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Derivace funkce – př́ıklady z ṕısemných praćı

Neńı-li řečeno jinak, určete derivaci a jednostranné derivace funkce ve všech bodech definičńıho
oboru, kde existuj́ı.

1. f(x) =

{
(cosx)1/x2

x ∈ (−π/2, π/2) \ {0}
1√
e

x = 0

2. f(x) = arcsin(1 − x4)

3. f(x) =

{
(x − 1)2x cos

(
1
x + 1

x−1

)
x �= 0, 1

0 x = 0, 1
Zjistěte nav́ıc, kde je f spojitá.

4. Zjistěte, zda existuje c tak, že funkce

f(x) =
{

22x

x ≥ 2
2x2

+ c(x − 2) x < 2

má v bodě 2 vlastńı derivaci.

5. Spočtěte derivaci funkce

f(x) =
∣∣∣∣arcsin

(
2x

1 + x2

)∣∣∣∣ + |x − 1|

v bodě 1.

6. f(x) = max{1, esinx}
7. f(x) =

sin x

x
pro x �= 0, f(0) = 1.

8. f(x) =
[

4
π

arctg x

]
· sin(πx), kde [· · · ] znač́ı celou část.

9. Napǐste př́ıklad funkce f , která splňuje f ′
+(2) = +∞ a f ′−(2) = −∞.

10. f(x) = | sin(2x)| · sin x

11. Napǐste př́ıklad funkce f , která neńı spojitá v bodě 7 a přitom plat́ı, že f ′
+(7) = 2.

12. f(x) = (x2 + x)
√

1 − cosx

13. Necht’ je funkce f spojitá v bodě 3. Muśı existovat f ′
+(3) ? Pokud ne, uved’te př́ıklad. Pokud

ano, svou odpověd’ pečlivě zd̊uvodněte.

14. f(x) = (max{x, 1})[x], kde [· · · ] znač́ı celou část.

15. Napǐste př́ıklad funkce f , která je spojitá v bodě 1 a přitom f ′(1) neexistuje.

16. f(x) =
{

sgn(tg x) x ∈ R \ {π
2 + kπ; k ∈ Z}

1 x ∈ {π
2 + kπ; k ∈ Z}

17. f(x) = max{x(x − 1)2 + x, x}
18. Nalezněte všechna a > 0, pro která má funkce f vlastńı derivaci ve všech bodech intervalu
(0, +∞). Derivaci spočtěte pro každé x ∈ (0, +∞).

f(x) =
{

x(xa) x ∈ (0, 1]
xax

x ∈ (1, +∞)

19. f(x) = arcsin
(
exp(−x2)

)
20. f(x) = min{max{x, x + x3}, x + 1}
21. f(x) = sgn(sin x) + sgn(sin 2x)

22. f(x) = (x − 1)2|x2 − 1|
23. f(x) = arctg(tg2 x) pro x �= π

2 + kπ, f(π
2 + kπ) = π

2 , k ∈ Z.

24. f(x) = max
{

min
{

cosx,
1
2

}
,−1

2

}

25. f(x) =
√

1 − e−x2

26. f(x) = arccos
1

1 + x2
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27. f(x) =
{

x2(sin 1
x + cos 1

x) x �= 0
0 x = 0

28. f(x) = x(xx)

29. Nalezněte A, B, C ∈ R tak, aby pro všechna x ∈ R platilo(
2√
3

arctg
(

cosx√
3

)
+

1
4

log
2 + sin x

2 − sin x

)′
=

A cosx + B sin x

C + cos 2x

30. f(x) = max{x + 4 arctg(sin x), x}
31. f(x) = max{x3 − 1, x3 + x}
V daľśıch př́ıkladech vyšetřete (i jednostrannou) spojitost a spočtěte (i jednostranné) derivace
všude, kde existuj́ı.

32. f(x) =
{

(1 + x)1/x má-li výraz smysl
e x = 0

33. f(x) = arcsin
4x

x2 + 4
34. f(x) = max{x2, x3 + sgnx}
35. f(x) = (x + 2)2

√
|x2 − 4|

36. f(x) = max{x + sin x, x + sin2 x}
37. f(x) = arcsin(cos3 x)

38. f(x) = 3
√

e3x3 − 1

39. f(x) =
√

esin2 x − 1

40. f(x) = arccos(sin3 x)

Určete derivaci a jednostranné derivace funkce ve všech bodech definičńıho oboru, kde existuj́ı.

