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Quasiconformal mappings
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Beltrami equation Beurling transform



Beltrami equation
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Astala (1994): “this is the worst case scenario”

Conjecture (Iwaniec): �!�"#(C) = #− !, # � "



“holomorphic motions = quasiconformal maps”

Holomorphic motions

Mañé-Sad-Sullivan, Slodkowski’s !-lemma:

java animation by Aleksi Vähäkangas

Φ : D× H → C, H ⊂ C

} �→ Φ(゜, }) = Φ゜(}) lv lqmhfwlyh iru"doo ゜ ∈ D,

゜ �→ Φ(゜, }) lv krorprusklf iru"doo } ∈ H,

Φ(3, }) ≡ }.

{Φ゜(})} (extends to) an analytic family of qc maps
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Complex interpolation

homeomorphisms

diffeomorphisms

quasiconformal maps Lp

L2

L!

complex interpolation

!-lemma:

quasiconformal maps = “complex interpolation class”
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Interpolation theme



Sharp weighted integrability

Theorem:
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• sharp weight, sharp constants

• “localized integrability” at the borderline

• partial quasiconvexity
rank-one convexity quasiconvexityvs

(JAMS, to appear)

Astala-Iwaniec-Prause-Saksman



Rank-one convexity vs quasiconvexity 
Morrey
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Burkholder: rank-one concave!"(#$) = !"($%, $%̄)
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(lower semicontinuity)
(ellipticity of Euler-Lagrange)



Burkholder
Martingale inequality

subordinated martingales
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Quasiconvexity result

E !"(#$, %$) � !

Burkholder’s martingale inequality

Theorem:

! � !!"(#,$) =
�

|#| − ("− !) |$|
�

·
�

|#| + |$|
�"−!

!"(#$) = !"($%, $%̄)

!(") ∈ "+ #∞! ("), $%(&!) � !, " ∈ "

for

(equiv.) �
び

Es (Gi) �

�
び

Es (Lg) = |び|

full quasiconvexity �V�Os(C) = s− 4

!" ≺ #"



Interpolation lemma
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Hadamard Harnack

change p freeze p

subharmonic harmonic

duality log-convexity
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cf. Riesz-Thorin
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Proof of the lemma

Harnack

harmonicnon-vanishing

orj �漸゜�s � D ·
4
s
+ E(゜)

orj �漸践�s践 = D ·
4
s践

+ E(践) = D ·
4
s3

+ E(践) + 践 · D
�

4
s4

−
4
s3

�

� 践
�

D ·
4
s4

+ E(4)
�

� 践 orj �漸4�s4 � 3

D ·
4
s3

+ E(践) � 践
�

D ·
4
s3

+ E(4)
�







Corollaries

Müller:   LlogL integrability under J(z,f)#0

sharp integrability estimates
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Mappings of integrable distortion

EXUNKROGHU LQWHJUDOV DQG TXDVLFRQIRUPDO PDSSLQJV 54
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Many extremals
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Stretching    vs     Rotation

stretching rotation

quasiconformal bilipschitz

Grötzsch problem John’s problem

Hölder exponent rate of spiralling

log J(z,f) ! BMO arg f  ! BMO

higher integrability exponential integrability

(linear) multifractifractal spectrum

harmonic dependece “conjugate harmonic”

z



Complex exponents
Q:  What  complex exponents $ can we take to make

i é} ∈ O4orf ?

0 2

“null-Lagrangians”

controls

rotation & stretching

joint multifractal spectrum

eccentricity = ellipticity coefficient = k
|é|+ |é − 5| <

5
n

foci =  



•mappings of finite distortion  (Eero)

• distortion of Hausdorff measures, 
removability (Ignacio)

• quasisymmetric maps, harmonic 
measure

• higher/even dimensions...

Outlook


