1. domaci série

Ulohy budou pfedvadény na seminéii 2.3.2026

Uloha 1. Necht M = {—1,-2,...,—2026}. Pro kazdou N neprazdnou
podmnozinu M definujme P(N) jako soucin vSech prvka z N. Jaky je
soucet P(N) pres vSechny mozné neprazdné podmnoziny M?

Uloha 2. Mnozinu A C R nazveme rozumnou, pokud je omezena a
pro libovolna (ne nutné riizna) a,b € A je (a — b)? € A. Realné &islo r
nazveme chytré, pokud existuje rozumna mnozina A takova, ze r € A.
Naleznéte infimum mnoziny chytrych cisel.

Uloha 3. Necht M je libovolna mnozina a operace o : M x M — M
splituje pro vSechna w,x,y,z € M rovnost (wozx)o (yoz) = wo z.
Dokazte, ze (aob) oc=aoc pro viechna a,b,c € M.

Uloha 4. Uvazujme posloupnost mnohothelnikti P, takovou, ze Py je
rovnostranny trojihelnik se stranou délky 1 a vrcholy P41 jsou body
v jedné a ve dvou tfetindch délky kazdé strany P, (napiiklad P; je
pravidelny Sestitthelnik o strané délky 1/3). Najdéte lim,,_,~ | P, |, kde
| P| znaci obsah P.

Uloha 5. V kazdém vrcholu é&tvercové mifzky n x n sedi broucek.
Béhem noci se kazdy broucek pfesunul do stiedu néjakého ze ¢tverecki
mrizky, a to takovym zpusobem, ze pokud dva broucci ptivodné sou-
sedili (tj. ve mfiZce mezi nimi vedla hrana), tak bud zalezli do stfedu
stejného ¢tverecku, nebo zalezli do stredd dvou c¢tvereckd sousedicich
hranou. Ukazte, Ze existuje broucek, ktery zalezl do stfedu ¢tverecku,
v jehoz vrcholu ptvodné sedél.

Uloha 6. Necht f : [0,1] — R je spojita funkce takova, ze pro kazdé
k=0,1,...,n—1je

1
/ 2 f(x)de =1.
0
Ukazte, ze

/1 f(z)?dz > n?.
0
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Solutions will be presented at the seminar on March 2, 2026.

Problem 1. Let M = {—1,-2,...,—2026}. For each nonempty subset
N of M, define P(N) as the product of all elements of N. What is the
sum of P(N) over all possible nonempty subsets of M?

Problem 2. A set A C R is called reasonable if it is bounded and for
any (not necessarily distinct) a,b € A we have (a — b)? € A. A real
number r is called clever if there exists a reasonable set A such that
r € A. Find the infimum of the set of clever numbers.

Problem 3. Let M be an arbitrary set and let the operation o : M x
M — M satisfy for all w, z,y, z € M the equality (wox)o(yoz) = woz.
Prove that (aob)oc=aoc forall a,b,c € M.

Problem 4. Consider a sequence of polygons P, such that Py is an
equilateral triangle with side length 1, and the vertices of P,,1 are
the points at one third and two thirds of the length of each side of
P, (for example, P; is a regular hexagon with side length 1/3). Find
lim,, 00 | Py |, where |P| denotes the area of P.

Problem 5. At each vertex of an n x n square grid sits a bug. During
the night, each bug moved to the center of one of the squares of the grid,
in such a way that if two bugs were originally adjacent (i.e., connected
by an edge of the grid), then they either moved to the center of the
same square or to the centers of two squares sharing a common edge.
Show that there exists a bug that moved to the center of a square whose
vertex it originally occupied.

Problem 6. Let f :[0,1] — R be a continuous function such that for
each k =10,1,...,n— 1 we have

1
/ 2 f(x)de = 1.
0
Show that )
/ f(z)*dz > n?.
0
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