41. f(x) = sin(arccos2 x)

42. f(x) = max{sinx, tg x}
43. f(x) = max{x2, 3

√
x}

44. f(x) =
{

x(2x) x ∈ (0, 2]
x(x2) x ∈ (2, +∞)

45. f(x) = sgn(sin x) · (cos(2x) − 1)

46. f(x) = arcsin(e−|x|)

47. f(x) = arcsin
(

min
{

1,
1
x

})
48. Určete c ∈ R tak, aby funkce f měla v bodě 1 vlastńı derivaci:

f(x) =
{

x(xc) − 1 x ∈ (0, 1]
arctg (sin (c(x − 1))) x ∈ (1, +∞)

49. f(x) = max{−x4, min{x3, x2}}

50. f(x) = 4

√
1 −

∣∣∣∣ 4x

x2 + 4

∣∣∣∣
51. f(x) = 3

√
esin2 x − 1

V daľśıch př́ıkladech vyšetřete (i jednostrannou) spojitost a spočtěte (i jednostranné) derivace
všude, kde existuj́ı.

52. f(x) = min{x3, x · |x|}
53. f(x) = (1 + 3

√
x)

3√
x2

54. f(x) = cosx · [sin x], kde [· · · ] znač́ı celou část.

55. f(x) = (x − [x]) · x, kde [· · · ] znač́ı celou část.

56. f(x) = 3
√

2 −√
x
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57. f(x) = (e + |x|)x

58. f(x) = min{x, 3
√

x, x2}
59. f(x) = sinx + cosx + | sin x − cosx|
60. f(x) = (x + 1)2 sgn(x2 + 3x + 2)

61. Nalezněte všechna α, β, γ ∈ R taková, že funkce f ńıže má v každém bodě R vlastńı druhou
derivaci.

f(x) =
{

αx2 + βx + γ x ≤ 0
sin(βx) x > 0

V daľśıch př́ıkladech vyšetřete (i jednostrannou) spojitost a spočtěte (i jednostranné) derivace
všude, kde existuj́ı.

62. f(x) = sin
(π

2
max{x, x2}

)
63. f(x) = sgn(x2 + 2x) |x| cos(sin x)

64. f(x) =
[

4
π

arctgx

]
arctg x2, kde [· · · ] znač́ı celou část.

65. f(x) = min{x + sgn x + cosx; x + sgnx + cos2 x}

66. f(x) =
{ | sin x|

x x �= 0
0 x = 0

67. f(x) = max{5x − 4, x2}
68. f(x) = [x] · 3

√
x2 − 9, kde [· · · ] znač́ı celou část.

69. f(x) = | cos 2x| · (tg x − 1)

70. f(x) = (x + |x| + 1)|x−1|

71. f(x) = (x2 − 1)
√

1 + cos(πx)

72. f(x) =
(
max{1, 2x, x2})x

73. f(x) =

√
2x2−2x − 1

2
74. f(x) = (x − 2) · max{x2, x + 2}
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Výsledky

1. f ′(x) =

{
(cos x)1/x2 · −1

x2 ·
(

2 log(cos x)
x + tg x

)
x ∈ (−π/2, π/2) \ {0}

0 x = 0

2. f ′(x) = −4x3√
2x4−x8 pro x ∈ (− 4

√
2, 4

√
2) \ {0}, f ′(0) = 0, f ′

+(− 4
√

2) = +∞, f ′−( 4
√

2) = −∞.

3. Funkce je spojitá na R. Derivaci má

f ′(x) =
x

(
1 − 4x + 3x2

)
cos

[
1

−1+x + 1
x

]
+

(
1 − 2x + 2x2

)
sin

[
1

−1+x + 1
x

]
x

, x �= 0, 1,

dále f ′(1) = 0 a v bodě 0 neexistuj́ı ani jednostranné derivace.

4. c = 64 log 2(log 2 − 1)

5. 0

6. f ′(x) = 0 pro x ∈ (π, 2π) + 2kπ, k ∈ Z, f ′(x) = esinx cosx pro x ∈ (0, π) + 2kπ, k ∈ Z a dále
f ′
+(2kπ) = 1, f ′

−(2kπ) = 0, f ′
+((2k + 1)π) = 0, f ′

−((2k + 1)π) = −1 pro k ∈ Z.

7. ??

8. Pro x ∈ R \ {−1, 0, 1} je f ′(x) =
[

4
π arctg x

] · π cos(πx). Dále je f ′
−(−1) = 2π, f ′

+(−1) = π,
f ′−(0) = f ′

+(1) = −π, f ′
+(0) = f ′−(1) = 0.

