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PART I

Gentle introduction to Lipschitz-free spaces
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Motivation

Mazur-Ulam (1932): If two Banach spaces are isometric (as metric spaces),
then they are linearly isometric (as Banach spaces).

Kadets (1965): Any two separable infinite-dimensional Banach spaces are
homeomorphic.

Toruńczyk (1981): Any two infinite-dimensional Banach spaces of the same
density are homeomorphic.

Aharoni and Lindenstrauss (1978): There are two (nonseparable) Banach
spaces which are Lipschitz isomorphic, but not linearly isomorphic.

More conretely: consider
JL∞

q→ JL∞/c0

Then there is Lipschitz selection f : JL∞/c0 → JL∞ (i.e. Lipschitz mapping
such that f ([x ]) ∈ [x ]).
Consequently, x 7→

(
x − f ([x ]), [x ]

)
well-defines Lipschitz isomorphism

JL∞
Lip
≃ c0 ⊕ JL∞/c0.

But, JL∞ ̸≃ c0 ⊕ JL∞/c0 (so Lipschitz selection cannot be linear).
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The space of Lipschtiz functions and its predual

(All Banach spaces in this talk are over reals.)

Setting: (M, ρ, 0) is a metric space with a distinguished point 0.

- Lip0(M) := {f : M → R : f is Lipschitz and f (0) = 0},

- Lip0(M) with a norm ∥f∥Lip := sup
{

|f (x)−f (y)|
ρ(x,y) : x ̸= y ∈ M

}
is a Banach

space,

- there exists a unique Banach space F(M) such that F(M)∗ ≡ Lip0(M) and
w∗ = τp on BLip0(M)

Construction of F(M):
- δ : M → Lip0(M)∗ is defined by δ(m)(f ) := f (m) for m ∈ M and f ∈ Lip0(M).
It is isometric embedding.

F(M) := span{δ(m) : m ∈ M} ⊂ Lip0(M)∗.
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Universal property of the predual

Proposition (Universal property)

Let (M, ρ, 0) be as above. There exists only one (up to isometry) Banach
space F(M) such that

there is an isometry δ : M → F(M) such that

(i) δ(M) is linearly independent with spanδ(M) = F(M), and

(ii) for every Banach space Z and for every f ∈ Lip0(M,Z ) there exists
f̂ ∈ L(F(M),Z ) : f̂ ◦ δ = f and ∥f̂∥ = ∥f∥Lip.

M Zf

δ
in particular, we have

M R

F(M)

f

δ f̂

So F(M)∗ ≡ Lip0(M) and w∗ = τp on BLip0(M).

Will be needed: If M
bi-Lip
↪→ N, then F(M) ↪→ F(N).
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Lifting property

Godefroy and Kalton (2003): Let X be a Banach space and Z ⊂ X such
that the quotient map X → X/Z has Lipschitz selection f : X/Z → X .

If there is linear selection of the mapping F(X/Z )
Îd→ X/Z (that is, there

is T : X/Z → F(X/Z ) such that Îd ◦ T = Id), then X → X/Z has linear
selection (namely f̂ ◦ T ).

On the other hand, there is always Lipschitz selection (namely
δ : X/Z → F(X/Z )). Thus, if the linear selection does not exist, we have
that

F(X/Z )
Lip
≃ X/Z ⊕ ker Îd , but F(X/Z ) ̸≃ X/Z ⊕ ker Îd .
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is T : X/Z → F(X/Z ) such that Îd ◦ T = Id), then X → X/Z has linear
selection (namely f̂ ◦ T ).

On the other hand, there is always Lipschitz selection (namely
δ : X/Z → F(X/Z )). Thus, if the linear selection does not exist, we have
that

F(X/Z )
Lip
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≃ X/Z ⊕ ker Îd , but F(X/Z ) ̸≃ X/Z ⊕ ker Îd .
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Lifting property for separable spaces

Godefroy and Kalton (2003): Let X be a Banach space and Z ⊂ X such
that the quotient map X → X/Z has Lipschitz selection f : X/Z → X .

