Nonlinear Differential Equations Practical 11 May 14, 2025

Nonlinear Differential Equations

Practical 11: Linearisation & Iterative Methods

1. Consider the following boundary value boundary value problem in the bounded Lipschitz
domain 2 € R”,n € N: For2 <p < oo, f € LY(Q), /p+ /g =1,

n p—2
_Zaa ( au>:fv il’lQ,
=1 I

aﬂfi
u =0, on Jf2.

ou
6:31-

(a) State a linearised, iterative, version of this equation (Ka¢anov method)
(b) State the weak formulation of both the nonlinear and linearised iterative method
(c) State the Galerkin formulation of both the nonlinear and linearised iterative method

2. Consider the following boundary value boundary value problem in the bounded Lipschitz
domain 2 € R",n € N

—cAu = f(u) inQ
u=20 on 0.

with ¢ > 0 and a damped Newton iteration approximation: Find u(™*!) € H'(Q) such that
ae(u™; 0D (MY = g (w4 M)y — g0 (W™ 0) Yo e HY(Q)

where ¢, € (0,1] and
a:(u;w,v) = /(EVw -V — f'(u)wv) de,
Q

le(uyv) = /Q(aEVu -V — f(u)v) de,

Define the norm
lul? = el Vullg o + [Ju

2
‘0,2§

then; if there exists positive constants \, X with eC'p* > ), such that —\ < f'(u) < X for all
u € R, where Cp is the Poincére constant from the Poincére inequality

[wllo2 < Cpl|Vwlo-

show that, for fixed u € X

(@) ac(u;-,-)is bounded; i.e., there exists a positive constant a > 0 (depending on u) such
that
a-(u;w,v) < afwloll  forallv,w e H'(Q),

(b) ac(u;v,v)is coercive; i.e., there exists a positive constant § > 0 (depending on u) such
that
az(u;v,v) > Bl forallv € H(Q),

(©) ac(u;u,-)—emle(u; -) is bounded; i.e., there exists a positive constant v > 0 (depending
on u) such that

as(u;u, v) — emle(u;v) < vl for allv € H'(Q).
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