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PART FIVE: Complexity of the isometry class of some C(K) spaces - upper bound
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Recall: (c)=is F, 5.
Let X be a Banach space which is Ly predual (G;s condition). There is F, s condition

Ve >0: aco{ac Sx: Vy € Sx: max{lla—yll la+yl} >2 <} = Bx. (1)

which is equivalent to the fact that X = C(K) with K zero-dimensional.
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Recall: (c)=is F, 5.
Let X be a Banach space which is Ly predual (G;s condition). There is F, s condition

Ve >0: aco{ac Sx: Vy € Sx: max{lla—yll la+yl} >2 <} = Bx. (1)

which is equivalent to the fact that X = C(K) with K zero-dimensional.
Moreover, {u. € B; X, has Daugavet property} is Gs.
(Lopez-Pérez, Martinez Vand, Rueda Zoca 26).

Well-known:
@ C(K) space has Daugavet property iff K does not have isolated points,
@ K zero-dimensional+metric does not have isolated points if and only if K ~ 2N,
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Recall: (c)=is F, 5.
Let X be a Banach space which is Ly predual (G;s condition). There is F, s condition

Ve >0: aco{ac Sx: Vy € Sx: max{lla—yll la+yl} >2 <} = Bx. (1)

which is equivalent to the fact that X = C(K) with K zero-dimensional.

Moreover, {u. € B; X, has Daugavet property} is Gs.
(Lopez-Pérez, Martinez Vand, Rueda Zoca 26).

Well-known:
@ C(K) space has Daugavet property iff K does not have isolated points,
@ K zero-dimensional+metric does not have isolated points if and only if K ~ 2N,

Corollary: C(2N) is up to isometry the only sep co-dim Banach space which is Ly-predual,
satisfies (1) and has Daugavet property.
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Recall: (c)=is F, 5.
Let X be a Banach space which is Ly predual (G;s condition). There is F, s condition
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Recall: (c)=is F, 5.
Let X be a Banach space which is Ly predual (G;s condition). There is F, s condition

Ve >0: aco{ac Sx: Vy € Sx: max{lla—yll la+yl} >2 <} = Bx. (1)

which is equivalent to the fact that X = C(K) with K zero-dimensional.

Moreover, {u. € B; X, has Daugavet property} is Gs.
(Lopez-Pérez, Martinez Vand, Rueda Zoca 26).

Well-known:
@ C(K) space has Daugavet property iff K does not have isolated points,
@ K zero-dimensional+metric does not have isolated points if and only if K ~ 2N,

Corollary: C(2N) is up to isometry the only sep co-dim Banach space which is Ly-predual,
satisfies (1) and has Daugavet property.

(C(@N))= is Fy 5.

For isometry classes of C(K) spaces with K countable due to (1), it suffices to find
characterization among C(K) spaces.
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Recall: (c)=is F, 5.
Let X be a Banach space which is Ly predual (G;s condition). There is F, s condition

Ve >0: aco{ac Sx: Vy € Sx: max{lla—yll la+yl} >2 <} = Bx. (1)

which is equivalent to the fact that X = C(K) with K zero-dimensional.

Moreover, {u. € B; X, has Daugavet property} is Gs.
(Lopez-Pérez, Martinez Vand, Rueda Zoca 26).

Well-known:
@ C(K) space has Daugavet property iff K does not have isolated points,
@ K zero-dimensional+metric does not have isolated points if and only if K ~ 2N,

Corollary: C(2N) is up to isometry the only sep co-dim Banach space which is Ly-predual,
satisfies (1) and has Daugavet property.

(C(@N))= is Fy 5.

For isometry classes of C(K) spaces with K countable due to (1), it suffices to find
characterization among C(K) spaces. We will use Szlenk index .. we should recall some
notation ..
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Preliminaries - second part

Cantor-Bendixson derivative K(®):
o KO — K
o K' = KM = {x € K: xis an accumulation point of K}
o Kla+1) = (Kle)y()
o Kla) = Np<a KB, if o is a limit ordinal.
Mazurkiewicz-Sierpinski theorem:
K countable = 3la < wy 3ln € N : K = [0,w® - n] homeomorphically

(ccis the smallest ordinal with K(%) finite, n = |[K(®)])

Hence, we need to find characterization of C([0,w® - n]).

Marek Cuath Descriptive set theory in Banach spaces Il



Preliminaries - second part

Cantor-Bendixson derivative K(®):
o KO — K
o K' = KM = {x € K: xis an accumulation point of K}
o Kla+1) = (Kle)y()
o Kla) = Np<a KB, if o is a limit ordinal.
Mazurkiewicz-Sierpinski theorem:
K countable = 3la < wy 3ln € N : K = [0,w® - n] homeomorphically

(ccis the smallest ordinal with K(%) finite, n = |[K(®)])
Hence, we need to find characterization of C([0,w® - n]).

Szlenk derivative: Let K C X* be w*-compact and lete > 0.
Se(K) = {x € K: diam(V N K) > ¢ for every w*-neighbourhood V > x}.
The transfinite derivatives are defined recursively by

SUK) =K, s2T(K) =s-(s2(K)), s2(K)= [ sZ(K)for a limit.
B<a
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Characterization of C([0,w® - k])

The isometric characterization we shall use is the following.

