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Key problem

Let G be a wallpaper group.
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» Go~G/T.

Group cohomology and wallpaper groups - Part |l MFF UK



Introduction

Key problem

Let G be a wallpaper group. We have the following data:
» T ~ 72 ... lattice of translations in G,
> (g ...the point group, acting on T,
» Go~G/T.
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How can be the group G recovered from the data?
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Introduction

Key problem

Let G be a wallpaper group. We have the following data:
» T ~ 72 ... lattice of translations in G,
> (g ...the point group, acting on T,
» Go~G/T.

Question
How can be the group G recovered from the data?

Answer: Via the second cohomology group H*(Go, T).
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Group extensions

Definition
> A sequence of groups and group homomorphisms

fn 2 fnfl fn+1

n
yoan Ly pern

Anl

is called an exact sequence if for every integer n,
Ker f**t!1 = Im f".
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Group extensions

Definition

> A sequence of groups and group homomorphisms
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is called an exact sequence if for every integer n,
Ker f**t!1 = Im f".
» An exact sequence of the form
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Group extensions

Definition

> A sequence of groups and group homomorphisms

EAN : A1 fn71> An I pnt LH

is called an exact sequence if for every integer n,
Ker f**t!1 = Im f".
» An exact sequence of the form

1 1 A B C 1 1
[ [ [
A2 Al A° Al A?

is called a short exact sequence, or an extension of A by C.
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Group extensions

Definition
Two extensions of A by C

623

1— > A B ¢ 1, i=1,2

are equivalent if there exists a group isomorphism g : By — B»
such that the diagram

1 A, p ooy
s B2
1 A By > C > 1

is commutative, that is, goa; = as and By 0 g = 1.
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Group extensions

Example
Consider two extensions

1 Z3 a+—>30> Zg > Z3 > 1
1 3 w—>3a> 9 > Z3 > 1
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Group extensions

Example
Consider two extensions

~
—_

1 Zs a+—>30> Zo br—>b%§ 7

1 Zs Zs

Vv
—_

Ly

N N
a—3a b—2b%3

Group cohomology and wallpaper groups - Part |l MFF UK



Group extensions

Claim: These are not equivalent.

1 Zg a»—>3a} Zg be%§ Zg > 1
|
B
'
1 Z3 a—3d Ly b—2b%3 Zs &
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Group extensions

Claim: These are not equivalent.

1 Zg a»—>3a} Zg be%§ Zg > 1
|
B
'
1 Z3 a—3d Ly b—2b%3 Zs &

g :aw ka for some k € {1,2,4,5,7,8}
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Group extensions

Claim: These are not equivalent.

1 Zg a»—>3a} Zg be%§ Zg > 1
|
B
'
1 Z3 a—3d Ly b—2b%3 Zs &

g :aw ka for some k € {1,2,4,5,7,8}

1. g(3a) =3a, a=1,2,3
= g=[b> kb for k=1,4,7
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Group extensions

Claim: These are not equivalent.

1 Zg a»—>3a} Zg be%§ Zg > 1
|
B
'
1 Z3 a—3d Ly b—2b%3 Zs &

g :aw ka for some k € {1,2,4,5,7,8}

1. 9(3a) =3a, a=1,2,3

=g=[b— kb for k=1,4,7
2. 2g(a)%3=a%3, a=1,2,3

= g=[b~> kb] for k=2,5,8
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Group extensions

Proposition
Consider a group extension

c

1 T >y G T Go

~
—_

with T' Abelian. For each g € Gg, choose x4, € G such that
m(xg) = g. Then

gxt:= acgtxg_l, g€ Go,teT

is a correctly and uniquely defined action of Gg on T.
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Proof

> “uniquely defined”:
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Proof

> “uniquely defined”:

m(zy) = m(vy) =g € Go ~ zp=a4t', ' €T
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Proof

> “uniquely defined”:

m(zy) = m(vy) =g € Go ~ zp=a4t', ' €T

-1 —1,.—1 -1
teT... xyt(zy)™ =z t'tt'" "z, = xytx,
» “action”:
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Proof

