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Principal Component Analysis

Let X ∈ Rn×p be a data matrix and Σ̂ = 1
nXTX be a sample covariance matrix.

For k = 1, . . . , p, let

âk = arg max
a

aTΣ̂a

s.t. ‖a‖22 ≤ 1 ,

aTâi = 0 , i = 1, . . . , k − 1 .

â1, . . . , âp are loadings

Y1 = Xâ1, . . . , Yp = Xâp are principal

components (PCs)

PCs = uncorrelated standardized linear

combinations with the largest possible

variance
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Principal Component Analysis

Zou et al. (2006) showed that loadings can be found as solutions to ridge regression

problems
âk = arg max

a
‖Yk −Xa‖22

s.t. ‖a‖22 ≤ t ,

for some t (here completely arbitrary).

Problems with PCA:

inconsistency when p > n

poor interpretability � all coe�cients non-zero

Solution: constraint on cardinality

‖a‖0 ≤ s

for some s.
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Penalization Techniques

0 1

B
C

A

D

A : min
a
‖Yk −Xa‖22

B : s.t. ‖a‖22 ≤ 1
C : s.t. ‖a‖1 ≤ 1
D : s.t. ‖a‖0 ≤ 1
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Penalization Techniques

0 1

B
C

A

D
E

A : min
a
‖Yk −Xa‖22

B : s.t. ‖a‖22 ≤ 1
C : s.t. ‖a‖1 ≤ 1
D : s.t. ‖a‖0 ≤ 1

E : min
a
‖Yk −Xa‖22

s.t.
p∑
i=1

wi|ai| ≤ 1 ,

where wi =
1

ãi+ε
.
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2015 Voting Data

n = 200 members of parliament, p = 1837 bills voted

...

...

Bohuslav Sobotka � vector of votes xSobotka ∈ {−1, 0, 1}p, and a party a�liation

b ∈ {1, . . . , 5}

...

...

xSobotka,j =


1, voted for the j-th bill

0, abstain from voting of the j-th bill

−1, voted against the j-th bill

Tomá² Masák Sparse Principal Component Analysis



2015 Voting Data
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