Let X be a separable Banach space, a < wq countable nonzero ordinal and k € N. Then X is
isometric to C(w® - k) if and only if the following conditions hold.

@ X is isometric to some C(K) space with K zero-dimensional (F s condition mentioned
above),

@ s3(Byx=) is a nonempty subset of k-dimensional space, and if k > 1 then it is not a subset
of (k — 1)-dimensional space.

Borel hierarchy:

For a countable ordinal o < wy:
° ):?: open sets, l‘l?: closed sets.
@ Fora > 1,

zg—{UAn:Ane U n%}, ng—{ﬂAn:Ane Uzg}.
neN B<a neN B<a

(G5 sets are NY, F, are X3 etc.)

Marek Cuath Descriptive set theory in Banach spaces Il



Characterization of C([0,w® - k])

The isometric characterization we shall use is the following.

Let X be a separable Banach space, a < wq countable nonzero ordinal and k € N. Then X is
isometric to C(w® - k) if and only if the following conditions hold.

@ X is isometric to some C(K) space with K zero-dimensional (F s condition mentioned
above),

@ s3(Byx=) is a nonempty subset of k-dimensional space, and if k > 1 then it is not a subset
of (k — 1)-dimensional space.

Borel hierarchy:

For a countable ordinal o < wy:
° ):?: open sets, l‘l?: closed sets.
@ Fora > 1,

zg—{UAn:Ane U n%}, ng—{ﬂAn:Ane Uzg}.
neN B<a neN B<a

(G5 sets are NY, F, are X3 etc.)

Given a class I of subsets of Polish spaces, we say that a subset A of a Polish space X is a
Dy(T) setif A= B\ C for some B, C € I'(X)
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Complexity of C(K) and K

Summary of the main result concerning the upper bounds.

Let 3 be either 0 or a countable limit ordinal and let n € N U {0} be such that 5 + n > 0.
@ The isometry class of C(wPt") is a I'I% Lon1 Set.

@ The isometry class of C(wPt" - k) is a D2(“%+2n+1) set for every k € N with k > 2.

@ The isometry class of C(2N) is a N set.
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Complexity of C(K) and K

Summary of the main result concerning the upper bounds.

Let 3 be either 0 or a countable limit ordinal and let n € N U {0} be such that 5 + n > 0.
@ The isometry class of C(wPt") is a I'I% Lon1 Set.

@ The isometry class of C(wPt" - k) is a Dg(l'l%+2n+1) set for every k € N with k > 2.

@ The isometry class of C(2N) is a N set.

Using “continuous reduction K — C(K)” we obtain also the following.

Let X be an uncountable metrizable compact space, 3 be either 0 or a countable limit ordinal
and letn € NU {0} be such that 3+ n > 0.

@ The homeomorphism class of [0, w?*7] in K(X) is I‘I‘}3+2n+1 .

@ The homeomorphism class of [0, w?*7 - k] in KK(X) is Dz(l‘l% yony1) forevery k € N with
k> 2.
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Complexity of C(K) and K

Summary of the main result concerning the upper bounds.

Let 3 be either 0 or a countable limit ordinal and let n € N U {0} be such that 5 + n > 0.
@ The isometry class of C(wPt") is a I'I% Lon1 Set.

@ The isometry class of C(wPt" - k) is a Dg(l'l%+2n+1) set for every k € N with k > 2.

@ The isometry class of C(2N) is a N set.

Using “continuous reduction K — C(K)” we obtain also the following.

Let X be an uncountable metrizable compact space, 3 be either 0 or a countable limit ordinal
and letn € NU {0} be such that 3+ n > 0.

@ The homeomorphism class of [0, w?*7] in K(X) is I‘I‘}3+2n+1 .

@ The homeomorphism class of [0, w?*7 - k] in KK(X) is Dz(l‘l% yony1) forevery k € N with
k> 2.

We can also obtain that homeomorphism class of 2N in K(X) is F,_s, but it follows from known
results that it is even Gs-complete.
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Part VI

PART SIX: Complexity of the isometry class of ¢ - lower bound
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Recall: (c)= is F, 5. What about the lower bound?
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Recall: (c)= is F, 5. What about the lower bound?

Method of obtaining the lower bound:

Given subsets A C X and B C Y of Polish spaces X and Y, a continuous function f : X — Y
such that A = f—1(B) is continuous reduction from A to B, in this case we write A <,y B.
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Recall: (c)= is F, 5. What about the lower bound?

Method of obtaining the lower bound:

Given subsets A C X and B C Y of Polish spaces X and Y, a continuous function f : X — Y
such that A = f—1(B) is continuous reduction from A to B, in this case we write A <,y B.

We say that a set B C Y is I-hard if A <,y B whenever A € I'(X) and X is Polish and
zero-dimensional.
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Recall: (c)= is F, 5. What about the lower bound?