9. Např́ıklad f(x) = 1 pro x �= 2 a f(2) = 0.

10. Pro x ∈ R\ {k π
2 ; k ∈ Z} je f ′(x) = sgn(sin 2x) ·2 cos 2x · sin x+ | sin 2x| · cosx. Dále f ′(kπ) = 0,

f ′
+(π

2 + kπ) = (−1)k, f ′
−(π

2 + kπ) = (−1)k+1 pro k ∈ Z.

11. Např́ıklad f(x) = 0 na (−∞, 7) a f(x) = 2x na (7, +∞).

12. f ′(x) = (2x + 1)
√

1 − cosx + (x2 + x) sin x
2
√

1−cos x
pro x ∈ R \ {2kπ; k ∈ Z}. Dále f ′(0) = 0 a pro

k ∈ Z \ {0} je f ′
+(2kπ) = (4k2π2 + 2kπ)

√
2

2 , f ′−(2kπ) = −(4k2π2 + 2kπ)
√

2
2 .

13. NE. Např. f(x) = 0 pro x racionálńı, f(x) = x − 3 pro x iracionálńı.

14. f ′(x) = 0 pro x ∈ (−∞, 1), f ′(x) = [x]x[x]−1 pro x ∈ (1, +∞)\N. Dále pro k ∈ N je f ′
+(k) = kk,

f ′
−(1) = 0 a f ′

−(k) = +∞ pro k > 1.

15. Např. f(x) = |x − 1|.
16. f ′(x) = 0 pro x ∈ (−π

2 + kπ, kπ) ∪ (kπ, π
2 + kπ), k ∈ Z. Dále f ′(kπ) = +∞, f ′−(π

2 + kπ) = 0,
f ′
+(π

2 + kπ) = −∞ pro k ∈ Z.

17. f ′(x) = (x − 1)2 + 2x(x − 1) + 1 pro x ∈ (0, +∞), f ′(x) = 1 pro x ∈ (−∞, 0].

18. Pro a = 1. f ′(x) =??

19. ??

20. f ′(x) = 1 na (1, +∞), f ′(x) = 1+3x2 na (0, 1), f ′(x) = 1 na (−∞, 0). Dále f ′(0) = 1, f ′
+(1) = 1

a f ′
−(1) = 4.

21. f ′(x) = 0 pro x ∈ R \ {π
2 + kπ; k ∈ Z}, dále ?? (+∞ a −∞) ??

22. f ′(x) = 2(x− 1)(x2 − 1)+ (x− 1)2 · 2x pro x ∈ (−∞,−1)∪ (1, +∞), f ′(x) = 2(x− 1)(1−x2)−
(x − 1)2 · 2x pro x ∈ (−1, 1). Dále f ′(1) = 0, f ′−(−1) = −8 a f ′

+(−1) = 8.

23. f ′(x) = 2 sin x cos x
cos4 x+sin4 x pro x �= π

2 + kπ, k ∈ Z. Dále f ′(π
2 + kπ) = 0, k ∈ Z.

24. f ′(x) = 0 pro x ∈ (−π
3 , π

3 ) + kπ, k ∈ Z, f ′(x) = − sin x pro x ∈ (π
3 , 2π

3 ) + kπ, k ∈ Z. Dále
f ′
+(π/3 + 2kπ) = −√

3/2, f ′
−(π/3 + 2kπ) = 0, f ′

+(2π/3 + 2kπ) = 0, f ′
−(2π/3 + 2kπ) = −√

3/2,
f ′
+(4π/3+2kπ) =

√
3/2, f ′

−(4π/3+2kπ) = 0, f ′
+(5π/3+2kπ) = 0, f ′

−(5π/3+2kπ) =
√

3/2, všude
k ∈ Z.

25. f ′(x) = e−x2 x√
1−e−x2

pro x ∈ R \ {0}. Dále je f ′
+(0) = 1, f ′

−(0) = −1.

26. f ′(x) = −1q
1− 1

(1+x2)2

· −2x
(1+x2)2 pro x ∈ R \ {0}. Dále f ′

+(0) =
√

2, f ′−(0) = −√
2.

27. f ′(x) = 2x
(
sin 1

x + cos 1
x

)
+ x2

(− 1
x2 cos 1

x + 1
x2 sin 1

x

)
pro x �= 0. Dále f ′(0) = 0 (z definice)

28. f ′(x) = x(xx)
(
xx(log x + 1) log x + xx−1

)
pro x > 0.

