.

Věta 32 (Partition of Unity). In a paracompact topological space, for every open cover there exists
a locally finite partition of unity subordinate to this cover.

Věta 33 (Dugundji – special case). Let K be a metrizable compact space and let L Ă K be a
closed subset. Then there exists a linear mapping E : CpLq Ñ CpKq such that Ef |L “ f and
}Ef}8 ď }f}8 for every f P CpLq. Moreover, Ef ě 0 whenever f ě 0.

Corollary 34. Let K be a metrizable compact space and let L Ă K be a closed subset. Then CpLq
is isometrically isomorphic to a complemented subspace of CpKq.

Věta 35 (Bing, Nagata, Smirnov). For a T3 1
2
space X, the following are equivalent.

(a) X is metrizable.
(b) X has a σ-discrete base.
(c) X has a σ-locally finite base.
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4. Connectedness

Definition. A topological space is called connected if it cannot be expressed as a disjoint union of
two nonempty open sets.

Remark. There are also the notions of path connectedness and arc connectedness; however, we
will not discuss these notions further in this lecture.

Note that some authors (e.g. Engelking) consider the empty set to be connected, while others
do not.

Proposition 36. For a topological space X, the following conditions are equivalent.

(a) The space X is connected.

(b) If X “ AYB and AXB “ H “ AXB, then A “ H or B “ H.

(c) The space X contains no nontrivial clopen subset.

(d) Every continuous mapping f : X Ñ t0, 1u is constant (where t0, 1u is the two-point discrete
space).

Proposition 37. The continuous image of a connected space is connected.

Proposition 38 (Union of connected sets). Let tCi : i P Iu be a family of connected subsets of a
space X and suppose that one of the following conditions holds:

(a) Di0 P I @i P I : Ci X Ci0 ‰ H; (b)
Ş

iPI Ci ‰ H.

Then
Ť

Ci is connected.

Corollary 39. If X is a topological space, A Ď X is connected, and A Ď M Ď A, then M is
connected.

Věta 40. Let X be a T3 1
2
topological space. Then X is connected if and only if βX is connected.

Věta 41. Let Xi, i P I, be nonempty topological spaces. Then
ś

I Xi is connected if and only if all
spaces Xi, i P I, are connected.

Definition. Let X be a topological space and let x P X. The connected component of the point x
is the largest connected set containing x. It is denoted by Cx.

Remark. By Proposition 38, the connected component of every point exists. If Cx and Cy are two
components, then either Cx “ Cy or Cx X Cy “ H. Thus, connected components form a partition
of the space X.

Proposition 42. If Xi, i P I, are topological spaces and x “ pxiq P
ś

I Xi, then

Cx “
ź

I

Cxi
.

(That is, the component of x “ pxiq is the product of the components of the corresponding xi, i P I.)

Definition. Let X be a topological space. A set Q is called the quasicomponent of the point x if

Q “
č

tZ : x P Z, Z is clopenu.

It is denoted by Qx.
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Remark. For every x P X we have Cx Ď Qx. Quasicomponents are closed, since they are defined
as intersections of closed sets. Moreover, quasicomponents also form a partition of the space.

Example. Let X be a subset of the plane consisting of the points a “ p0, 0q, b “ p0, 1q, and a
countable family of line segments joining the points p2´n, 0q and p2´n, 1q. Then Ca “ tau ‰ ta, bu “
Qa.

Lemma 43 (On intersections in compact spaces). Let X be a compact space and let A be a family
of closed sets. If

Ş

A Ď U for some open set U , then there exists a finite subfamily F Ď A such
that

Ş

F Ď U .

Věta 44. In a compact T2 space, components and quasicomponents coincide.

4.1. Continua

Definition. A compact, connected, nonempty T2 space is called a continuum. If it consists of a
single point, it is called degenerate.

Remark. Continuous images and arbitrary products of continua are continua.

Proposition 45. If H is a family of continua closed under finite intersections, then
Ş

H is a
continuum.
(In particular, the intersection of a decreasing sequence of continua is a continuum.)

Proposition 46 (Boundary bumping). If A is a proper closed subset of a continuum X, then every
component of A intersects the boundary of A.