Does F(X/Z )
Îd→ X/Z have linear selection?

If yes, then X → X/Z has linear selection.

If no, then F(X/Z ) is Lipschitz isomorphic but not linearly isomorphic to
the Banach space X/Z ⊕ ker Îd .

Theorem: Given SEPARABLE Banach space Y , there is linear selection of

the mapping F(Y )
Îd→ Y .

In particular, given SEPARABLE Banach space X and Z ⊂ X , we have that
the quotient map X → X/Z has Lipschitz selection iff it has linear selection.

OPEN: Given two Lipschitz isomorphic SEPARABLE Banach spaces, are
they linearly isomorphic?
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Theorem: Given SEPARABLE Banach space Y , there is linear selection of

the mapping F(Y )
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Lipschitz-free p-spaces - basic motivation

Analogy for p-Banach spaces:

Proposition

Let (M, ρ, 0) be a pointed p-metric space with p ∈ (0, 1]. There exists only
one (up to isometry) p-Banach space Fp(M) such that

there is an isometry δ : M → Fp(M) such that

(i) δ(M) is linearly independent with spanδ(M) = Fp(M), and

(ii) for every p-Banach space Z and for every Lipschitz map f : M → Z with
f (0) = 0 there exists a unique linear map Lf : Fp(M) → Z with Lf ◦ δ = f
and ∥Lf∥ = Lip(f ).

Albiac and Kalton (2009): There is a Banach space X such that Fp(X ) is
Lipschitz isomorphic but not linearly isomorphic to the p-Banach space
X ⊕ ker Îd .
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Motivation from Banach spaces perspective

Some reasons to study Lipschitz-free spaces:

they could have relation to nonlinear geometry of Banach spaces .. and
also to other fields of math

interesting examples of Banach spaces (sometimes Lipschitz-free space
is the only known counterexample for some phenomena)

relation to metric geometry (e.g. M has property 1 iff F(M) has property
2 etc)
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PART II

Weak∗ separability of the dual
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Conjecture

what we DO know about nonseparable Lipschitz-free spaces:
ℓ1(densM)

c
↪→ F(M)

what we DO NOT know: do they have Markushevich basis? Are they
Plichko? Do they admit LUR renorming? ...

Conjecture: If densM ≤ 2ω, then (Lip0(M),w∗) is separable.

Given a Banach space X we have

dens(X∗,w∗) ≤ densX ≤ 2dens(X∗,w∗).

Hence, X separable =⇒ (X∗,w∗) separable =⇒ densX ≤ 2ω.

Since densM = densF(M), the Conjecture is interesting for nonseparable
metric spaces of density at most continuum.

Note: densM ≤ 2ω iff |M| ≤ 2ω.

Note 2: WLOG M is complete.
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Marek Cúth(joint work with L. Candido, B. Vejnar and with O. Kalenda) Lipschitz-free spaces: quantitative Schur property and weak∗ separability of the dual



Conjecture

what we DO know about nonseparable Lipschitz-free spaces:
ℓ1(densM)

c
↪→ F(M)

what we DO NOT know: do they have Markushevich basis? Are they
Plichko? Do they admit LUR renorming? ...

Conjecture: If densM ≤ 2ω, then (Lip0(M),w∗) is separable.

Given a Banach space X we have

dens(X∗,w∗) ≤ densX ≤ 2dens(X∗,w∗).

Hence, X separable =⇒ (X∗,w∗) separable =⇒ densX ≤ 2ω.

Since densM = densF(M), the Conjecture is interesting for nonseparable
metric spaces of density at most continuum.

Note: densM ≤ 2ω iff |M| ≤ 2ω.

