5. soutézni série

29.4.2024

Uloha 1. Ve étvercovém lesiku tvofeném 100 x 100 stromy lesnici
nékolik stromd pokaceli, a to tak, ze z zddného pafezu nebyl vidét
jiny pafez. Kolik nejvice stromi mohli pokacet? (Stromy maji nulovy
prumer.) (5 bodt)

Uloha 2. Je dan realny polynom p. Ukazte, Ze pokud existuje a € R,
pro které p(a)p”(a) > p'(a)?, pak nékteré kofeny p nejsou realné.
(10 bodd)

Uloha 3. Jsou déany realné funkce f a ¢ definované na okoli nuly.
Funkce ¢ je nenulova a spojita v nule, funkce fg a 5 jsou diferencova-
telné v nule. Plyne odtud, Ze f je diferencovatelnd v nule? Diferenco-

vatelna zde znamena, ze existuje vlastni derivace. (10 bodu)

Uloha 4. Mnozina ¢isel je d-dobrd, pokud je neprazdna a soucet je-
jich prvki je nasobkem d. K danému prirozenému ¢islu n > 4 najdéte
nejvétsi d, aby libovolnd n-prvkovad mnozina pfirozenych ¢isel méla 4
ruzné (ne nutné disjunktni) d-dobré podmnoziny. (15 bodu)
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Problem 1. In a square forest consisting of 100x 100 trees, the foresters
cut down some of the trees in such a way, that no stump could be seen
from another stump. How many trees at most could they cut down?
(Trees have zero diameter.) (5 points)

Problem 2. A real polynomial p is given. Show that if there exists
a € R such that p(a)p”(a) > p'(a)?, then some roots of p are real.
(10 points)

Problem 3. Real functions f and g are defined on a neighborhood of
zero. Function ¢ is non-zero and continuous at zero, functions fg and
I are differentiable at zero. Can we conclude that f is differentiable at
zero? Here differentiable means that the derivative exists and is finite.

(10 points)

Problem 4. We call a set of positive integers d-good, if it is not empty
and the sum of its elements is a multiple of d. For a given positive
integer n > 4 find the largest d such that any n-element set of positive
integers has 4 distinct (not necessarily disjoint) d-good subsets.

(15 points)
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