Method of obtaining the lower bound:

Given subsets A C X and B C Y of Polish spaces X and Y, a continuous function f : X — Y
such that A = f—1(B) is continuous reduction from A to B, in this case we write A <,y B.

We say that a set B C Y is I-hard if A <,y B whenever A € I'(X) and X is Polish and
zero-dimensional.

Important facts:
o If Ais F, s-hard, then it is not G; .. We want to prove that (c)= is F, s-hard.
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Recall: (c)= is F, 5. What about the lower bound?

Method of obtaining the lower bound:

Given subsets A C X and B C Y of Polish spaces X and Y, a continuous function f : X — Y
such that A = f—1(B) is continuous reduction from A to B, in this case we write A <,y B.

We say that a set B C Y is I-hard if A <,y B whenever A € I'(X) and X is Polish and
zero-dimensional.
Important facts:

o If Ais F, s-hard, then it is not G; .. We want to prove that (c)= is F, s-hard.

o If A<y Band Ais F, s-hard, then Bis also F, s-hard.
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Recall: (c)= is F, 5. What about the lower bound?

Method of obtaining the lower bound:

Given subsets A C X and B C Y of Polish spaces X and Y, a continuous function f : X — Y
such that A = f—1(B) is continuous reduction from A to B, in this case we write A <,y B.

We say that a set B C Y is I-hard if A <,y B whenever A € I'(X) and X is Polish and
zero-dimensional.

Important facts:
o If Ais F, s-hard, then it is not G; .. We want to prove that (c)= is F, s-hard.
o If A<y Band Ais F, s-hard, then Bis also F, s-hard.

@ Essentially known example of a £, s-hard set is the following. Consider the set
U:={xe2N: VYmgeN3Im>mg: xm =1} (infinitely many 1’s in a sequence).
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Recall: (c)= is F, 5. What about the lower bound?

Method of obtaining the lower bound:

Given subsets A C X and B C Y of Polish spaces X and Y, a continuous function f : X — Y
such that A = f—1(B) is continuous reduction from A to B, in this case we write A <,y B.

We say that a set B C Y is I-hard if A <,y B whenever A € I'(X) and X is Polish and
zero-dimensional.

Important facts:
o If Ais F, s-hard, then it is not G; .. We want to prove that (c)= is F, s-hard.
o If A<y Band Ais F, s-hard, then Bis also F, s-hard.
@ Essentially known example of a £, s-hard set is the following. Consider the set
U:={xe2N: VYmyeN3Im>mg: xm=1} (infinitely many 1’s in a sequence). Given
matrix A = (a; ;)i jen € 2N*N, denote Ap := {m € N : anm = 1}. Then

Py :={Ac(@\N: Vne N A, ¢ U}

is Fo 5-hard (matrices, where on every row we have finitely many 1's).
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Recall: (c)= is F, 5. What about the lower bound?

Method of obtaining the lower bound:

Given subsets A C X and B C Y of Polish spaces X and Y, a continuous function f : X — Y
such that A = f—1(B) is continuous reduction from A to B, in this case we write A <,y B.

We say that a set B C Y is I-hard if A <,y B whenever A € I'(X) and X is Polish and
zero-dimensional.

Important facts:

o If Ais F, s-hard, then it is not G; .. We want to prove that (c)= is F, s-hard.

o If A<y Band Ais F, s-hard, then Bis also F, s-hard.

@ Essentially known example of a £, s-hard set is the following. Consider the set
U:={xe2N: VYmyeN3Im>mg: xm=1} (infinitely many 1’s in a sequence). Given
matrix A = (a; ;)i jen € 2N*N, denote Ap := {m € N : anm = 1}. Then

Ps:={Ac(@Y)N: Yne N A, ¢ U}

is Fo 5-hard (matrices, where on every row we have finitely many 1's).

So we need to prove that P3 <,y (c)=, that is, a continuous construction, where we assign
infinite-dimensional Banach space X4 to a matrix A in such a way that X4 = ¢ iff A € P3.
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The construction: Put T := {0} UNUN?2,
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The construction: Put T := {0} UNUN?2,

Given matrix A = (a; ;)i jen € 2N*N, denote Ay := {m e N: apm =1}
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The construction: Put T := {0} UNUN?2,

Given matrix A = (a; ;)i jen € 2N*N, denote Ay := {m e N: apm =1}
Put

E(A) = {Tyu {{(n.m)}; (n.m) e N°} U {{n} U ({n} x An); ne N C P(T)

and consider X(A) :=span{xs; S € E(A)} C lo(T).

1111111 0100000
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The construction: Put T := {0} UNUN?2,
Given matrix A = (a; ;)i jen € 2N*N, denote Ay := {m e N: apm =1}
Put

E(A) = {Tyu {{(n.m)}; (n.m) e N°} U {{n} U ({n} x An); ne N C P(T)

and consider X(A) :=span{xs; S € E(A)} C lo(T).

