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Uloha 1. V jedné zemi jsou nékterd mésta spojena silnicemi. Silnice
se setkdvaji pouze ve meéstech. V kazdém mésté je tabule, na niz je
uvedena délka nejkratsi trasy zacinajici v tomto mésté a prochéazejici
vSemi ostatnimi mésty (trasa muze nékterymi mésty prochazet vicekrat
a nemusi se vracet do vychoziho mésta). Dokazte, ze libovolné ¢islo na
téchto tabulich je nejvyse %—né,sobkem libovolného jiného. (5 bodi)

Uloha 2. Je-li A étvercova matice fadu n s prvky 1 nebo —1, pak
det A je délitelné ¢islem 2"~ !. Dokazte. (10 bodu)

Uloha 3. Je dan konvexni &tyfuhelnik ABCD. Kazda jeho strana je
rozdélena na N usecek stejné délky. Délici body na strané AB jsou
spojeny tuseckami s délicimi body na strané C'D a délici body na strané
BC jsou spojeny s délicimi body na strané DA. Tim vznikne N? me-
nSich c¢tytthelnikd. Z nich vybereme N c¢tyfahelnikt tak, aby zadné
dva nelezely ve stejném ,radku“ ani ,sloupci“. Dokazte, Ze soucet je-
jich obsahti je roven obsahu ¢tyruhelniku ABC'D vydélenému N.

(10 bodi)

Uloha 4. Necht f je racionalni funkce (podil dvou realngch polynomii)
takova, ze f(n) € Z pro nekone¢né mnoho celych éisel n. Dokazte, ze
f musi byt ve skutecnosti polynom. (15 bodi)
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Problem 1. In a country, some cities are connected by roads. The
roads meet only at cities. In each city, there is a sign displaying the
length of a shortest route starting at that city and passing through
all the other cities (the route may pass through some cities more than
once and does not need to return to the starting city). Prove that any
number on these signs is at most % times any other. (5 points)

Problem 2. If A is an n X n matrix whose entries are 1 or —1, then
det A is divisible by 2"~!. Prove. (10 points)

Problem 3. We are given a convex quadrilateral ABC'D. Each of its
sides is divided into N segments of equal length. The division points
on side AB are connected by straight lines to the division points on
side C'D, and the division points on side BC are connected to those
on side DA. This construction forms N? smaller quadrilaterals. From
these, we choose N quadrilaterals in such a way that no two lie in the

same “row” or “column.” Prove that the sum of their areas is equal to
the area of ABC'D divided by N. (10 points)
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Problem 4. Let f be a rational function (a quotient of two real poly-
nomials) such that f(n) € Z for infinitely many integers n. Prove that
f must in fact be a polynomial. (15 points)
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