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Nonlinear Differential Equations

Practical 7: Semimonotone Operators

Let X be a real, separable, reflexive Banach space and B : X x X :— X' be a map such that
Au = B(u,u) forallu € X.

The operator A : X — X' is called semimonotone if and only if the following hold.

a) Forallu,v € X
(B(u,u) — B(u,v),u —v) > 0.

b) For each u € X, the operator v — B(u,v) is hemicontinuous and bounded from X to X’,

and, for each v € X, the operator u — B(u,v) is hemicontinuous and bounded from X
to X'.

c) If u, = win X and
lim (B (up, un) — B(tn, u), u, —u) = 0;
n—oo
then, B(uy,v) — B(u,v)in X’ forallv € X,
d) Letv € X, u, = win X, and B(u,,v) = win X’ as n — oo; then,

nli_)rg(}(B(un,v),um = (w, u).

e) Aisbounded.

Exercises

1. Let A : X — X' be a semimonotone operator on a real, separable, reflexive Banach space
X,and B : X x X — X' the associated map. Assume that u,, — u, B(uy,u) = w and

lim sup(B (up, up ), un — u) < 0.

n—oo

(a) Show that
]‘Lm <B(un7un) - B(Un,u), Up — u> = O’

i.e, show that the condition of property c) of a semimonotone operator is satisfied.

Solution: By property a), B(uy,,u) — w, and d)
0< lirginf(B(un,un) — B(up,u), up — u)
< lim sup(B(up, un) — B(up, u), up — )
n—r00

= lim sup(B(un, un ), typ — u) — lim sup(B(up, u), uy) + lim sup(B(uy,, u), u)

n—oo n—oo n—oo
= lim sup(B(un, up ), un — u) — (w,u) + (w, u).
n—oo

Then, by lim sup,, _, o (B(tn, un), un —u) <0,

lim (B (un, un) — B(tn, u), uy —u) =

n—o0
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(b) Hence, show that

(B(u,u),u —w) < lminf(B(un, un), uy — u) forall w € X;

n—o0

i.e., A is a pseudo-monotone operator.

Hint. Similar to question 3 from last week.

Solution: Let z = u + t(w — u) and, by property a) and c),
(B(tn, un) — B(up, 2),un, —2) >0
lirr_1>inft<B(un, Up), U — W) > 1irr_1>inf(t<B(un, 2),u —w) — (B(Un, up), Up — u)

+ (B(un, 2), up, — uy)

= 1i71rr_1>i}.3f(t<B(un, z),u—w) — (B(up,u), up — u)
+ (B(tun, 2), up, — uy)

As property c) holds from the previous question; then, B(u,,v) — B(u,v) in X’
for all v € X. Therefore, by property d),

B(up,u) = B(u,u) == nh_}n;(}(B(un,u),un) = (B(u,u),u) (1.1)
B(up, z) = B(u, 2) = nan;O<B(un,z),un> = (B(u, 2),u) (1.2)
Hence,

lirginf<B(un, Up), U — W) > 1irr_1}nf<B(um z),u —w) = (B(u,z),u — w).
As B is hemicontinuous in the second argument by property b) let ¢ — 0, and
by previous question and (1.1) limy,—o0 (B (tn, Un ), Upn) = limy oo (B(tUn, un), u);
therefore,

(B(u,u),u —w) < lminf(B(up, uy), uy — w) forallw € X.

n—oo

2. Consider a quasilinear PDE of order 2k, k € N of the form

S (— 1) 0 a(, Syu() = f(x) in ),

| <k
Ou _y ondN,i=1,... k-1,
ont

where (2 is a bounded Lipschitz domain. Let a, : © x R® — R, for each multi-index
a € Ny with |a| <k, satisfies the Carathéodory condition (B1), growth condition (B2), and
coercivity condition (C2) from Theorem 2.19, as well as the following;:

(I1) The highest order terms are strictly monotone with respect to the highest order
derivatives; i.e.,

> (aa(@71.8) ~ tal@,n.8)) (€0~ &) > 0.

|a|=k

Page 2 of 5



Nonlinear Differential Equations Practical 7 April 2, 2025

forallp € RF, ¢, & € RF—*, where

— 1)
~_ (n+k—1)!

nl(k —1)!

is the number of multi-indices of length |a| < k — 1.

