Nonlinear Differential Equations Practical 4 March 12, 2025

Nonlinear Differential Equations

Practical 4: Monotone & Continuous Operators

1. Let X be a Banach space, and A : X — X’ be a nonlinear operator. Then prove the
following:

(a) A strongly monotone = A uniformly monotone

Solution: A is strongly monotone; hence, (Au — Av,u — v) > M|ju — v||?, where
L > 0is a constant. Define a function a(t) = M¢; then,

(Au— Av,u—v) > al(lu— v])|[u — o,

a(0) = 0, lim;_,~ a(t) = oo, and a is strictly increasing. Therefore, A is uniformly
monotone.

(b) A uniformly monotone = A strictly monotone

Solution: As A uniformly monotone (Au — Av,u —v) > a(||u — v||)||u — v|| where
a(0) = 0 and a is strictly increasing. Then,

utv = Ju—v[[>0 = a(|lu—v|)]u—2o| >0.

Therefore, (Au — Av,u — v) > a(||lu — v||)||w — v|| > 0 for u # v and, hence, A is
strictly monotone.

(c) A strictly monotone = A monotone

Solution: For u # v (Au — Av,u —v) > 0 as A is strictly monotone. If © = v; then
Au = Av and hence
(Au — Av,u —v) = (0,0) = 0.

Therefore, (Au — Av,u —v) > 0 for all u,v € X.

(d) A uniformly monotone —> A (nonlinear) coercive

Solution:

(Au,u) ; (Au — A0,u — 0) — (A0, u)
=l oo ( )

lim
lull—+oo  ||ul|

]
(Au — A0, u — 0) . (A0, u)
= lm —
[[ul| =00 ]| lul| 400 ||ul|
By dual norm definition
A A
(40| = sup LAY 5 MOV e e x s (jA0]flv]| > (40, ):
vex vl v
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(e)

(f)

(8)

(h)

(i)

and by fact that A is uniformly monotone

lim Mmu)z oy Wlu=0Dlu =0 . [[AO]|full
lul =400 [|u| lJul|—+o00 ] lull 400 ||
= lim a([jul]) - [|AO]
l[ul| =400
= +o00.

Hence, A is coercive.

A uniformly monotone = A stable

Solution: For u # v

{(Au— Av,u —v) _ a(flu —v])]u — v

lw =l [ =

|Au — Av|| = sup (Au — Av, v) >

vex Il
as A is uniformly monotone. Hence, ||Au — Av| > a(||u — v||) where a is strictly
increasing, a(0) = 0 and lim;_,~ a(t) = +oo.

For u = v then ||[Au — Av|| = ||0]| = 0 = a(0) = a(]|0]]) = a(||u — v]]).

A Lipschitz continuous = A continuous

Solution: Given a sequence {u,} such that u,, — u then lim,_,||u, — u| = 0.
Then,

lim ||Au, — Au|| < lim L|ju, — u|| = 0;

n—oo n—oo

hence, the sequence Au,, — Au.

A strongly continuous = A continuous

Solution: Given a sequence {u,} we note that u,, - u = u, — u as for all
le X'
(Cun —u) < ||€|[|lun — ul| — 0.

Then, from strong continuity v, = v« = Au, — Au. Combining theses gives
that u,, - u = Au, — Au; hence, A is continuous.

A strongly continuous = A weakly continuous

Solution: Given a sequence {uy}, strong continuity and fact weak convergence
implies strong convergence gives that

Up = U — Aup, - Au — Au, — Au;

hence, A is weakly continuous.

A weakly continuous = A demicontinuous
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Solution: Given a sequence {u,}, weakly continuity and fact weak convergence
implies strong convergence gives that

Up = U —> Uy, —u —> Au, — Aug

hence, A is demicontinuous.

(j) A continuous = A demicontinuous

Solution: Given a sequence {u, }, continuity and fact weak convergence implies
strong convergence gives that

Uy = u — Au, = Au = Au, — Au;

hence, A is demicontinuous.

(k) A demicontinuous =—> A hemicontinuous

Solution: If A is demicontinuous; then, for a sequence {z, }
2y =2z = Az, —~ Az =  (Az, —Az,v) =0 forallve X.
Select s, s € [0,1] such that s,, — s and set z,, = u + s,v; then,

le (A(u~+ spv),w) = (A(u + sv),w) forallw € X.
Hence, hemicontinuity follows as (A(u + tv), w) is continuous for ¢ € [0, 1] if and
only if

lim (A(u + spv),w) = (A(u + sv),w) forallw € X.

n—o0

2. Let X be a Banach space, and A,B : X — X' be nonlinear operators. Then prove the
following:

(a) A strongly monotone and B strongly monotone = A + B strongly monotone

Solution: As A and B are strongly monotone; then, there exists positive constants
M4 and Mg such that

(Au — Av,u —v) > My|lu— ||,
(Bu — Bv,u —v) > Mpl|lu —v|.

