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Beltrami equation

f, =uz)f, |u@)]<kxp(z), 0<k<|

flz) =z+ O(l/z) principal quasiconformal mapping

fe W,*(C) homeomorphism K — | +k
1 —k

J(z,f) > 0 a.e.

RIEMANN’S MAPPING THEOREM
FOR VARIABLE METRICS*

existence and regularity analytic

uniqueness dependence

Bojarski,
Ahlfors-Bers

Astala,
etc.

Morrey




Beurling transform

>dm({)

S(;) =f,, fe Wl’z(C) L2-isometry
f, = (Id — ﬂs)_l(ﬂ) = W+ uSu + uS(uSu) + - -

Calderéon-Zygsmund:  S: [P — [P

Riesz-Thorin:  some py > 2, ||S||p, =

Bojarski (1957): fe W, P(C), 2 <p < py(K)

loc

k




Critical Sobolev exponent

Sobolev embedding l Holder (Mori)

K exponent

I K

I —q

dimpy{z€e C:a(z) =a} < | +a— 0

Astala (1994): “this is the worst case scenario”

Conjecture (Iwaniec):  ||S||lipc) =p— 1, p =2



Holomorphic motions
¢:DxE—-C, EcCC

z— (A, z) = P)(z) is injective for all A € D,

A — @(A, z) is holomorphic for all z € E,
z

$(0,z) = z.

Maneé-Sad-Sullivan, Slodkowski’s A-lemma:

“holomorphic motions = quasiconformal maps”

1Pa(z)} (extends to) an analytic family of qc maps

java animation by Aleksi Vahakangas
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Complex interpolation

A-lemma:

quasiconformal maps = “complex interpolation class™

homeomorphisms [

quasiconformal maps complex interpolation

diffeomorphisms \




Interpolation theme
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Sharp weighted integrability

Astala-lwaniec-Prause-Saksman
f; =uz)f,, [u@z)| <kxqlz), 0<k<I, flz)=z+0O(l/z)
2<p<I+1/k

Theorem: z)|
| — D P
(JAMS, to appear) \Q\ / ( | —|— \u )|> Pfiz)]

* sharp weight, sharp constants
* “localized integrability” at the borderline

- partial quasiconvexity
rank-one convexity vs quasiconvexity




Rank-one convexity vs quasiconvexity

local Morrey global
E: R"™" - R

rank X — | A / (Df) > / A) = E(A)|Q)

t — E(A 4 tX) convex

cA+ Gy (Q,R”
(ellipticity of Euler-Lagrange) f 0 ( )

(lower semicontinuity)
n>3 Sverak %>

n=>2 '’ Faraco-Székelyhidi: “localization”

Burkholder: B,(Df) = B,(f,,f;) rank-one concave

By (A) = ( gdetA + (I - g) |A’2) - |A[P~2



Martingale inequality
Burkholder

X, <Y, subordinated martingales
'Xn _Xn—l| S |Yn e Yn—l‘ a.S.

= Xally < (= 1) [[Yallp-

By(z,w) = (Jz| — (p— 1) w]) - (2] + w|)"™

z[P = (p— 1P W[® < ¢ By(z,w)

1By (X, Yy) S EBy(Xn—1, Yo1) < ... <0

N\




Quasiconvexity result

By(z,w) = (2] — (p— 1) wi) - (
Bp(Df) a Bp(fzv fi)

Theorem: f(z) € z+ G5 (Q),

(equiv.) /QBP of < /Q

Burkholder’s martingale inequality

CBy(Xn,Yn) <0 for X, <Y,

full quasiconvexity = 1Sy =p — |




Interpolation lemma

O<P07P|<007 96(0,')
¢,(z) analytic family, A € U= {ReA > 0}

non-vanishing  ¢,(z) # 0

e —0 )
H¢A||po MO‘E‘CRA:> H¢9Hp9 MI - M,

I | -6 6

<M — = |
H¢| HP' | Po Po o




cf. Riesz-Thorin

duality P log-convexity

change p freeze p

subharmonic harmonic

Hadamard Harnack




Proof of the lemma

I
og b lp > A~ — +B(A)
P /

non-vanishing s~~~ harmonic

A-L+B(9)<9 (A-LJFB(I))

Po Po

Harnack
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Corollaries
sharp integrability estimates

LlogL integrability: f(z) € z+ C3°(Q), homeomorphism,

/(I + log |Df(z)|*) J /|Df )|>. Proof:
Q

Muller: Llogl integrability under J(zf)=0

Exp integrability:  |u(z)| < xp(z), z€C

|
—/ (1 —|u|) e¥HReS <1 Proof:
D

JT

quasiconvexity:
Al?
let A

-log (detA) —log |A|,  detA >0



Mappings of integrable distortion

cf. Koskela-Onninen

Corollary 4.3. Let Q C R? be a bounded domain, and suppose h € o, (Q) is a

loc
— onto

homeomorphism h : Q "=~ Q such that h(z) = z for z € Q. Assume h satisfies the

distortion inequality

IDh(z)|* < K(2)J(z, h), a.e in Q,

where | < K(z) < oo almost everywhere in Q. The smallest such function, denoted by

K(z, h), is assumed to be integrable. Then

(4.5) Z/Q log |Dh(z)| — logJ(z,h)] dz < /Q[K(z, h) —J(z,h)| dz

In particular, log J(z, h) is integrable. Again there is a wealth of functions, to be described

in Section 5, satisfying (4.5) as an identity.




Many extremals

) = p(|z|) —

)0

expanding
> p(t), p(t) =o(t'5)

pt)
t

BP linear on rank-one connections

Baernstein-Montgomery-Smith

/B(O,R) el = n/oR <[F::i§t—)2]P>/ d =i




Stretching vs Rotation

harmonic dependece “conjugate harmonic”

quasiconformal bilipschitz
Grotzsch problem John's problem

Holder exponent rate of spiralling

log J(z,f) € BMO arg 1, € BMO

higher integrability exponential integrability

(linear) multifractal spectrum




Complex exponents

Q: What complex exponents B can we take to make
8 |
fz S Lloc J

G 32

J—_— _ o 99 2
foci null-Lagrangians 6] + 16 —2| <

eccentricity = ellipticity coefficient = k E
controls
rotation & stretching

- joint multifractal spectrum




Outlook

* mappings of finite distortion (kEero)

* distortion of Hausdorff measures,
removabillity (lgnacio)

* quasisymmetric maps, harmonic
measure

* higher/even dimensions...




