6. soutézni série

13.5.2024

Uloha 1. Bud n pfirozené &islo a {ai,...,an}, {b1,...,b,} dvé n-
prvkové mnoziny realnych cisel, ktera splnuji

n n
Z|ai_t| <Z|bz’—t|
i=1 i=1

pro vSechna realnéa t. Dokazte

n n
1=1 i=1

(5 bodit)

Uloha 2. Pro symetrickou realnou 3 x 3 matici A s vlastnimi ¢isly a, b,
¢ bud f(A) matice, kterd ma stejné vlastni vektory jako A, ale vlastni
¢isla b+ ¢, ¢+ a, a + b (v tomto potadi, tj. vlastni vektor matice A
prislusny a je vlastnim vektorem matice f(A) pfislusnym b+ ¢). Uva-
zujme posloupnost symetrickych redlnych 3 x 3 matic Ag, A1, 4o, ...,
kde A,+1 = f(Ap) pro n > 0, pfiemz Ay nemd zadné nulové cleny.
Jaky maximélni pocet matic v takové posloupnosti mize mit aspon
jeden nulovy ¢len? (10 bodu)

Uloha 3. Je dén polynom p(z) s racionalnimi koeficienty spliujici
p~1(Q) C Q. Ukaite, 7e p je linearni. (10 bodi)
Uloha 4. Uvazujme posloupnost danou piedpisem z,1 = x, + 1:,11/ 3,
x1 = 1. Najdéte cisla a,b € R, pro ktera plati

Tn

lim — = 1.
n—oo an

(15 bodi)
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Problem 1. Let n be a positive integer and let {a1, ..., a,}, {b1,...,bn}
be two sets of real numbers with n elements such that

n n
>leitl< Y i
=1 =1

holds for every real t. Prove that

(5 points)

Problem 2. For a 3 x 3 symmetric real matrix A with eigenvalues a,
b, ¢, let f(A) be a 3 x 3 matrix with eigenvalues b+ ¢, ¢+ a, a + b and
the same eigenvectors as A (in the same order, i.e. the eigenvector of
matrix A corresponding to a is an eigenvector of f(A) corresponding
to b+ ¢). Le us consider a sequence of 3 x 3 symmetric real matrices
Ap, Ay, Ag, ... such that A, 1 = f(A,) for n > 0 and Aj has no zero
entries. What is the maximal number of matrices with a null entry in
such a sequence? (10 points)

Problem 3. Given a polynomial p(z) with rational coefficients satis-
fying p~1(Q) C Q. Show that p is linear. (10 points)
Problem 4. Consider a sequence defined as x, 11 = x, + :U%/ 3, r, = 1.
Find numbers a,b € R such that

L,

lim — = 1.
n—o00 QN

(15 points)
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