6. domaci série

Ulohy budou pfedvadény na seminéfi 18.5.2026

Uloha 1. Kter4 &isla z posloupnosti 101, 10101, 1010101, ... jsou pr-
vocisla?

Uloha 2. Kolik nasobeni potfebujeme, po¢itame-li determinant matice
induktivné rozvojem podle sloupce? Vysledek vyjadiete jako uzavienou
formuli, tj. bez pouziti sumy (ale miizete pouzit celou éast).

Uloha 3. Necht f : (0,00) — (0,00) je spojita funkce. Polozme t,, =

n{/n. Urcete
tn+1 T
lim f ( ) da.

n—oo J; n
n

Uloha 4. Ukazte, ze pro dana kladné celé ¢&isla n, r existuje r jedno-
znacné urcenych celych ¢isel a; > ag > --- > a, > 0 takovych, ze

w= (M) () (),

Uloha 5. Mé&jme body A1, As, ... A, 1 lezici na sféie S v R”. Oznaéme
G t87isté bodi Ay, Ag, ... Apy1 aoznaéme B; prusedik poloptimky A;G
sSproi=1,...,n+ 1. Dokazte

n+1 n+1

Y 146G <Y IBG
=1 =1

Uloha 6. V koneéném okruhu R plati néasledujici vlastnost: pro libo-
volné prvky a,b € R existuje ¢ € R takovy, ze a® + b*> = 2. Ukaite,
7e pro libovolné a,b,c € R existuje d € R takovy, ze 2abc = d*. (V-
razem 2abc myslime abc + abc. Okruh R nemusi obsahovat jednotku a
nasobeni nemusi byt komutativni.)
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Solutions will be presented at the seminar on May 18, 2026.

Problem 1. Which numbers in the sequence 101, 10101, 1010101,
...are prime numbers?

Problem 2. How many multiplications are needed if we calculate the
determinant of a matrix inductively using cofactor expansion along a
column? Express the result as a closed-form formula, i.e., without using
a sum (but you may use the floor or ceiling function).

Problem 3. Let f : (0,00) — (0,00) be a continuous function. Let
t, = n{/n. Determine

im [ (f) dz.

n—oo J; n
n

Problem 4. Show that for given positive integers n, r, there exist r
uniquely determined integers a; > as > - -+ > a, > 0 such that

() () (7)

Problem 5. Let Ay, Ag, ... Ap+1 be points lying on a sphere S in R™.
Let G be the centroid of the points Aq, As, ... A,+1 and let B; be the

intersection of the ray A;G with S for ¢ =1, ..., n+ 1. Prove that
n+1 n+1
>_ 4Gl < 1B
i=1 i=1

Problem 6. In a finite ring R, the following property holds: for any
elements a,b € R, there exists ¢ € R such that a? + b?> = ¢?. Show
that for any a,b,c € R, there exists d € R such that 2abc = d?. (By
the expression 2abc, we mean abc + abc. The ring R does not have to
contain a unity and multiplication does not have to be commutative.)
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