2. soutézni série

9.3.2026

Uloha 1. Je déna étvercova tabulka n x n s n — 1 ozna¢enymi poli.
Dokazte, zZe je mozné presunout vSechna oznacena pole pod thlopficku
pomoci presouvani fadki a sloupci. (5 bodt)

Uloha 2. Naleznéte vSechny funkce f : N — N takové, e pro kazdé
x € N plati
f(2f(x)) =z + 2026.

(10 bod)
Uloha 3. Pro dané reéln ¢isla = a y je mnozina
{cos(nmz) 4 cos(nmy)|n € N}

koneéna. Rozhodnéte, zda nutné z,y € Q. (10 bodu)

Uloha 4. Nékteré vrcholy ¢tvercové sité n x n jsou obarveny tak, ze
kazdy ctverec se stranami lezicimi v této siti ma alespon jeden obar-

veny bod na svém obvodu. Bud /(n) nejmensi nutny pocet obarvenych

vrcholt. Ukazte, Ze lim, oo li—g) = % (15 bodi)
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Problem 1. Given the square table n x n with n — 1 marked fields.
Prove that it is possible to move all the marked fields below the diagonal
by moving rows and columns. (5 points)

Problem 2. Find all functions f : N — N such that for every x € N
we have

f(2f(x)) =z + 2026.
(10 points)

Problem 3. For given real numbers x and y, the set
{cos(nmz) + cos(nmy) | n € N}

is finite. Determine whether it necessarily follows that =,y € Q.
(10 points)

Problem 4. Some vertices of the n x n square grid are colored so that
every square whose sides lie on this grid has at least one colored vertex
on its boundary. Let I(n) be the smallest possible number of colored
vertices. Show that

I(n) 2

lim —=% = —.
n—oo n2 7

(15 points)
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