1111111 0100000

Define ua € coo(T), for F C N and G C N2 finite as

,UA(A@e(zH‘Z Anént D Anm)€n,m ) = HMXT‘F > AmmXnmt D AnX{nru(ng xAn)
ner (n,meG (n,meG neF ‘

Then X(A) = XM(A)
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The construction: Put T := {0} UNUN?2,
Given matrix A = (a; ;)i jen € 2N*N, denote Ay := {m e N: apm =1}
Put

E(A) = {Tyu {{(n.m)}; (n.m) e N°} U {{n} U ({n} x An); ne N C P(T)

and consider X(A) :=span{xs; S € E(A)} C lo(T).

1111111 0100000

Define ua € coo(T), for F C N and G C N2 finite as

,UA(M)G(ZH‘Z Anént D Anm)€n,m ) = H>\@Xr+ > AmmXnmt D AnX{nru(ng xAn)
ner (n,meG (n,meG neF ‘

Then X(A) = X,y and 2N*N 5 A 1i(A) € B is continuous, because enlarging F and G we
may assume n € F if and only if (n, m) € G for some m € N, and then the above is equal to

maX{\Awly max|Ag + Anl, (3% Ao + A(n,m) + /\nan,m\}
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Reduction - in language of Boolean algebras

Stone duality: Given a set T and Boolean algebra B C P(T), there exists a unique (up to
homeomorphism) zero-dimensional compact space Kp for which there exists an isomorphism of
Boolean algebras s : B — Clop(Kp).
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Reduction - in language of Boolean algebras

Stone duality: Given a set T and Boolean algebra B C P(T), there exists a unique (up to
homeomorphism) zero-dimensional compact space Kp for which there exists an isomorphism of
Boolean algebras s : B — Clop(Kg). Then C(Kp) is linearly isometric to

span{xs; S € B} C £oo(T).
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Reduction - in language of Boolean algebras

Stone duality: Given a set T and Boolean algebra B C P(T), there exists a unique (up to
homeomorphism) zero-dimensional compact space Kp for which there exists an isomorphism of
Boolean algebras s : B — Clop(Kg). Then C(Kp) is linearly isometric to

span{xs; S € B} C £oo(T).

Observation 1: If the Boolean algebra B is generated by E C P(T) with T € E and EU {0} is
closed under finite intersections, then

C(Kg) =span{xs; S€ E} C lx(T).
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Reduction - in language of Boolean algebras

Stone duality: Given a set T and Boolean algebra B C P(T), there exists a unique (up to
homeomorphism) zero-dimensional compact space Kp for which there exists an isomorphism of
Boolean algebras s : B — Clop(Kg). Then C(Kp) is linearly isometric to

span{xs; S € B} C £oo(T).

Observation 1: If the Boolean algebra B is generated by E C P(T) with T € E and EU {0} is
closed under finite intersections, then

C(Kg) =span{xs; S€ E} C lx(T).
In our construction,
E(A) = {T}uU {{(n, m)}; (n,m) € N2} U {{n} U({n} x Ap); ne N} c P(T)

X(A) =span{xs; S € E(A)} C Loo(T),

s0 X(A) = C(Ka), where Kj is the Stone space corresponding to the Boolean algebra B,
generated by E(A).
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Reduction - in language of Boolean algebras

Stone duality: Given a set T and Boolean algebra B C P(T), there exists a unique (up to
homeomorphism) zero-dimensional compact space Kp for which there exists an isomorphism of
Boolean algebras s : B — Clop(Kg). Then C(Kp) is linearly isometric to

span{xs; S € B} C £oo(T).

Observation 1: If the Boolean algebra B is generated by E C P(T) with T € E and EU {0} is
closed under finite intersections, then

C(Kg) =span{xs; S€ E} C lx(T).
In our construction,
E(A) = {T}uU {{(n, m)}; (n,m) € N2} U {{n} U({n} x Ap); ne N} c P(T)

X(A) =span{xs; S € E(A)} C Lso(T),
s0 X(A) = C(Ka), where Kj is the Stone space corresponding to the Boolean algebra B,
generated by E(A).
For which matrices A is it true that K4 has only one non-isolated point?

Non-isolated points: The set (Ka)’ of non-isolated point of K, is homeomorphic to the Stone
space Kg/, where B’ = B, /I(At Bs) and (At B,) is the ideal generated by atoms of Bj.
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Atoms of Ky

Recall:
E(A) = {T}uU {{(n, my}: (n,m) € N2} U {{n} U({n} x An); ne N} cP(T)

We need to find atoms of Boolean algebra generated by E(A).

1111111 0100000
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Atoms of Ky

Recall:
E(A) = {T}uU {{(n, my}: (n,m) € N2} U {{n} U({n} x An); ne N} cP(T)

We need to find atoms of Boolean algebra generated by E(A).

An

1111111 0100000 00000

We have

At(Ba) = {{(n, m)}: (n,m) € N x N} U {{n} : ne Nissuchthat Agis finite}.
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Atoms of Ky

Recall:
E(A) = {T}uU {{(n, my}: (n,m) € N2} U {{n} U({n} x An); ne N} cP(T)

We need to find atoms of Boolean algebra generated by E(A).