(I2) The highest order terms are coercive with respect to the highest order derivatives;
ie.,
(0%6% (m> 7, é) _

= 00,

€1+ lelt

lim sup

|§]—00 neD
T ol =k

for almost all z € Q and bounded sets D C R".

Let A : WFP(Q) = W—+4(Q), Au = B(u, u), where

/ Z aq (@, Op_1w(x), 5ku 8avdm+/ Z aq(x, opw(x))0%v de.

o=k la|<k—1
(a) Show that for all u, v € W ()
(B(u,u) — B(u,v),u —v) > 0;

i.e., prove property a) of a semimonotone operator.

Solution: For u # v, by (I1),

(B(u,u) — B(u,v),u — v)

For u = v, (B(u,u) — B(u,v),u — v) = 0 trivially.

(b) Show that for each u € Wéc P(Q), the operator v — B(u,v) is hemicontinuous and
bounded from I/Vég P(Q) to W—F4(Q); i.e., prove the first part of property b) of a semi-
monotone operator.

Solution: Let {¢,} € R be a sequence such that t,, — 0; then, as an(z, ), || <k,
is continuous for all n € R*

(B(w,u + ty), / S G, 0 yw(@), Su(@) + tadyo ()02 () da

la|=k

/ Z a(x, Spw(x))0%v de
o] <k—1

—>/Zaa  Sr_qw(), dpu(w))02(x) de

la|=k

/ Z ao(x, Spw(x))0%v de = (B(w,u), 2)
|a|<k—1
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(©)

(d)

(e)

Hence, v — B(u, v) is hemicontinuous. By (B2)

(B(w,u) y</ S Jaal, 6 _1w(z), Spu())] 07| da

e’
/ S Jaa(@, S0(z))|0%0] da
la|<k—1
<C/ Z ( ) + Z |9PwP~t + Z@’Bupl) |0%| dae
oy’ Bkt =k

/ Z ( () + Z 8ﬁwp1) |0%| d

laj<k—1 181<k

<C(Zga

0.0 + Il + [uly? | ol
|o|=k

hence,

[(B(w,w), )
1Bl kg = swp B < 0|3 galo + ol + el |
veWEP(Q) k.p la|=k

@.1)
As g, € L4() and w,u € WP() this is bounded.

Show that for each v € Wé"’ (Q)), the operator u + B(u,v) is hemicontinuous and
bounded from I/V(/;C P(Q) to Wk4(Q); i.e., prove the second part of property b) of a
semimonotone operator.

Solution: Let {¢,} € R be a sequence such that t,, — 0; then, as a,(x, ), || <k,
is continuous for all € R¥,

(B(w + tyv,u) / > aa(@, dp-1w(®) + tadp_1v(x), ()0 2(x) da

laf=k

/ Z ao(z, 0pw(zx) + tyopv(x))0%v de

o] <k—1

%/Zaaw&g 1w(x )5ku( ))0%z(x) dae

laf=k

/ Z ao(x, Spw(x))0vde = (B(w,u), z)

la|<k—1

Hence, u — B(u,v) is hemicontinuous. Boundedness follows directly from (2.1).

Show that A is bounded; i.e., prove property e) of a semimonotone operator.

Solution: From Lemma 2.14.

Show that A is coercive.
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Solution: From Lemma 2.18.

(f) Assume properties c) and d) of a semimonotone operator applies for A without proof.
Hence, show that a solution u € VV(;C P(Q) of the weak formulation

a(u,v) == / Z ao(x, Opu(x))0%v de = / fode, forallv € Wéc’p(ﬂ),
 Ja] <k “

exists for each right-hand side f € L(Q), 1/p+ 1/ = 1.

Solution: As we have shown that A: X — X', where
(Au,v) = a(u,v)

is semimonotone and coercive; then, by Lemma 2.34 the equation Au = F' has a

solution u € WOI’C P(Q) for every F' € W~+4(Q). Furthermore, for every f € L?(Q)
we can show that for

<F,v>:/vad:B

F € W=k4(Q). Therefore, for every f € L4(Q) there exists a weak solution u €
I/Vé€ () to the weak formulation.
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