6. soutézni série

5.5.2025

Uloha 1. Existuje nekone¢né posloupnost redlnych ¢isel aq, as, as, . ..
takova, ze pro kazdé kladné celé ¢islo m plati

al' +ay +ay'+---=m?7
(5 bodi)

Uloha 2. Ti¥ikrat diferencovatelné funkce f : R — R mé aspoii 5 riiz-
nych kotent. Dokazte, Ze f+6f'+12f” +8f”" mé4 aspon dva navzajem
riizné kofeny. (10 bodu)

Uloha 3. Je déna krychle s hranou délky 4. Je mozné pokryt tii jeji
stény, které sdileji vrchol, Sestnacti papirovymi obdélniky 3 x 17 Ob-
délniky se smé&ji piehybat, ale ne stiihat. (10 bodu)

Uloha 4. Bud V nekone¢né-rozmérny vektorovy prostor nad C. Na-
jdéte vsechna prirozenda n, pro néz plati: pokud jsou P, Ps,..., P, li-
nearni projekce na V spliujici P + Po + --- + P, = 0, pak P; = 0 pro
vSechnai=1,...,n. (15 bodu)
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Problem 1. Is there an infinite sequence of real numbers a1, as, as, . . .
such that

al’ +ay' +ay' +---=m
for every positive integer m? (5 points)

Problem 2. A three times differentiable function f : R — R has at
least five distinct zeros. Prove that f + 6f + 12f” 4+ 8" has at least
two distinct zeros. (10 points)

Problem 3. A cube with edge length 4 is given. Is it possible to cover
three faces of the cube that share a vertex with 16 paper rectangles of
the size 3 x 17 The rectangles can be folded, but not cut. (10 points)

Problem 4. Let V be an infinite-dimensional vector space over C. Find
all positive integers n such that: if Py, P, ..., P, are linear projections
on V satisfying P, + Po+---+ P, =0,then P, =0forall:=1,...,n.

(15 points)
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