5. domaci série

Ulohy budou pfedvadény na seminéfi 6. 5. 2024

Uloha 1. Nékteré pole tabulky n x n jsou oznadena, pii¢emz plati:
(i) kazdé neoznacené pole sousedi stranou s nékterym oznacenym
polem
(ii) mezi kazdymi dvéma oznacenymi poli existuje cesta tvorena
vyhradné oznacenymi poli (po sobé jdouci pole cesty sousedi stranou)

u . . L n2_
Dokazte, Ze oznacenych poli je aspon “— 2,

Uloha 2. Posloupnost a1, as, as, ... je definovana takto: a; = 1 a Ant1 =
ataztetan ] pro n > 1. Ukaite, ze pro kazdé kladné redlné éslo b
lze najit aj, pro néz a; < bk.

Uloha 3. Uvazujme neprazdou mnozinu G s binarni operaci, ktera je
asociativni, z ac = bc plyne a = b, z ca = cb plyne a = b a pro kazdy
prvek je mnozina jeho mocnin kone¢né. Je G nutné grupa?

Uloha 4. Zkonstruujte rovnoramenny trojihelnik, je-li dan polomér
kruznice vepsané a pomér vzdalenosti vrchold od stfedu kruznice ve-
psané.

Uloha 5. Bud n pfirozené ¢islo, které neni druhou mocninou. Najdéte
vSechny dvojice (a,b) pfirozenych ¢isel, k nimz existuje kladné redlné
¢islo r takové, ze obé cisla

r*+vn a " +n

jsou racionalni.
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5th home series

Solutions will be presented at the seminar on May 6, 2024.

Problem 1. Some fields of the n x n table are labeled, where:
(i) every unlabeled square shares a side with a labeled square
(ii) between every two labeled fields there is a path consisting enti-
rely of labeled fields (consecutive fields of the path share a side)
Prove that there are at least ”23_ 2 Jabeled fields.

Problem 2. The sequence a1, as, as, ... is defined so that a; = 1 and
(i1 = W + 1 for n > 1. Show that for every positive real
number b we can find aj so that a; < bk.

Problem 3. Consider a non-empty set G with a binary operation that
is associative, ac = bc implied a = b, ca = cb implies a = b, and for
each element the set of its powers is finite. Is G necessarily a group?

Problem 4. Construct an isosceles triangle given the radius of the
incircle and the ratio of the distances of the vertices from the incenter.

Problem 5. Let n be a positive integer that is not a perfect square.
Find all pairs (a, b) of positive integers for which there exists a positive
real number r, such that

r®++/n and r*+vn

are both rational numbers.
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