> “uniquely defined”:

m(zy) = m(vy) =g € Go ~ zp=a4t', ' €T

-1 —1,.—1 -1
teT... xyt(zy)™ =z t'tt'" "z, = xytx,
» “action”:

g (hxt)
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Proof

> “uniquely defined”:
m(zy) = m(vy) =g € Go ~ zp=a4t', ' €T

g
teT... zjt(z)) "t =zttt a,t = xgta)?
» “action”:
g* (hxt)= xg(xhtazgl)xgl
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Proof

> “uniquely defined”:

m(zy) = m(vy) =g € Go ~ zp=a4t', ' €T

teT... zjt(z)) "t =zttt a,t = xgta)?

» “action”:
-1

g* (hxt)= xg(xhtazlzl)a:g

_ —1
= xghtxgh
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Proof

> “uniquely defined”:

m(zy) = m(vy) =g € Go ~ zp=a4t', ' €T

teT... zjt(z)) "t =zttt a,t = xgta)?

» “action”:
-1

g* (hxt)= xg(xhtazlzl)a:g

= xghtxg_hl = (gh) *t
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Proof

> “uniquely defined”:

m(zy) = m(vy) =g € Go ~ zp=a4t', ' €T

teT... zjt(z)) "t =zttt a,t = xgta)?

» “action”:
-1

g* (hxt)= xg(xhtazlzl)a:g

= xghtxg_hl = (gh) *t

But w(zgxp) = m(xg)m(xp) = gh, hence x4z, is correct
choice of preimage of gh.
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Group extensions

Proof

> “uniquely defined”:

m(zy) = m(vy) =g € Go ~ zp=a4t', ' €T

-1 —1,.—1 -1
teT... xyt(zy)™ =z t'tt'" "z, = xytx,

» “action”:
-1

g* (hxt)= xg(xhtazizl)a:g

= xghtxg_hl = (gh) *t

But w(zgxp) = m(xg)m(xp) = gh, hence x4z, is correct
choice of preimage of gh.

> “compatibility”:
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= xghtxg_hl = (gh) *t

But w(zgxp) = m(xg)m(xp) = gh, hence x4z, is correct
choice of preimage of gh.
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Group extensions

Proof

> “uniquely defined”:

m(zy) = m(vy) =g € Go ~ zp=a4t', ' €T

-1 —1,.—1 -1
teT... xyt(zy)™ =z t'tt'" "z, = xytx,

» “action”:
-1

g* (hxt)= xg(xhtazizl)a:g

= xghtxg_hl = (gh) *t

But w(zgxp) = m(xg)m(xp) = gh, hence x4z, is correct
choice of preimage of gh.

» “compatibility”: ((g * —) is automorphism of T" for every g)

(l'gtx;l)((ﬂgt/l';l)
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Group extensions

Proof

> “uniquely defined”:

m(zy) = m(vy) =g € Go ~ zp=a4t', ' €T

-1 —1,.—1 -1
teT... xyt(zy)™ =z t'tt'" "z, = xytx,

» “action”:
-1

g* (hxt)= xg(xhtazizl)a:g

= xghtxg_hl = (gh) *t

But w(zgxp) = m(xg)m(xp) = gh, hence x4z, is correct
choice of preimage of gh.

» “compatibility”: ((g * —) is automorphism of T" for every g)

(zgtay ) (xgt'x, ) = zgt(zgry, !
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Group extensions

Proof

> “uniquely defined”:

m(zy) = m(vy) =g € Go ~ zp=a4t', ' €T

-1 —1,.—1 -1
teT... xyt(zy)™ =z t'tt'" "z, = xytx,

» “action”:
-1

g* (hxt)= xg(xhtazizl)a:g

= xghtxg_hl = (gh) *t

But w(zgxp) = m(xg)m(xp) = gh, hence x4z, is correct
choice of preimage of gh.