29. A = 2, B = −4, C = 7

30. f ′(x) = 1 + 4 cos x
1+sin2 x pro x ∈ (2kπ, (2k + 1)π), k ∈ Z a f ′(x) = 1 pro x ∈ ((2k + 1)π, (2k + 2)π),
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k ∈ Z. Dále je f ′
+(2kπ) = 5, f ′

−(2kπ) = 1, f ′
−((2k + 1)π) = −3, f ′

+((2k + 1)π) = 1.

31. f ′(x) = 3x2 pro x ∈ (−∞,−1), f ′(x) = 3x2 + 1 pro x ∈ (−1, +∞). Dále f ′
+(−1) = 4,

f ′
−(−1) = 3.

32.-40. ?

41. D(f) = [−1, 1], f ′(x) = cos(arccos2 x) · 2 arccosx · −1√
1−x2 pro x ∈ (−1, 1), f ′

−(1) = −2,
f ′
+(−1) = +∞.

42. D(f) = R \ {π/2 + kπ; k ∈ Z}. f ′(x) = cosx pro x ∈ ((π/2, π) ∪ (3π/2, 2π)) + 2kπ, k ∈ Z,
f ′(x) = 1

cos2 x pro x ∈ ((0, π/2)∪ (π, 3π/2)) + 2kπ, k ∈ Z. Dále je f ′(2kπ) = 1, f ′
+((2k + 1)π) = 1,

f ′
−((2k + 1)π) = −1 pro k ∈ Z.

43.-51. ?

52. Df = R, f spojitá na R, f ′(x) = 3x2 na (−∞,−1)∪(0, 1), f ′(x) = −2x na (−1, 0) a f ′(x) = 2x
na (1, +∞). Dále je f ′(0) = 0, f ′

−(−1) = f ′
−(1) = 3, f ′

+(−1) = f ′
+(1) = 2.

53. Df = (−1, +∞), f spojitá na Df . f ′(x) = (1 + 3
√

x)
3√

x2 · (2
3 · log(1+ 3√x)

3√x
+ 1

3(1+ 3√x)
) pro x ∈

(−1, 0) ∪ (0, +∞). Dále je f ′(0) = 1.

54. Df = R, f spojitá v R \ {kπ; k ∈ Z}; v bodech {2kπ; k ∈ Z} spojitá zprava, ale ne zleva; v
bodech {(2k + 1)π; k ∈ Z} spojitá zleva, ale ne zprava. Je f ′(x) = 0 pro x ∈ (2kπ, (2k + 1)π),
k ∈ Z; f ′(x) = − cosx pro x ∈ ((2k − 1)π, 2kπ), k ∈ Z. Konečně je f ′

+(2kπ) = f ′−((2k + 1)π) = 0,
f ′
−(2kπ) = f ′

+((2k + 1)π) = +∞ pro k ∈ Z.

55. Df = R, f spojitá v (R\Z)∪{0}. V bodech Z\{0} je spojitá zprava, ale ne zleva. Pro x ∈ R\Z

je f ′(x) = 2x − [x]. Pro x ∈ Z je f ′
+(x) = x. Pro x = 0 je f ′

−(0) = 1, pro x ∈ N je f ′
−(x) = −∞,

pro x ∈ Z− (bez nuly) je f ′−(x) = +∞.

56. Df = [0, +∞), f spojitá na Df , f ′(x) = − 1

6
√

x 3
√

(2−√
x)2

pro x ∈ (0, 4) ∪ (4, +∞). Dále je

f ′
+(0) = f ′(4) = −∞.

57. Df = R, f spojitá na R. f ′(x) = (e + |x|)x ·
(
log(e + |x|) + |x|

e+|x|
)

pro x ∈ R, ale f ′(0) = 1

je potřeba vypoč́ıtat zvlášt’, nebot’ |x| nemá(!) derivaci v nule, a tud́ıž nejsou splněny předpoklady
věty o derivaci složené funkce.

58. Df = R, f spojitá na R. f ′(x) = 1 pro x ∈ (−∞, 1), f ′(x) = 1

3
3√

x2
pro x ∈ (−1, 0)∪ (1, +∞) a

f ′(x) = 2x pro x ∈ (0, 1). Dále je f ′
−(−1) = 1, f ′

+(−1) = 1
3 , f ′

−(0) = +∞, f ′
+(0) = 0, f ′

−(1) = 2,
f ′
+(1) = 1

3 .

59. f ′(x) = 2 cosx pro x ∈ (π/4, 5π/4) + 2kπ, f ′(x) = −2 sinx pro x ∈ (5π/4, 9π/4) + 2kπ,
kde k ∈ Z. Dále je f ′

+(π/4 + 2kπ) =
√

2, f ′
−(π/4 + 2kπ) = −√

2, f ′
−(5π/4 + 2kπ) = −√

2,
f ′
+(5π/4 + 2kπ) =

√
2 pro každé k ∈ Z.

