7. soutézni série

19.5.2025

Uloha 1 (E). Vypocététe stou derivaci funkce

2+ 1
3 —x

(5 bodi)

Uloha 2 (E,EM?). Pro pevné kladné celé &islo k definujme ag = a1 = 1
aan = an_1+ (k—n)?an_o pro n > 2. Ukazte, ze a = (k — 1)\
(10 bodu)

Uloha 3 (EM,M). Bud V kone¢na mnozina vektortt v R2, pro niz
> vev V] = 7. Dokazte, ze existuje U C V takova, Ze | ),y v| > 1.
(10 bodu)

Uloha 4 (MH/H). Bud sy, s2, 3, . . . nekone¢né nekonstantni posloup-
nost racionalnich ¢isel, tj. neni pravda, ze s; = sy = s3 = --- . Pfedpo-
kladdejme, zZe t1,to,t3,... je také nekonecnad nekonstantni posloupnost
raciondlnich ¢isel a necht (s; —s;)(t; —t;) je celé ¢islo pro vSechna i a j.
Dokazte, ze existuje takové racionalni ¢islo r, Ze (s; — s;)r a (t; —t;)/r
jsou cela ¢isla pro vsechna i a j. (15 bodu)
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Problem 1 (E). Calculate the 100th derivative of the function

2+ 1
3 —x

(5 points)

Problem 2 (E,EM?). For a fixed positive integer k, let ag = a3 = 1
and a, = an_1 + (k —n)%a,_s for n > 2. Show that aj = (k — 1)!.
(10 points)

Problem 3 (EM,M). Let V be a finite set of vectors in R? such that
> vey [v] = m. Prove that there exists a subset U of V' such that

1> e vl > 1. (10 points)

Problem 4 (MH/H). Let s1,52,53,... be an infinite, nonconstant
sequence of rational numbers, meaning it is not the case that s; =
S9 = 83 = - -+ . Suppose that t1, t2, t3, ... is also an infinite, nonconstant
sequence of rational numbers with the property that (s; — s;)(t; — t;)
is an integer for all ¢ and j. Prove that there exists a rational number
r such that (s; — s;)r and (¢; — t;)/r are integers for all ¢ and j.

(15 points)
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