Nonlinear Differential Equations Practical 3 March 5, 2025

Nonlinear Differential Equations
Practical 3: Banach & Sobolev Spaces

1. Prove the generalised Holder’s inequality: For m € N, m > 2, let there exists functions f;,
i=1,....,mand 0 < pq,...,pm < oo; then,
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Hint. Use the standard Holder’s inequality (Lemma 1.12) and induction.

2. LetQ C R? be a measurable domain with Lipschitz boundary and « € Nj be a multi-index;
then, prove that the seminorm
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is a norm on the space H} ().

3. Let F: C?([0, L]) — C([0, L]) be defined by

d2
F(p) = —So—l—)\singp

for fixed A € R; cf. Example 1.1. Derive the Fréchet derivative in ¢ and Gateaux derivative
in ¢ in the direction ¢ of F.
Hint. Consider F (o +1) — F(p) and F(¢ +ty) — F (), respectively, for v € C?%([0, L]) with

small ||pl|2,00 and [|1)||2,00-

4. Let Q C R" be a measurable domain with Lipschitz boundary and X = H{(Q); then,
define F : X — X’ be defined such that for u,v € X

(F(u),v>:/Q,u(|Vu])Vu-Vvda:,

where p(t) € C([0,00)) is the Carreau law defined by

n—1

p(t) = ping + (o — print) (1+ (A)?) 2
for constants finf, f10, 7, A € R. Compute
(F(u, w),v)
where F,(u, w) is the Gateaux derivative of F in u in the direction w.
Hint. Use

, . (F(u+tw) — F(u),v)
<FG(u7w)7v>:%g% P :
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