60. Df = R, f spojitá na R\{−2}, f ′(x) = 2(x+1) pro x ∈ (−∞,−2)∪(−1, +∞), f ′(x) = −2(x+1)
pro x ∈ (−2,−1). Dále je f ′(−1) = 0 a f ′(−2) = −∞.

61. α = γ = 0, β ∈ R.

62. Df = R, f spojitá na R. f ′(x) = cos(π
2 x2) · πx pro x ∈ (−∞, 0)∪ (1, +∞), f ′(x) = cos(π

2 x) · π
2

pro x ∈ (0, 1). Dále je f ′
−(0) = 0, f ′

+(0) = π
2 , f ′(1) = 0.

63.-66. ?

67. Df = R, f spojitá na R. f ′(x) = 5 pro x ∈ (1, 4), f ′(x) = 2x pro x ∈ (−∞, 1) ∪ (4, +∞). Dále
je f ′

+(1) = f ′
−(4) = 5, f ′

−(1) = 2, f ′
+(4) = 8.

68. Df = R, f spojitá v (R\Z) a v bodech {−3, 3}. V ostatńıch bodech Z\{−3, 3} je spojitá zprava
a nespojitá zleva. f ′(x) = 2

3x[x](x2 − 9)−2/3 pro x ∈ R \ Z. Dále je f ′(3) = f ′(−3) = +∞. Pro
k ∈ Z \ {−3, 3} je f ′

+(k) = 2
3k2(k2 − 9)−2/3 a f ′−(k) = +∞, pokud nav́ıc |k| > 3, a f ′−(k) = −∞,

pokud nav́ıc |k| < 3.

69. Df = R \ {π
2 + kπ; k ∈ Z}, f spojitá na Df . f ′(x) = −2 sin(2x) · (tg x − 1) · sgn(cos 2x) +

| cos 2x| · 1
cos2 x pro x ∈ (−π

2 ,−π
4 ) ∪ (−π

4 , π
4 ) ∪ (π

4 , π
2 ) + kπ, kde k ∈ Z. Dále je f ′(π

4 + kπ) = 0,
f ′
+(−π

4 + kπ) = −4, f ′
−(−π

4 + kπ) = 4 pro k ∈ Z.

70. Df = R, f spojitá na R. f ′(x) = 0 pro x ∈ (−∞, 0) a f ′(x) = (2x +1)|x−1|(sgn(x− 1) log(2x+
1) + 2|x−1|

2x+1 ) pro x ∈ (0, 1)∪ (1, +∞). Dále je f ′
−(0) = 0, f ′

+(0) = 2, f ′
−(1) = − log 3, f ′

+(1) = log 3.



6

71. Df = R, f spojitá na R. f ′(x) = 2x
√

1 + cos(πx)− π(x2−1) sin(πx)

2
√

1+cos(πx)
pro x ∈ R \ {2k + 1; k ∈ Z}.

Dále je f ′(1) = f ′(−1) = 0 a f ′
−(2k + 1) = −2

√
2k(k + 1)π, f ′

+(2k + 1) = 2
√

2k(k + 1)π pro
k ∈ Z \ {−1, 0}.
72. Df = R, f spojitá na R. f ′(x) = (x2)x(ln x2 + 2) pro x ∈ (−∞,−1) ∪ (2, +∞), f ′(x) = 0 pro
x ∈ (−1, 1

2 ) a f ′(x) = (2x)x(ln 2x + 1) pro x ∈ (1
2 , 2). Dále je f ′

−(−1) = 2, f ′
+(−1) = 0, f ′

−(1
2 ) = 0,

f ′
+(1

2 ) = 1, f ′
−(2) = 16(log 4 + 1), f ′

+(2) = 16(log 4 + 2).

73. Df = R, f spojitá na R. f ′(x) = 2x2−2x(x−1) ln 2√
2x2−2x− 1

2

pro x ∈ (−∞, 1) ∪ (1, +∞). Dále je f ′
+(1) =√

ln 2
2 , f ′−(1) = −

√
ln 2
2 .

74. Df = R, f spojitá na R. f ′(x) = 3x2 − 4x pro x ∈ (−∞,−1) ∪ (2, +∞), f ′(x) = 2x pro
x ∈ (−1, 2). Dále je f ′

−(−1) = 7, f ′
+(−1) = −2, f ′(2) = 4.