Věta 47 (Sierpiński). Let X be a continuum and let Xn, n P N, be pairwise disjoint closed subsets
whose union is X. Then Xn “ H for all n except one.

Definition. A continuum is called decomposable if it can be written as the union of two proper
subcontinua. Otherwise, it is called indecomposable.

Example. There exists an indecomposable continuum in R2.

4.2. Disconnectedness

Definition. A Hausdorff topological space X is called

• hereditarily disconnected if all components are singletons;

• totally disconnected if for x ‰ y there exists a clopen set Z Ď X such that x P Z and y R Z;

• zero-dimensional (sometimes written 0-dim) if it has a base consisting of clopen sets;

• strongly zero-dimensional (sometimes written strongly 0-dim) if for every two disjoint closed
sets E,F there exists a clopen set Z such that E Ď Z Ď XzF .

Remarks. • The terminology is not completely uniform; we use the terminology from Engel-
king (different terminology is used in the lecture notes). The most important notion will be
zero-dimensionality (where the terminology is uniform).

• Strong zero-dimensionality as defined here automatically implies normality, but it can also
be naturally defined in a reasonable way already in Tychonoff spaces (see, for example, the
lecture notes for details).

Proposition 48. Let X be a T2 topological space. Then

X is strongly 0-dim ùñ X is 0-dim ùñ X is totally disconnected ùñ X is hereditarily disconnected.
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Examples. • Consider X “ R2 with a topology τ defined as follows: the points Q2 are isolated,
and the remaining points x have basic neighborhoods of the form txu Y pBpx, εq X Q2q for
ε ą 0. Then pX, τq is a T2 space that is hereditarily disconnected but not totally disconnected.
There also exists a metrizable example, but it is considerably more complicated (see the lecture
notes, Example 8.46).

• Consider the Erdős space, i.e. E :“ `2 X Qω with the topology inherited from `2. Then E is
a metrizable totally disconnected space that is not zero-dimensional.

• Examples of spaces that are zero-dimensional but not normal (and hence not strongly zero-
dimensional according to our definition) were already mentioned in General Topology 1 (the
product of the Sorgenfrey line, or the Isbell–Mrówka space).

• In exercises we will present an example of a normal space that is zero-dimensional but not
strongly zero-dimensional. There even exists a metrizable example, but it is very complicated.

Věta 49 (Disconnectedness in compact spaces). For a T2 compact space X we have:

X is strongly 0-dim ô X is 0-dim ô X is totally disconnected ô X is hereditarily disconnected.

Věta 50 (Zero-dimensionality of βX). Let X be T4. Then βX is 0-dim if and only if X is strongly
0-dim.

Proposition 51. Let X be T2. Then X is zero-dimensional if and only if it can be embedded into
2I for some set I. In that case, one can choose I “ wpXq.

Věta 52. Every T2 compact space is a continuous image of a zero-dimensional compact space of
the same weight.
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5. Topological Dimension

Definition (Small inductive dimension: Menger, Urysohn). For a T3 space X we define its small
inductive dimension inductively for n P NY t0u as follows:

• We say that indX “ ´1 if and only if X “ H.
• indX ď n if for every x P X and every neighborhood U of x there exists an open set V such

that x P V Ď U and indpBV q ď n´ 1.
• indX “ n if indX ď n and indX ď n´ 1 does not hold.
• indX “ 8 if indX ď n does not hold for any n P N.

We call indX the small inductive dimension of the space X.

Remarks. Let X be a T3 space. Then:

• indX ď 0 if and only if X is zero-dimensional;
• if M Ă X, then indM ď indX;
• indr0, 1s “ 1.

Definition (Large inductive dimension: Brouwer, Čech). For a T4 space X we define its large
inductive dimension inductively for n P NY t0u as follows:

• We say that IndX “ ´1 if and only if X “ H.
• IndX ď n if for every closed set E and every open set U Ě E there exists an open set V such

that E Ď V Ď U and IndpBV q ď n´ 1.
• IndX “ n if IndX ď n and IndX ď n´ 1 does not hold.
• IndX “ 8 if IndX ď n does not hold for any n P N.

We call IndX the large inductive dimension of the space X.

