6. domaci série

Ulohy budou pfedvadény na seminaii 20. 5. 2024

Uloha 1. Nechf z € C anecht A € M, (C) je regularni matice. Ukazte,
ze existuje B € M, (C) spliwjici AB — zBA = I, pravé kdyz z # 1. (I,
znadi jednotkovou matici fadu n.)

Uloha 2. Ukaite, Ze kazdé celé ¢islo n > 1 ma nasobek mensi nez n?,

jehoz desitkovy zapis obsahuje nejvyse ¢tyri riizné cislice.
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Uloha 3. Necht a,, n = 1,2,... jsou pfirozena é&isla takova, ze a

konverguje. Oznacme b, pocet Cisel ay, kterd splnuji a; < n. Dokazte
lim % = 0.
n

Uloha 4. Dokazte nebo vyvrafte: Pro y > = > 0 plati y* > a¥".

Uloha 5. Uvazujme funkce f: {1,2,...,n} — {1,2,...,n} takové, Ze

2 FUk) = {i: f(i) = k} £ 0 plyne f1(0) £ 0, £ = 1,2, k— 1.
Dokazte, ze pro n € N je pocet takovych funkci
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Uloha 6. V roviné jsou dany nekolinedrni body Ag, By, Cy a piimka
p, kterd protina pfimky ByCy, CoAp, AgBy po fadé v bodech A*, B*,
C*. Pro n > 1 ozna¢me A,, prusecik pfimek B*B,,_1 a C*C,_1 a ana-
logicky definujme B,, a C,,. Ukazte, ze posloupnosti (A,,), (By) a (Cy)
konverguji a najdéte jejich limity.
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Solutions will be presented at the seminar on May 20, 2024.

Problem 1. Let z € C and let A € M,(C) be a regular matrix. Show
that there exists B € M,,(C) such that AB — zBA = I, if and only if
z # 1. (I, denotes the n x n identity matrix.)

Problem 2. Show that every positive integer n > 1 has a multiple less
than n*, whose decadic representation contains at most four distinct
digits.

Problem 3. Let a,, n = 1,2,... be positive integers such that i
converges. Denote b, the count of numbers a; that satisfy ap < n.
Prove lim %" =0.

Problem 4. Prove or disprove: for y > z > 0 we have y* > z¥".

Problem 5. Let us consider functions f: {1,2,...,n} — {1,2,...,n}
satisfying: f~1(k) = {i : f(i) = k} # 0 implies f~*(¢) # 0, ¢ =

1,2,...,k — 1. Prove that for n € N the number of such functions is
equal to
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Problem 6. In the plane, noncollinear points Ay, By, Cy and a line
p are given. Let p meets lines ByCy, CoAg, and AgBy at A*, B*, and
C*, respectively. For n > 1, denote A,, the intersection of B*B,,_1 with
C*Cy,—1, and define B,, and C,, similarly. Show that sequences (A4,,),
(By) and (C),) converge, and describe their respective limits.
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