Note 2: WLOG M is complete.
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Banach spaces with w∗ separable dual

Characterization 1
(X∗,w∗) is separable ⇔ exists countable D ⊂ X∗ separating the points of X

Example 1: (ℓ∞,w∗) is separable
(Because the set D = {en : n ∈ N} ⊂ ℓ∞ separates the points of ℓ1)

(Or because it is dual of the separable space ℓ1)

Characterization 2
(X∗,w∗) is separable ⇔ exists T : X → ℓ∞ which is one-to-one
(“⇒” {x∗

n : n ∈ N} ⊂ BX∗ separates the points of X , then T (x) := (x∗
n (x))∞n=1

is the operator;
“⇐” T : X → ℓ∞ one-to-one, then {en ◦ T : n ∈ N} separates the points of X )

Example 2: (Lip0(ℓ∞),w∗) is separable
(Kalton 11’: F(ℓ∞) linearly+isometrically embeds into ℓ∞.)

Example 3: M
bi−Lip
↪→ ℓ∞ =⇒ (Lip0(M),w∗) is separable

(Because then F(M) ↪→ F(ℓ∞) ↪→ ℓ∞)
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Marek Cúth(joint work with L. Candido, B. Vejnar and with O. Kalenda) Lipschitz-free spaces: quantitative Schur property and weak∗ separability of the dual



Banach spaces with w∗ separable dual

Characterization 1
(X∗,w∗) is separable ⇔ exists countable D ⊂ X∗ separating the points of X

Example 1: (ℓ∞,w∗) is separable
(Because the set D = {en : n ∈ N} ⊂ ℓ∞ separates the points of ℓ1)

(Or because it is dual of the separable space ℓ1)

Characterization 2
(X∗,w∗) is separable ⇔ exists T : X → ℓ∞ which is one-to-one

(“⇒” {x∗
n : n ∈ N} ⊂ BX∗ separates the points of X , then T (x) := (x∗

n (x))∞n=1
is the operator;
“⇐” T : X → ℓ∞ one-to-one, then {en ◦ T : n ∈ N} separates the points of X )

Example 2: (Lip0(ℓ∞),w∗) is separable
(Kalton 11’: F(ℓ∞) linearly+isometrically embeds into ℓ∞.)

Example 3: M
bi−Lip
↪→ ℓ∞ =⇒ (Lip0(M),w∗) is separable

(Because then F(M) ↪→ F(ℓ∞) ↪→ ℓ∞)
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Marek Cúth(joint work with L. Candido, B. Vejnar and with O. Kalenda) Lipschitz-free spaces: quantitative Schur property and weak∗ separability of the dual



Banach spaces with w∗ separable dual

Characterization 1
(X∗,w∗) is separable ⇔ exists countable D ⊂ X∗ separating the points of X

Example 1: (ℓ∞,w∗) is separable
(Because the set D = {en : n ∈ N} ⊂ ℓ∞ separates the points of ℓ1)

(Or because it is dual of the separable space ℓ1)

Characterization 2
(X∗,w∗) is separable ⇔ exists T : X → ℓ∞ which is one-to-one
(“⇒” {x∗

n : n ∈ N} ⊂ BX∗ separates the points of X , then T (x) := (x∗
n (x))∞n=1

is the operator;
“⇐” T : X → ℓ∞ one-to-one, then {en ◦ T : n ∈ N} separates the points of X )

Example 2: (Lip0(ℓ∞),w∗) is separable
(Kalton 11’: F(ℓ∞) linearly+isometrically embeds into ℓ∞.)

Example 3: M
bi−Lip
↪→ ℓ∞ =⇒ (Lip0(M),w∗) is separable

(Because then F(M) ↪→ F(ℓ∞) ↪→ ℓ∞)
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First non-trivial examples

Example 3: M
bi−Lip
↪→ ℓ∞ =⇒ (Lip0(M),w∗) is separable

Example 4: Lip0(c0(2ω),w∗) is separable

(Aharoni+Lindenstrauss 78’: c0(2ω)
bi−Lip
↪→ ℓ∞)

OPEN: Does ℓ∞ bi-Lipschitz embed into c0(2ω)?
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First Theorem

PART IIa: CATEGORIAL ARGUMENTS ... THEOREM A
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Categorial arguments

Step 1: Let X be a Banach space, then there is Îd : F(X ) → X with
Îd ◦ δX = Id.

