5. soutézni série

14.4.2025

Uloha 1. Najdéte vSechny trojice nezépornych realnych ¢isel a, b, c,

pro néz vVa — b+ c = y/a — Vb + \/c. (5 bodt)

Uloha 2. Existuje permutace {a,}°°; kladnych celych ¢&isel, pro kte-
rou Y 2, % konverguje? (10 bodt)

n=1 n2

Uloha 3. Jednic¢ka a Nula hraji maticové piskvorky. Maji prazdnou
matici n x n, n > 4 a stfidavé Jednicka napiSe na volné pole 1 a
Nula napise na volné pole 0, pficemz Jednicka zacind. Hraje se, dokud
neni matice plné. Nula vyhraje, pokud je determinant vysledné matice
nulovy, jinak vyhraje Jednicka. Kdo mé v zavislosti na n vyhravajici
strategii? (10 bodu)

Uloha 4. Rozhodnéte, zda pro kazdé kladné celé n a kazdou mnozinu
A C {1,...,n} existuje takové kladné celé ¢islo ag, aby rekurentné za-
dané posloupnost a; = 12 +22 4+ ... + af_l, 1 > 1 spliiovala pro kazdé
i=1,2,....n

6 ’ a; & 1€ A.

(15 bodit)
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Problem 1. Find all triples of non-negative real numbers a, b, ¢, such

that va — b+ c = va— Vb + e (5 points)

Problem 2. Does there exist a permutation {a,}° ; of positive inte-
gers such that > °° . %2 converges? (10 points)

n=1 n2

Problem 3. One and Zero are playing matrix tic-tac-toe. They have
an empty matrix n X n, n > 4 and alternately One writes 1 on an
empty cell and Zero writes 0 on an empty cell, with One starting. The
game is played until the matrix is full. Zero wins if determinant of
the resulting matrix is zero, otherwise One wins. Who has the winning
strategy depending on n? (10 points)

Problem 4. Decide whether for every positive integer n and every set
A C {1,...,n} there exists a positive integer ag such that the recursively
defined sequence a; = 12 + 22 + ... 4+ a?_l, i > 1 satisfies for every
i=1,2,...,n

6 ’ a; & 1€ A.

(15 points)

web: http://karlin.mff.cuni.cz/resitel