Remarks. Let X be a T4 space. Then:

• if M Ă X is closed, then IndM ď IndX;
• IndX ď 0 if and only if X is strongly zero-dimensional;
• indX ď IndX;
• Indr0, 1s “ 1.

Definition. We say that a family A of subsets of a set X has order n if n is the largest natural
number for which there exist distinct elements A1, . . . , An`1 P A such that

Ş

Ai ‰ H.

Definition (Covering dimension: Čech, Lebesgue). For a T4 space X we define its covering di-
mension inductively for n P NY t0u as follows:

• dimH “ ´1.
• dimX ď n if every finite open cover of X is refined by a finite open cover of order at most n.
• dimX “ n if dimX ď n and dimX ď n´ 1 does not hold.
• dimX “ 8 if dimX ď n does not hold for any n.

We call dimX the covering dimension of the space X.

Remarks. Let X be a T4 space. Then:

• if M Ă X is closed, then dimM ď dimX;
• dimr0, 1s “ 1.

Proposition 53. In a T4 topological space X, we have dimX ď 0 if and only if X is strongly
0-dimensional.
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Definition. Let X be a set and let S Ď PpXq be a cover of X. An indexed family tTS : S P Su is
called a shrinking of the family S if it is a cover and TS Ď S for each S P S.

Lemma 54 (On shrinking). Let X be a T4 space and let tG1, . . . , Gnu be an open cover of X. Then
there exists an open cover tH1, . . . ,Hnu of X such that Hi Ă Gi for i P t1, . . . , nu.
(That is, every finite open cover has a closed shrinking whose interiors also form a cover.)

Lemma 55 (On swelling). Let X be a T4 space, let tF1, . . . , Fnu be a finite family of closed subsets
of X of order at most n, and let tU1, . . . , Unu be open sets such that Fi Ă Ui for i “ 1, . . . , n. Then
there exists a family tV1, . . . , Vnu of open subsets of X such that tV1, . . . , Vnu has order at most n
and

Fi Ă Vi Ă Vi Ă Ui

for each i “ 1, . . . , n.

Věta 56 (Characterization of covering dimension). For a T4 space X, the following conditions are
equivalent.

(a) dimX ď n.

(b) Every finite open cover of X has an open shrinking of order at most n.

(c) Every finite open cover of X has a closed shrinking of order at most n.

(d) Every finite open cover of X is refined by a finite closed cover of order at most n.

Věta 57 (Sum theorem for the dimension dim). If a T4 space X is the union of countably many
closed subspaces Fi and dimFi ď n, then dimX ď n.

Věta 58. If X is T4, then dimX ď IndX.

5.1. Topological Dimension in Metrizable Spaces

Věta 59. If X is a metrizable space, then dimX “ IndX.

Lemma 60. Let X be a metrizable space and let Z Ă X be strongly 0-dimensional. Then for every
closed set F Ă X and every open set U Ă X with F Ă U there exists an open set V Ă X such that

F Ă V Ă V Ă U

and Z X BV “ H.

Věta 61. Let X be a metrizable separable space. Then

indX “ dimX “ IndX.

Věta 62. Let X be a metrizable space and let n P N Y t0u. Then the following statements are
equivalent.

(a) IndX ď n,

(b) X “ Y Y Z, where IndY ď n´ 1 and IndZ ď 0.

Corollary 63 (On separation). Let X be a metrizable space and let n P N Y t0u. If IndX ď n,
then for every sequence of pn`1q pairs of closed disjoint sets pF1, H1q, . . . , pFn`1, Hn`1q, there exist
open sets Ui, i “ 1, . . . , n` 1, such that

Fi Ď Ui Ď Ui Ď XzHi and
n`1
č

i“1

BUi “ H.

Věta 64. Let X and Y be nonempty metrizable spaces. Then

IndpX ˆ Y q ď IndX ` IndY.
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5.2. Dimension and Euclidean Spaces

Věta 65 (Brouwer’s fixed point theorem). Every continuous mapping f : r0, 1sn Ñ r0, 1sn has a
fixed point, i.e. there exists x P r0, 1sn such that fpxq “ x.

Věta 66. For every n P N we have dimr0, 1sn “ dimRn “ n.

Corollary 67. If n,m P N and n ‰ m, then Rn is not homeomorphic to Rm.
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