X X

F(X )

Id

δ Îd

Step 2: Let T : Y → X . Consider

PB := {(µ, y) ∈ F(X )× Y : Îdµ = Ty} ⊂ F(X )⊕∞ Y .

Then T ◦ πY = Îd ◦ πF(X).

F(X) X

PB

πF(X)

Y

T

Îd

πY
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Categorial arguments

There exists (nonlinear) Lipschitz map φ : Y → PB with πY ◦ φ = Id.

F(X) X

PB

πF(X)

Y

T

Îd

πY

ϕ

It is given by the formula φ(y) :=
(
δ(Ty), y

)
.
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Categorial arguments

Theorem (Theorem A)

Let X be a Banach space and let there exist T : F(M) → X which is
one-to-one. Then there exists S : F(M) → F(X ) which is one-to-one.

Proof: Apply the Step 2 above to Y = F(M). That is,

F(X) X

PB

πF(X)

F(M)

T

Îd

πF(M)

ϕ

πF(M) ◦ ϕ = IdF(M)

In particular, φ ◦ δM : M → PB is Lipschitz, so there is φ̂ ◦ δM : F(M) → PB
with φ̂ ◦ δM ◦ δM = φ ◦ δM .Then

πF(M) ◦ φ̂ ◦ δM = IdF(M) .
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πF(M) ◦ ̂ϕ ◦ δM = IdF(M)

Now, the operator is
S := πF(X) ◦ φ̂ ◦ δM

It is one-to-one, because we have

Îd ◦ S = T ◦ πF(M) ◦ φ̂ ◦ δM = T

and T is one-to-one.
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Categorial arguments - consequences

Theorem (Theorem A)

Let X be a Banach space and let there exist T : F(M) → X which is
one-to-one. Then there exists S : F(M) → F(X ) which is one-to-one.

Corollary: If there exists one-to-one T : F(M) → c0(2ω), then (Lip0(M),w∗)
is separable.
(Proof: By the Theorem, there is one-to-one S : F(M) → F(c0(2ω)) ↪→ ℓ∞.)

Corollary 2: If F(M) ha Markushevich basis, then (Lip0(M),w∗) is
separable.

OPEN: Does there exists F(M) without Markushevich basis?

Remark:
Kalton 11’: M ↪→ ℓ∞ isometrically ⇔ B(Lip0(M),w∗) is separable.

C([0, ω1]) does not bi-Lipschitz emebed into ℓ∞, but F(C([0, ω1])) has
Markushevich basis.
Hence, for X := F(C([0, ω1])) we have

(X∗,w∗) is separable but (BX∗ ,w∗) is not separable.
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Categorical arguments - side remarks

Side remarks (provable using similar techniques)

Let X be a nonseparable WCG Banach space. Then

There does not exist one-to-one T : X → F(X )

c0 ↪→ X =⇒ exists Banach Z such that

Z
bi-Lip
≃ X & Z is not WCG

(Z does not even have SCP).
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Second and Third Theorem

PART IIb: TOPOLOGICAL ARGUMENTS ... THEOREMS B and C
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Topological arguments

Conjecture: If densM ≤ 2ω, then (Lip0(M),w∗) is separable.

Theorem (Theorem B, independently by Bargetz, Kakol, Sobota)

If densM ≤ 2ω, then (Lip0(M), τp) is separable.

Step 1: It suffices to find countably many Lipschitz functions separating the
points of M.

Step 2: The functions will be of the form fn := d(·,Fn) for some closed sets
Fn. So, we need to find countably many closed sets Fn, n ∈ N such that

∀x ̸= y ∃n ∈ N : x ∈ Fn & y /∈ Fn.

Crucial ingredience: Every metric space is paracompact (every open cover
has locally finite open refinement).

