1. soutézni série
23.2.2026
Uloha 1. Pro ¢tyfmistné &islo N = abed oznac¢me p(N) = aqas - .- o

nejmensi prirozené ¢islo, pro néz je cCislo abajay . ..apcd délitelné N.
Urcete p(2025). (5 bodt)

Uloha 2. Méjme Sestithelnik ABCDEF, kterému lze opsat kruznici
o poloméru 1 a pro ktery plati |[AB| = |[CD| = |EF| = 1. Necht
K, L, M jsou stfedy stran BC, DE a F'A. Ukazte, Ze trojuhelnik K LM
je rovnostranny. (10 bodu)

Uloha 3. Pro libovolné realné n x n matice X, Y dokazte

W(XY) = h(YX)| <

SIE

(Zde h(-) oznacuje hodnost matice.) (10 bodu)

Uloha 4. Dokaite, Ze pro posloupnost (a,)3; kladnjch &sel jsou
nasledujici tvrzeni ekvivalentni:

1. liminf na, > 0,
n—o0

2. spliyje-li nerostouci posloupnost (b,)5%; nerovnost by > aj pro
nekoneéné mnoho k, pak > by = co.

(15 bodii)
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1st contest series
February 24, 2025
Problem 1. For a four-digit number N = abcd, let us denote by

p(N) = ajag ... aj the smallest positive integer such that the number
abajas ... aged is divisible by N. Determine p(2025). (5 points)

Problem 2. Let ABCDEF be a hexagon that can be inscribed in a
circle of radius 1 and for which |AB| = |CD| = |EF| = 1. Let K,L, M
be the midpoints of the sides BC, DE, and F'A, respectively. Show
that triangle K LM is equilateral. (10 points)

Problem 3. For any real n x n matrices X, Y, prove that

Ir(XY) —r(YX)| <

|3

(Here r(-) denotes the rank of a matrix.) (10 points)

Problem 4. Prove that for a sequence (a,); of positive numbers
the following statements are equivalent:

1. liminf na, > 0,
n—o0

2. if a nonincreasing sequence (b, )% ; satisfies by > ay, for infinitely
many k, then ) b, = oo.

(15 points)
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