Then,

(A+ B)u— (A+ B)v,u —v) = (Au — Av,u — v) + (Bu — Bv,u — v)
> (Ma + Mp)llu— |,

Then, A + B is strongly monotone with constant M4 + Mp.

(b) A strongly monotone and B monotone = A + B strongly monotone
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Solution: As A is strongly monotone and B monotone; then, there exists a posi-
tive constant M 4 such that

Then,

(A+ B)u— (A+ B)v,u —v) = (Au — Av,u —v) + (Bu — Bv,u — v)

>0

> (Au — Av,u —v)
> Mallu —v|?.

Then, A + B is strongly monotone with constant M 4.

3. Let A: R™ = R™, m > 0, be a symmetric positive definite matrix. Show that the operator
A :R™ — R™ defined as

(Au,v) = (Au) -v for all v € R™
is strongly monotone and Lipschitz continuous.

Hint. Consider the eigendecomposition of A.

Solution: As A is symmetric then we can decompose itas A = QAQT, where Q is or-
thogonal and A is diagonal with A;; = A;, i = 1,..., m with ), is the ith eigenvalue of A.
Additionally, as A is symmetric positive definite, for the eigenvalue \; and matching
eigenvector z; € R™

As ||z;]] > 0 then A\; > 0 for all \; € 0(A). So all eigenvalues are strictly positive;
hence, minyc,(4) Ai > 0. We can now show that A is strongly monotone and Lipschitz
continuous using the natural vector 2-norm ||-||2 on R™:

strongly monotone:
(Au— Av,u —v) = (Au— Av) " (u —v)
= (u—v)"A"(u—v)
= (u—v)"Q AQ(u~v)
=3 (@=07Q") X (Qu—-w)),

~ i
(x?ﬁm A) i (@w=07Q") @Qu-wv),
= ( min /\> (=) TQTQu - v)

.

A€o (A)
= M|lu—vl|3

where QT Q = I as Q is orthogonal, and M = Minyeq(4) A
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Lipschitz continuous:

|Au — Av|j3 = (Au — Av) " (Au — Av)
= (u—v)"QTAQ(Au — Av)

( max )\) —0)'QTQ(Au — Av)

Ao (A)

IN

Ao (A)
< Ljju = vll2f|Au — Avll

( max A) u—v) (Au — Av)

where L = maxyc,(4) A > 0. Divide both sides by ||[Au — Av|| completes the
proof.

4. Let X be a Hilbert space, A : X — X' be strongly monotone and Lipschitz continuous,
[ € X" and Jx be the Riesz-isomorphism on X.

(a) Show that there exists a constant € such that the mapping 7" : X — X defined as
T(u) =u— ey (Au— f)
is strongly contractive; i.e,
IT(z) =Tyl < kllz =yl forallz,yc X
with k? = 1+¢?L? —2e M. Additionally, specify the condition on € such that k € (0,1).

Solution: For simplicity we assume the inner product is symmetric. As A is

strongly monotone and Lipschitz continuous, and by the definition of the Riesz-
isomorphism,

|T(u) — T@)|]* = (u—v—eJx (Au — Av),u — v — eJx ' (Au — Av))
= (u—v,u —v) — 2e(u—v, Jy (Au — Av))
+ e2(Jx (Au — Av), T (Au — Av))
= |lu —v||* — 26(Au — Av,u — v) + £2||Au — Av||?
< Jlu—v)* = 2eM|ju = v|* + & L?||u — vf|?

= k*[lu — .

Taking the square root of both sides completes the proof.
We require that k2 > 0; hence, we require that

1+ &2L% —2eM > 0.

Note that as
Mlu —v|* < (Au — Av,u — v) < ||Au — Av||||u — v|| < L|ju — v]?
we have that M < L; hence,

1+e%L? —2eM > 1+ %L —2cL=(1—-¢L)>>0
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providing L # 1; ie., ¢ # L~!. Additionally, we require that k? < 1; hence, we
require that
e2[? —2eM < 0.

If we consider 212 — 2e M = 0 we have that
e(eL? —2M) = 0;

hence, €212 — 2¢eM = 0 when ¢ = 0 or ¢ = 2L2; therefore, e21%2 — 2e M < 0 if
g€ (0,2ML72).

(b) Compute the optimal value of € such that the iteration
Uma1 = U — EJ)_(I(Aum -1

converges fastest to the unique solution of Au = f and the compute the contraction
constant k
Hint. From Corollary 2.9 and Banach'’s fixed point theorem the error is given by

m
[ = uml| <

“1—-k

o — 215

hence, the fastest convergence rate is given when k is close to zero.

Solution: We want to minimise the constant k; i.e, defining
o(e) =1+e2L? —2eM

we want to minimise ¢(¢); then, we consider

M
0=¢'(c) =2cL* —2M — = T3
Therefore, ,
M
k‘zzgo(é‘)—l—ﬁ

Note, that this is only valid if M # L; otherwise k£ = 0.
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