4. domaci série

Ulohy budou pfedvadény na seminéfi 20. 4. 2026

Uloha 1. Pfedposledni ¢islice 3" je suda. Dokazte.

Uloha 2. Ukaite, ze v kazdém souvislém grafu se sud§m poétem hran
lze orientovat hrany tak, aby z kazdého vrcholu vychéazel sudy pocet
hran.

Uloha 3. Necht A je komplexni matice typu n x n spliujici A3 = 21.
Dokazte, ze B = A? — 2A + 21 je regularni.

Uloha 4. Necht funkce f : [a,b] — R, kde b > a + 2, je dvakrat
diferencovatelnd, | f(z)| < 1la|f”(x)| < 1 pro vSechna x € [a, b]. Ukazte,
ze |f'(x)] < 2.

Uloha 5. V prostoru jsou dany t¥i body tvoiici ostroihly trojihelnik.
Ukazte, Ze 1ze najit dalsi dva body tak, ze zadné t¥i z pétice bodi nelezi
na jedné primce a kazda primka prochéazejici dvéma z nich je kolmé na
rovinu obsahujici zbylé tii.

Uloha 6. Pokud a,b € R, pak jako [a,b] budeme oznacovat uzavieny
interval mezi a a b, nezavisle na tom, které z nich je vétsi. Pron € N
a dvojici funkei f,g: {1,...,n} — {1,...,n} definujeme vzddlenost f
a g jako velikost mnoziny

Ukazte, ze pro kazdé o € (0,1) existuje n € N a 2026™ funkci f; :
{1,...,n} = {1,...,n} takovych, Ze vzdéalenost f; a f; je alespon an
pro kazdé i # j.
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Solutions will be presented at the seminar on April 20, 2026.

Problem 1. The second-to-last digit of 3" is even. Prove it.

Problem 2. Show that in every connected graph with an even number
of edges, one can orient the edges so that an even number of edges leaves
each vertex.

Problem 3. Let A be a complex n X n matrix satisfying A3 = 21.
Prove that B = A? — 2A + 21 is regular.

Problem 4. Let f : [a,b] — R, where b > a+2, be twice differentiable,
with | f(z)| <1 and |f”(x)| <1 for all x € [a,b]. Show that |f'(x)| < 2.

Problem 5. In space, three points forming an acute triangle are given.
Show that it is possible to find two additional points such that no three
of the five points are collinear and every line passing through two of
them is perpendicular to the plane containing the other three.

Problem 6. If a,b € R, then by [a,b] we denote the closed interval
between a and b, regardless of which is larger. For n € N and a pair of
functions f,g: {1,...,n} — {1,...,n}, define the distance between f
and ¢ as the size of the set

Show that for every « € (0,1) there exists n € N and 2026™ functions
fi :{1,...,n} = {1,...,n} such that the distance between f; and f;
is at least an for every i # j.
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