For every n ∈ N there is locally finite open cover {Us
n : s ∈ 2ω} with

diamUs
n ≤ 1

n .
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Topological arguments

For every n ∈ N there is locally finite open cover {Us
n : s ∈ 2ω} with

diamUs
n ≤ 1

n .

Countable enumeration: Let B be a countable basis of 2ω and
N := {

⋃n
i=1 Bi : B1, . . . ,Bn ∈ B}.

The closed sets: are

Fn,N :=
⋃

{Ux
n : x ∈ N}, n ∈ N , N ∈ N .
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General condition
General strategy: Find a countable family of 1-Lipschitz functions (fn) such
that not only

M ∋ x φ7→ (fn(x))∞n=1 ∈ ℓ∞ is one-to-one
but also φ̂ : F(M) → F(ℓ∞) is one-to-one.

How to find out whether µ ∈ F(M) is zero?

Lemma: If M is complete, then µ ̸= 0 iff ∃x ∈ M : x ∈ supptµ, that is

∃x ∈ M ∀ε > 0 ∃g ∈ Lip0(M) : suppt g ⊂ B(x , ε) & g(µ) ̸= 0.

Find a condition such that x ∈ suppt(µ) =⇒ φ(x) ∈ suppt φ̂(µ).

Proposition (Inspired by Garcı́a-Lirola+Petitjean+Prochazka (2023))

Let M be a complete metric space with densM ≤ 2ω. Suppose there exists a
sequence of 1-Lipschitz functions (fn)n∈N such that

(*) for every x ∈ M there exists ε > 0 such that for every g ∈ Lip0(M) with
suppt g ⊂ B(x , ε) there exists K > 0 satisfying

|g(y)− g(z)| ≤ K
(
sup
n∈N

|fn(y)− fn(z)|
)
, y , z ∈ M.

Then (Lip0(M),w∗) is separable.
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Route towards Theorem B
Sufficient condition for (Lip0(M),w∗) being separable:
There exists a sequence of 1-Lipschitz functions (fn)n∈N such that
(*) for every x ∈ M there exists ε > 0 such that for every g ∈ Lip0(M) with

suppt g ⊂ B(x , ε) there exists K > 0 satisfying

|g(y)− g(z)| ≤ K
(
sup
n∈N

|fn(y)− fn(z)|
)
, y , z ∈ M.

Example: Let M = {xs : s ∈ 2ω} be a discrete metric space. Then
(Lip0(M),w∗) is separable.

Proof: Consider for every n ∈ N and i ∈ {0, 1}

Fn,i := {xs : s ∈ 2ω such that s(n) = i}, fn,i := d(·,Fn,i).

Pick s ∈ 2ω, find ε > 0 with B(xs, ε) = {xs}.Pick g ∈ Lip0(M) with
suppt g ⊂ B(xs, ε) = {xs}.

Pick y , z ∈ M, WLOG y = xs and z = xt for some s ̸= t .

Find n ∈ N and i ∈ {0, 1} with s(n) ̸= t(n) = i . Then d(xs,Fn,i) ≥ ε. Thus,

|g(y)− g(z)| = |g(xs)| ≤
|g(xs)|

ε︸ ︷︷ ︸
=:K

d(xs,Fn,i) ≤ K |fn,i(xs)− fn,i(xt)|.
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Theorem C and discussion

Theorem (Theorem C)

Let M be a complete locally separable metric space with densM ≤ 2ω. Then
(Lip0(M),w∗) is separable.

Conjecture: If densM ≤ 2ω, then (Lip0(M),w∗) is separable.

Final Remarks: The conjecture is equivalent to:

Under CH, to the fact that (Lip0(ℓ∞/c0),w
∗) is separable.

To the fact that there is one-to-one T : F(M) → X , where

X =

(⊕
2ω

ℓ∞

)
ℓ1

or X =

(⊕
2ω

ℓ∞

)
c0
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PART III

Quantitative Schur property
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Schur property: If xn
w→ 0, then xn

∥·∥→ 0.

c-Schur property: For any bounded (xn) we have

lim sup
n

∥xn∥ ≤ c sup{lim sup
n

|x∗(xn)| : x∗ ∈ BX∗}.