An

1111111 0100000 00000

We have
At(Ba) = {{(n, m)}: (n,m) € N x N} U {{n} : ne Nissuchthat Agis finite}.

Non-isolated points: The set (Ka)' of non-isolated point of K, is homeomorphic to the Stone
space Kg/, where B’ = By /I(At Ba) and (At B,) is the ideal generated by atoms of Bj,.
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Atoms of Ky

Recall:
E(A) = {T}uU {{(n, my}: (n,m) € N2} U {{n} U({n} x An); ne N} cP(T)

We need to find atoms of Boolean algebra generated by E(A).

An
1111111 0100000

We have

00000

At(Ba) = {{(m m)}: (n,m) € N x N} U {{n} : ne Nissuchthat Agis finite}.

Non-isolated points: The set (Ka)' of non-isolated point of K, is homeomorphic to the Stone
space Kg/, where B’ = By /I(At Ba) and (At B,) is the ideal generated by atoms of Bj,.

Hence,
@ (Kpu)' consists of just one point iff Ap is finite for every n € N.
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Atoms of Ky

Recall:
E(A) = {T}uU {{(n, my}: (n,m) € N2} U {{n} U({n} x An); ne N} cP(T)

We need to find atoms of Boolean algebra generated by E(A).

An
1111111 0100000

We have

00000

At(Ba) = {{(m m)}: (n,m) € N x N} U {{n} : ne Nissuchthat Agis finite}.

Non-isolated points: The set (Ka)' of non-isolated point of K, is homeomorphic to the Stone
space Kg/, where B’ = By /I(At Ba) and (At B,) is the ideal generated by atoms of Bj,.

Hence,
@ (Kpu)' consists of just one point iff Ap is finite for every n € N.
o |(Ka)'| = k + 1iff |{n; Apis infinite }| = k.
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Atoms of Ky

Recall:
E(A) = {T}uU {{(n, my}: (n,m) € N2} U {{n} U({n} x An); ne N} cP(T)

We need to find atoms of Boolean algebra generated by E(A).

An
1111111 0100000

We have

00000

At(Ba) = {{(m m)}: (n,m) € N x N} U {{n} : ne Nissuchthat Agis finite}.

Non-isolated points: The set (Ka)' of non-isolated point of K, is homeomorphic to the Stone
space Kg/, where B’ = By /I(At Ba) and (At B,) is the ideal generated by atoms of Bj,.

Hence,
@ (Kpu)' consists of just one point iff Ap is finite for every n € N.
o |(Ka)'| = k + 1iff |{n; Apis infinite }| = k.
@ if (Ka)' is infinite, then Ky = [0, w?].
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Lower bound - summary

Summary: Consider the set U := {x € 2N : Ymy € N3m > mg : xm = 1} (infinitely many 1’s
in a sequence). For A € 2N%N and n € N consider A, € 2N defined by A,(m) := an,m.
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Lower bound - summary

Summary: Consider the set U := {x € 2N : Ymy € N3m > mg : xm = 1} (infinitely many 1’s
in a sequence). For A € 2N%N and n € N consider A, € 2N defined by A,(m) := an,m.

We have continuous mapping ¢ : 2N*N — B such that Xo(a) is isometric to
@ c < Ap ¢ Uforevery ne N (finitely many 1’s in each row),
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Lower bound - summary

Summary: Consider the set U := {x € 2N : Ymy € N3m > mg : xm = 1} (infinitely many 1’s
in a sequence). For A € 2N%N and n € N consider A, € 2N defined by A,(m) := an,m.

We have continuous mapping ¢ : 2N*N — B such that Xo(a) is isometric to
@ c < Ap ¢ Uforevery ne N (finitely many 1’s in each row),
o C([0,w-Kk])) = |{m Ape U} =k—1,
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We have continuous mapping ¢ : 2N*N — B such that Xo(a) is isometric to

@ c < Ap ¢ Uforevery ne N (finitely many 1’s in each row),

o C([0,w-Kk])) = |{m Ape U} =k—1,

@ C([0,w?]) < |{n; An ¢ U} =w.

Hence, we need to estimate complexity of {A € 2N*N. |{n; A, ¢ U}| = k} for k = 0 (and
maybe even for k € N).

Marek Cuath Descriptive set theory in Banach spaces Il



Lower bound - summary

Summary: Consider the set U := {x € 2N : Ymy € N3m > mg : xm = 1} (infinitely many 1’s
in a sequence). For A € 2N%N and n € N consider A, € 2N defined by A,(m) := an,m.
We have continuous mapping ¢ : 2N*N — B such that Xo(a) is isometric to

@ c < Ap ¢ Uforevery ne N (finitely many 1’s in each row),

o C([0,w-Kk])) = |{m Ape U} =k—1,

@ C([0,w?]) < |{n; An ¢ U} =w.

Hence, we need to estimate complexity of {A € 2N*N. |{n; A, ¢ U}| = k} for k = 0 (and
maybe even for k € N).

