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Exercise 48. Let G be a group and let A be the variety of abelian groups.

Let AG be the smallest congruence of G with an abelian quotient.

o Show that the congruence class of the identity element is the subgroup

of G generated by elements of the form [z,y| := zyx~'y~1.
1/2G = Seq([,y] | #,y € G)

o Show that the variety A - A is axiomatized by the group laws and
([, 9], [z, w]] = 1.
Exercise 49. Let A, be the variety of abelian groups satisfying " ~ 1.
Show that

o Az Ay = Mod( group axioms U{z®~1, [2%, ¢y~ 1, [z,y]®~ 1})
o Ay- Ay = Mod( group axioms U {(z?y?)? ~ 1})
Exercise 50. Let cRing, be the variety of commutative rings satisfying

" =~ z, and let Fy be the field of order 9. Show that HSP(Fy) is axiomatized
by the axioms of cRingy together with

r+zr+z~0.

Exercise 51. Let A = (A, *) be an algebra where A = {0,1,2,3} and * is
defined by the following multiplication table.

101 2 3
0|1 2 1 0
110 3 2 3
211 0 1 0
312 3 2 1

Show that there is no function f € Clo(A) satisfying the following.
(i) £(3,1,3,3,3) =0

(i) £(1,0,2,3,2) =0 and £(1,0,0,3,2) = 1
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