2. domaci série

Ulohy budou pfedvadény na seminaii 18. 3. 2024

Uloha 1. Dana koneéna mnozina koneénych posloupnosti &islic, mnozina
zakdzanych posloupnosti. Vime, ze existuje nekonecnd posloupnost ¢is-
lic neobsahujici zddnou zakdzanou posloupnost. Existuje (nekoneénd)
periodicka posloupnost neobsahujici zadnou zakazanou posloupnost?

Uloha 2. Najdéte vSechny pravothlé trojthelniky se stranami celo¢i-
selnych délek a < b < ¢ spliujici ab = 4(a + b+ ¢).

Uloha 3. Necht vektory vy, vs,...,v,41 € R” spliji [jv; — vj|| € Q
pro vechny 0 < i < j <n+1, kde |- || je Euklidovskd norma a vy = 0.
Dokazte, ze vy, ..., vp+1 jsou linedrné zavislé nad racionalnimi ¢isly.

Uloha 4. Existuje takova mnozina kruznic v roviné, ze kazda piimka
v roviné je te¢nou pravé dvou z téchto kruznic?

Uloha 5. Necht pro kladnou nerostouci funkci f na [1,00) plati

/ooxf(:n)dx < 0.
1

Dokazte, ze konverguje také

/ @ g,
1 |sinz|'"=

Uloha 6. Najdéte vSechny funkce f : R — R spliiujici pro libovolna
a, b, c € R nasledujci dvé podminky:

e Pokud a+b+c >0, pak f(a®)+ f(b3) + f(c3) > 3f(abc).

e Pokud a +b+c <0, pak f(a®) + f(b3) + f(c*) < 3f(abc).
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2nd home series

Solutions will be presented at the seminar on March 18, 2024.

Problem 1. Given a finite set of finite sequences of digits, the set of
forbidden sequences. We know that there exists an infinite sequence that
contains none of the forbidden sequences. Does there exist a periodic
sequence that does not contain any of the forbidden sequences?

Problem 2. Find all right triangles with integer side lengths a < b < ¢
satisfying ab = 4(a + b + ¢).

Problem 3. Let vectors vy, vy, ..., vy41 € R" satisfy |lv; —v;|| € Q for
all 0 <i < j<n+1, where || - | is the Euclidean norm and vy = 0.
Prove that vy,...,v,41 are linearly dependent over rational numbers.

Problem 4. Is there a set of circles in the plane such that every line
in the plane is tangent to exactly two circles from the set?

Problem 5. Let a positive non-increasing function f on [1, c0) satisfy

/ooxf(:n)dx < 0.
1

Prove that

/loof(x)ldx<oo.

|sinz|!~=

Problem 6. Find all functions f : R — R such that for all real numbers
a,b, and c the following two conditions hold:

o If a+b+c>0then f(a®)+ f(b3) + f(c?) > 3f(abc).
e If a+b+c<0then f(a®)+ f(b) + f(c3) < 3f(abe).
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