Proposition

Let X be a zero-dimensional Polish space, o > 1 a countable ordinal and k € N. If U C X is
NS -complete set, then the following holds.
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Hence, we need to estimate complexity of {A € 2N*N. |{n; A, ¢ U}| = k} for k = 0 (and
maybe even for k € N).
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Let X be a zero-dimensional Polish space, o > 1 a countable ordinal and k € N. If U C X is
NC -complete set, then the following holds. It is well-known that U is Gs-complete.
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o Theset{x e XN: {neN: x, € U} =k} is D2(I'Ig+1)-complete.
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Summary: Consider the set U := {x € 2N : Ymy € N3m > mg : xm = 1} (infinitely many 1’s
in a sequence). For A € 2N%N and n € N consider A, € 2N defined by A,(m) := an,m.
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@ C([0,w?]) < |{n; An ¢ U} =w.

Hence, we need to estimate complexity of {A € 2N*N. |{n; A, ¢ U}| = k} for k = 0 (and
maybe even for k € N).

Proposition

Let X be a zero-dimensional Polish space, o > 1 a countable ordinal and k € N. If U C X is
NC -complete set, then the following holds. It is well-known that U is Gs-complete.

o Theset{x € XN: Vne N x, ¢ U} isN?_,-complete.
o Theset{x e XN: {neN: x, € U} =k} is D2(I'Ig+1)-complete.

Hence, the sets
Py :={Ac (@M)N: vne N A, ¢ U}, P§ ={Ac (@Y : {neN: Aye U} =k}

are F, s-complete and D, (F, s)-complete, respectively (for every k > 1).
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Lower bound - summary

Summary: Consider the set U := {x € 2N : Ymy € N3m > mg : xm = 1} (infinitely many 1’s
in a sequence). For A € 2N%N and n € N consider A, € 2N defined by A,(m) := an,m.
We have continuous mapping ¢ : 2N*N — B such that Xo(a) is isometric to

@ c < Ap ¢ Uforevery ne N (finitely many 1’s in each row),

o C([0,w-Kk])) = |{m Ape U} =k—1,

@ C([0,w?]) < |{n; An ¢ U} =w.

Hence, we need to estimate complexity of {A € 2N*N. |{n; A, ¢ U}| = k} for k = 0 (and
maybe even for k € N).

Proposition

Let X be a zero-dimensional Polish space, o > 1 a countable ordinal and k € N. If U C X is
NC -complete set, then the following holds. It is well-known that U is Gs-complete.

o Theset{x € XN: Vne N x, ¢ U} isN?_,-complete.
o Theset{x e XN: {neN: x, € U} =k} is D2(I'Ig+1)-complete.

Hence, the sets
Py :={Ac (@M)N: vne N A, ¢ U}, P§ ={Ac (@Y : {neN: Aye U} =k}

are F, s-complete and D, (F, s)-complete, respectively (for every k > 1).
Moreover, Py <y (c)= and P <y (C([0,w - (k + 1)]))=.
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Part VII

PART SEVEN: Complexity of the isometry class of some C(K) spaces - main results and
consequences
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Main results

Theorem (Main result)

Let 3 be either 0 or a countable limit ordinal and let n € N U {0} be such that 5 + n > 0.
@ The isometry class of C(wP*") is a I'I% 4ong1-complete set.
@ The isometry class of C(wP*" - k) is a Dy(
k> 2.
@ The isometry class of C(2N) is a N3-complete set.

N%._ 5,.1)-complete set for every k € N with
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Main results

Theorem (Main result)

Let 3 be either 0 or a countable limit ordinal and let n € N U {0} be such that 5 + n > 0.
@ The isometry class of C(wP*") is a I'I% 4ong1-complete set.
@ The isometry class of C(wP*" - k) is a Dy(
k> 2.
@ The isometry class of C(2N) is a N3-complete set.

N%._ 5,.1)-complete set for every k € N with

Comments on the proof:

@ Succesor step: given a “matrix” A € X from the previous step we obtain spaces isometric to
C(Ka) with K € {w® - k,wt1}.
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@ The isometry class of C(2N) is a N3-complete set.

N%._ 5,.1)-complete set for every k € N with

Comments on the proof:

@ Succesor step: given a “matrix” A € X from the previous step we obtain spaces isometric to
C(Ky) with Ky € {w® - k,w**1}. Now consider “matrix” At € XN and assign to it Banach
space C(Kjy+ ), where K, is one-point compactification of | J KA;. Then
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Let 3 be either 0 or a countable limit ordinal and let n € N U {0} be such that 5 + n > 0.
@ The isometry class of C(wP*") is a I'I% 4ong1-complete set.

@ The isometry class of C(wPt" - k) is a Dg(n% +ony1)-complete set for every k € N with
k> 2.
@ The isometry class of C(2N) is a N3-complete set.