Rosenthal’s ℓ1 theorem implies: X is Schur iff any uniformly separated
bounded sequence has a subsequence equivalent to ℓ1-basis.

c-strong Schur property: For any δ ∈ (0, 2] and any ε > 0 any normalized
δ-separated sequence in X admits a subsequence ( 2c

δ
+ ε)-equivalent to the

standard basis of ℓ1.

c-Schur =⇒ c-strong Schur =⇒ (2c + 1)-Schur

Aliaga, Gartland, Petitjean, Procházka, 2022: M complete, then

F(M) Schur ⇔ M is p1u

(M is p1u = no bi-Lipschitz copy of compact K ⊂ R with λ(K ) > 0.)

Moreover, if M is proper and p1u, then F(M) is 1-Schur (because its predual
lip0(M) almost isometrically embeds into c0).
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Marek Cúth(joint work with L. Candido, B. Vejnar and with O. Kalenda) Lipschitz-free spaces: quantitative Schur property and weak∗ separability of the dual



Schur property: If xn
w→ 0, then xn

∥·∥→ 0.

c-Schur property: For any bounded (xn) we have

lim sup
n

∥xn∥ ≤ c sup{lim sup
n

|x∗(xn)| : x∗ ∈ BX∗}.

Rosenthal’s ℓ1 theorem implies: X is Schur iff any uniformly separated
bounded sequence has a subsequence equivalent to ℓ1-basis.

c-strong Schur property: For any δ ∈ (0, 2] and any ε > 0 any normalized
δ-separated sequence in X admits a subsequence ( 2c

δ
+ ε)-equivalent to the

standard basis of ℓ1.

c-Schur =⇒ c-strong Schur =⇒ (2c + 1)-Schur

Aliaga, Gartland, Petitjean, Procházka, 2022: M complete, then

F(M) Schur ⇔ M is p1u

(M is p1u = no bi-Lipschitz copy of compact K ⊂ R with λ(K ) > 0.)

Moreover, if M is proper and p1u, then F(M) is 1-Schur (because its predual
lip0(M) almost isometrically embeds into c0).
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O. Kalenda, 2025: There exists a bounded uniformly discrete metric space
M such that

F(M) has the 1-strong Schur property and 2-Schur propery, but not
c-Schur property for c < 2. (Distances are just 0, 1, 2.)

F(M) has the 3-Schur property, but not 1-strong Schur property and not
c-Schur property for c < 3. (Distances are just 0, 1, 2, 3.)

Question: Does there exist c > 0 such that F(M) is Schur iff F(M) is
c-Schur?

Setting: M is uniformly discrete. Is it c-Schur for some c > 0? (Note: F(M)
has the Schur property)

WLOG M is bounded

Proof: Because F(M)
1+ε
↪→
(⊕

k∈Z F(B(0, 2k ))
)

1
.

WLOG distances are integers

Proof: Because (x , y) 7→ ⌈cd(x , y)⌉ is (1 + ε)-equivalent metric for big
enough c.
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Question: Does there exist c > 0 such that F(M) is Schur iff F(M) is
c-Schur?

Setting: M is uniformly discrete. Is it c-Schur for some c > 0? (Note: F(M)
has the Schur property)

WLOG M is bounded

Proof: Because F(M)
1+ε
↪→
(⊕

k∈Z F(B(0, 2k ))
)

1
.

WLOG distances are integers

Proof: Because (x , y) 7→ ⌈cd(x , y)⌉ is (1 + ε)-equivalent metric for big
enough c.
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Setting: M uniformly discrete, distances integers. Does F(M) have c-Schur
property for some c > 0?

Recall: X = F(M) has c-Schur property, if for any bounded (µn) we have

lim sup
n

∥µn∥ ≤ c sup{lim sup
n

|g(µn)| : g ∈ BLip0(M)}.