Comments on the proof:

@ Succesor step: given a “matrix” A € X from the previous step we obtain spaces isometric to
C(Ky) with Ky € {w® - k,w**1}. Now consider “matrix” At € XN and assign to it Banach
space C(Kjy+ ), where K, is one-point compactification of | J KA;. Then

- Ky = [0, w1 iff K, 5 [0, wH!] for every n,
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@ The isometry class of C(wP*") is a I'I% 4ong1-complete set.
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@ Succesor step: given a “matrix” A € X from the previous step we obtain spaces isometric to
C(Ky) with Ky € {w® - k,w**1}. Now consider “matrix” At € XN and assign to it Banach
space C(Kjy+ ), where K, is one-point compactification of | J KA;. Then

- Ky = [0, w1 iff K, 5 [0, wH!] for every n,

- Kpe ~ [0, (k + 1)] iff Ka, ~ [0,w>*"] for k-many n's,
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Theorem (Main result)

Let 3 be either 0 or a countable limit ordinal and let n € N U {0} be such that 5 + n > 0.
@ The isometry class of C(wP*") is a I'I% 4ong1-complete set.
@ The isometry class of C(wP*" - k) is a Dg(n% +ony1)-complete set for every k € N with
k> 2.
@ The isometry class of C(2N) is a N3-complete set.

Comments on the proof:

@ Succesor step: given a “matrix” A € X from the previous step we obtain spaces isometric to
C(Ky) with Ky € {w® - k,w**1}. Now consider “matrix” At € XN and assign to it Banach
space C(Kjy+ ), where K, is one-point compactification of | J KA;. Then

- Ky = [0, w1 iff K, 5 [0, wH!] for every n,
- Kpe ~ [0, (k + 1)] iff Ka, ~ [0,w>*"] for k-many n's,

- otherwise Kyt = [0, w*2].
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Main results

Theorem (Main result)
Let 3 be either 0 or a countable limit ordinal and let n € N U {0} be such that 5 + n > 0.
@ The isometry class of C(wP*") is a I'I% 4ong1-complete set.

@ The isometry class of C(wPt" - k) is a Dg(n% +ony1)-complete set for every k € N with
k> 2.
@ The isometry class of C(2N) is a N3-complete set.

Comments on the proof:

@ Succesor step: given a “matrix” A € X from the previous step we obtain spaces isometric to
C(Ky) with Ky € {w® - k,w**1}. Now consider “matrix” At € XN and assign to it Banach
space C(Kjy+ ), where K, is one-point compactification of | J KA;. Then

- Ky = [0, w1 iff K, 5 [0, wH!] for every n,
- Kpe ~ [0, (k + 1)] iff Ka, ~ [0,w>*"] for k-many n's,
- otherwise Kyt = [0, w*2].

@ Limit step: Most work done by Cenzer and Mauldin, then proceed as above .. see the next
slide.
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Limit step

Comments on the proof - limit step: For the limit step, it suffices to prove it for
homeomorphism classes:

There exists a continuous reduction “K +— C(K)” from K£(2N) = {K c 2N; K is compact} to P
and F,-measurable reduction from P, to B.
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Limit step

Comments on the proof - limit step: For the limit step, it suffices to prove it for
homeomorphism classes:

There exists a continuous reduction “K +— C(K)” from K£(2N) = {K c 2N; K is compact} to P
and F,-measurable reduction from P, to B.

If f: X — Yis F,-measurable and f~1(Z) is [-hard for I being an infinite Borel class, then Z is
I-hard.
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Limit step
Comments on the proof - limit step: For the limit step, it suffices to prove it for

homeomorphism classes:

There exists a continuous reduction “K +— C(K)” from K£(2N) = {K c 2N; K is compact} to P
and F,-measurable reduction from P, to B.

If f: X — Yis F,-measurable and f~1(Z) is [-hard for I being an infinite Borel class, then Z is
I-hard.

Cenzer, Mauldin 83: For any countable limit ordinal A and any B € NS (NN) there exists a
continuous reduction H : NN — 1C(2N) of B to ([0, w*])~ such that H(x) is infinite compact set,
homeomorphic to a subset of [0, w?] for every x € NN,
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Limit step
Comments on the proof - limit step: For the limit step, it suffices to prove it for
homeomorphism classes:

There exists a continuous reduction “K +— C(K)” from K£(2N) = {K c 2N; K is compact} to P
and F,-measurable reduction from P, to B.

If f: X — Yis F,-measurable and f~1(Z) is [-hard for I being an infinite Borel class, then Z is
I-hard.

Cenzer, Mauldin 83: For any countable limit ordinal A and any B € NS (NN) there exists a
continuous reduction H : NN — 1C(2N) of B to ([0, w*])~ such that H(x) is infinite compact set,
homeomorphic to a subset of [0, w?] for every x € NN,

And now we use similar idea with one point compactification to improve from M9 to I‘I‘;Jr1 and
proceed inductively ..
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Limit step

Comments on the proof - limit step: For the limit step, it suffices to prove it for
homeomorphism classes:

There exists a continuous reduction “K +— C(K)” from K£(2N) = {K c 2N; K is compact} to P
and F,-measurable reduction from P, to B.

If f: X — Yis F,-measurable and f~1(Z) is [-hard for I being an infinite Borel class, then Z is
I-hard.

Cenzer, Mauldin 83: For any countable limit ordinal A and any B € NS (NN) there exists a
continuous reduction H : NN — 1C(2N) of B to ([0, w*])~ such that H(x) is infinite compact set,
homeomorphic to a subset of [0, w?] for every x € NN,

And now we use similar idea with one point compactification to improve from M9 to I‘I‘;Jr1 and
proceed inductively ..

Let X be an uncountable metrizable compact space, /3 be either 0 or a countable limit ordinal
and letn € NU {0} be such that 3+ n > 0.

@ The homeomorphism class of [0, wP+ in K(X) is T B+on+t

4-complete.

0

@ The homeomorphism class of [0, wP+" . k] in K(X) is Dp(N B+2n+1

k €N withk > 2.

)-complete for every
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Limit step

Comments on the proof - limit step: For the limit step, it suffices to prove it for
homeomorphism classes:

There exists a continuous reduction “K +— C(K)” from K£(2N) = {K c 2N; K is compact} to P
and F,-measurable reduction from P, to B.

If f: X — Yis F,-measurable and f~1(Z) is [-hard for I being an infinite Borel class, then Z is
I-hard.

Cenzer, Mauldin 83: For any countable limit ordinal A and any B € NS (NN) there exists a
continuous reduction H : NN — 1C(2N) of B to ([0, w*])~ such that H(x) is infinite compact set,
homeomorphic to a subset of [0, w?] for every x € NN,

And now we use similar idea with one point compactification to improve from M9 to ﬂ§+1 and
proceed inductively ..

Let X be an uncountable metrizable compact space, /3 be either 0 or a countable limit ordinal
and letn € NU {0} be such that 3+ n > 0.

@ The homeomorphism class of [0, wP+ in K(X) is T B+on+t

4-complete.

0

@ The homeomorphism class of [0, wP+" . k] in K(X) is Dp(N B+2n+1

k €N withk > 2.

)-complete for every

Warning: Isometry class of C(2V) is F5,s-complete, while homeomorphism class of 2N s
Gs-complete.
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Further applications

If X is a countable limit ordinal and (P) is a property of Banach spaces preserved by linear
isometries, which holds for the Banach space C(w?), but not for C(a.) with a < w?, then the set

{neB: X, has (P)}

is N3 -hard.
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Further applications

If X is a countable limit ordinal and (P) is a property of Banach spaces preserved by linear
isometries, which holds for the Banach space C(w?), but not for C(a.) with a < w?, then the set

{neB: X, has (P)}

is N3 -hard.

Applications:
@ The set {u € B: X, has summable Szlenk index} is X0 -hard.

(It was known to be a X0 ,-set.)
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Further applications

If X is a countable limit ordinal and (P) is a property of Banach spaces preserved by linear
isometries, which holds for the Banach space C(w?), but not for C(a.) with a < w?, then the set

{neB: X, has (P)}

is N3 -hard.

Applications:

@ The set {u € B: X, has summable Szlenk index} is X0 -hard.

(It was known to be a X0 ,-set.)

Proof: For any compact K C [0,w*], it is well-known that C(K) has a summable Szlenk
index if and only if K ¢ [0, w*].
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If X is a countable limit ordinal and (P) is a property of Banach spaces preserved by linear
isometries, which holds for the Banach space C(w?), but not for C(a.) with a < w?, then the set
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is N3 -hard.

Applications:
@ The set {u € B: X, has summable Szlenk index} is X0 -hard.
(It was known to be a X0 ,-set.)
Proof: For any compact K C [0,w*], it is well-known that C(K) has a summable Szlenk
index if and only if K ¢ [0, w*].
o Forany a € [1,wy), the set {u € B: Sz(X,) < w*} is £, -hard.
(It was known to be a %, _ ;-set.)
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isometries, which holds for the Banach space C(w?), but not for C(a.) with a < w?, then the set

{neB: X, has (P)}

is N3 -hard.
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@ The set {u € B: X, has summable Szlenk index} is X0 -hard.
(It was known to be a X0 ,-set.)
Proof: For any compact K C [0,w*], it is well-known that C(K) has a summable Szlenk
index if and only if K ¢ [0, w*].

o Forany a € [1,wy), the set {u € B: Sz(X,) < w*} is £, -hard.
(It was known to be a %, _ ;-set.)

Proof: For any compact K C [0,w*"], it is well-known that Sz(C(K)) < w® if and only if
K # [0,w*"].
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Further applications

If X is a countable limit ordinal and (P) is a property of Banach spaces preserved by linear
isometries, which holds for the Banach space C(w?), but not for C(a.) with a < w?, then the set

{neB: X, has (P)}

is N3 -hard.

Applications:

@ The set {u € B: X, has summable Szlenk index} is X0 -hard.
(It was known to be a X0 ,-set.)

Proof: For any compact K C [0,w*], it is well-known that C(K) has a summable Szlenk
index if and only if K ¢ [0, w*].

o Forany a € [1,wy), the set {u € B: Sz(X,) < w*} is £, -hard.
(It was known to be a %, _ ;-set.)
Proof: For any compact K C [0,w*"], it is well-known that Sz(C(K)) < w® if and only if
K # [0,w*"].

THANK YOU FOR YOUR ATTENTION ;)
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