Reformulation (almost): Assume ∥µn∥ → α > 0 and pick ε > 0.
Does there exist a subsequence and c-Lipschitz function g ∈ Lip0(M) such
that g(µnk ) ≥ ∥µnk ∥ − ε for every k ∈ N?

Lemma: For any µ ∈ F(M) we have

∥µ∥ = max{f (µ : f ∈ BLip0(M) and f (M) ⊂ Z}

Proof: f ∈ BLip0(M) is extreme point, then f (M) ⊂ Z.

Example: Assume µn = αnδ(xn)− βnδ(yn), n ∈ N. By passing to a
subsequence WLOG:

d(xn, yn) ≡ const , d(yn, 0) ≡ const , d(xn, 0) ≡ const , n ∈ N;

Ramsey =⇒ d(xn, xm) ≡ const for every n,m ∈ N;

Ramsey =⇒ d(xn, ym) ≡ const and d(xm, yn) ≡ const for m < n.
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Marek Cúth(joint work with L. Candido, B. Vejnar and with O. Kalenda) Lipschitz-free spaces: quantitative Schur property and weak∗ separability of the dual



Setting: M uniformly discrete, distances integers. Does F(M) have c-Schur
property for some c > 0?

Recall: X = F(M) has c-Schur property, if for any bounded (µn) we have

lim sup
n

∥µn∥ ≤ c sup{lim sup
n

|g(µn)| : g ∈ BLip0(M)}.

Reformulation (almost): Assume ∥µn∥ → α > 0 and pick ε > 0.
Does there exist a subsequence and c-Lipschitz function g ∈ Lip0(M) such
that g(µnk ) ≥ ∥µnk ∥ − ε for every k ∈ N?

Lemma: For any µ ∈ F(M) we have

∥µ∥ = max{f (µ : f ∈ BLip0(M) and f (M) ⊂ Z}

Proof: f ∈ BLip0(M) is extreme point, then f (M) ⊂ Z.

Example: Assume µn = αnδ(xn)− βnδ(yn), n ∈ N. By passing to a
subsequence WLOG:

d(xn, yn) ≡ const , d(yn, 0) ≡ const , d(xn, 0) ≡ const , n ∈ N;

Ramsey =⇒ d(xn, xm) ≡ const for every n,m ∈ N;

Ramsey =⇒ d(xn, ym) ≡ const and d(xm, yn) ≡ const for m < n.
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Reformulation (almost): Assume ∥µn∥ → α > 0.
Does there exist g ∈ cBLip0(M) such that g(µnk ) ≥ ∥µnk ∥, k ∈ N?

Lemma: For any µ ∈ F(M) we have

∥µ∥ = max{f (µ) : f ∈ BLip0(M) and f (M) ⊂ Z}

Example: Assume µn = αnδ(xn)− βnδ(yn), n ∈ N. WLOG:

d(xn, yn) ≡ const , d(yn, 0) ≡ const , d(xn, 0) ≡ const , d(xn, xm) ≡ const , n,m ∈ N;

d(xn, ym) ≡ const , d(xm, yn) ≡ const , m < n.

Note that for m < n we have

d(x1, y1) = d(x2, y2) ≤ d(x2, y1) + d(y1, x3) + d(x3, y2) = 3d(xn, ym).

(And similarly d(x1, y1) ≤ 3d(xm, yn).)

Find a function fn ∈ BLip0({0,xn,yn}) with Rng fn ⊂ Z with fn(µn) = ∥µn∥.

WLOG fn(xn) ≡ const and fn(yn) ≡ const .

Consider g(x) := fn(x), x ∈ Rng fn. Then g(µn) = ∥µn∥, n ∈ N and g is
3-Lipschitz:

|g(xn)− g(ym)| = |f1(x1)− f1(y1)| ≤ d(x1, y1) ≤ 3d(xn, ym), m < n

(The other cases are similar or easier to handle .. )
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Theorem: M is uniformly discrete, then F(M) is 3-Schur.

Theorem: M is ultrametric, then F(M) is 1-Schur.

Thank you for your attention!
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