» “compatibility”: ((g * —) is automorphism of T" for every g)

(zgtay V) (wgt'x, ) = xgt(zgr, W, = agtt'z)
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Group extensions

Remarks

1. Assume T is the lattice of wallpaper group G with point
group Gp.
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Group extensions

Remarks

1. Assume T is the lattice of wallpaper group G with point
group Go. ~» We get an extension:

1 T G Go 1

Then the given action of Gy on T' corresponds to the one
induced by the extension.
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Group extensions

Remarks

1. Assume T is the lattice of wallpaper group G with point
group Go. ~» We get an extension:

1 T G Go 1

A

Then the given action of Gy on T' corresponds to the one
induced by the extension.
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Group extensions

Remarks

1. Assume T is the lattice of wallpaper group G with point
group Go. ~» We get an extension:

Then the given action of Gy on T' corresponds to the one
induced by the extension.
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Group extensions

Remarks

1. Assume T is the lattice of wallpaper group G with point
group Go. ~» We get an extension:

(Id, w)

Then the given action of Gy on T' corresponds to the one
induced by the extension.
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Group extensions

Remarks

1. Assume T is the lattice of wallpaper group G with point
group Go. ~» We get an extension:

(A, v)(Id, w) (A, v)fl

Then the given action of Gy on T' corresponds to the one
induced by the extension.
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Group extensions

Remarks

1. Assume T is the lattice of wallpaper group G with point
group Go. ~» We get an extension:

1 T G Go 1

(A,v)(Id, w)(A,v) "t = (Id, Aw)

Then the given action of Gy on T' corresponds to the one
induced by the extension.
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Group extensions

Remarks

2. In the extension

1 > T G >G0
is G of the form G =T x Gy

~
—_
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Group extensions

Remarks

2. In the extension

1 > T G > Go > 1
is G of the form G =T x G if and only if the map g — x4
can be chosen as homomorphism.

Group cohomology and wallpaper groups - Part |l MFF UK



Group extensions

Remarks

2. In the extension

1 > T G > Go > 1
is G of the form G =T x G if and only if the map g — x4

can be chosen as homomorphism.
(Then G =T %, Go, where ¢ : g — (g* —).)
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Group extensions

Remarks

2. In the extension

1 > T G > Gy > 1
is G of the form G =T x G if and only if the map g — x4
can be chosen as homomorphism.
(Then G =T %, Go, where ¢ : g — (g* —).)
In particular, this “trivial” extension always exists.
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Homological algebra basics

Definition
» A sequence of Abelian groups

dn+1
—

(A) o A et L g A g

is called a chain complex if for every n € 7Z,
Imd™ C Kerd™*!, or, equivalently, d"*! o d" = 0.
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Homological algebra basics

Definition

» A sequence of Abelian groups

n—2 n—1 n m—+1
(A) . d An—1 d An d Antl d

is called a chain complex if for every n € 7Z,
Imd™ C Kerd™*!, or, equivalently, d"*! o d" = 0.

» For a chain complex (A) and n € Z, we define the n-th
cohomology group of (A) by

H"(A) = Kerd"/Imd" .
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Homological algebra basics
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Homological algebra basics

Proposition (+ Snake lemma)

Let0 - A — B — C — 0 be a short exact sequence of chain
complexes - that is, a commutative diagram

0

[

— o

Ny (G (RN S (A4)
| LD

.—— B2 Bt B prtl (B)
L

RN SENYe s NN SN 55 SN ©)
| |
0 0 0 0

such that the rows are complexes A, B,C and the columns are
exact. Then there is an exact sequence of the following form:
S — HH(C) — HM(A) — H*(B) — H*(C) — H""1(A) — -+
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Homological algebra basics

|dea of proof

O%Q«—m%%%o
3 ™ 3 2 3

H"(A) H"(B)

0 0
| |
Antt Ant2
l
B'rH—l Bn+2
| |
Cn+1 Cn+2
S
0

H"(C) —— H"1(A) —— -
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Homological algebra basics

|dea of proof

O%Q«—m%%%o
3 ™ 3 2 3

0 0
| |
Antt Ant2
l
B'rH—l Bn+2
| |
Cn+1 Cn+2
S
0

H"(C) —— H"1(A) —— -
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Homological algebra basics

|dea of proof

0 0 0 0
! | | !
At An At A2
l [
Bn—l B" Bn+1 Bn+2
l o | l
Cn—l cn Cn+1 Cn+2
L
0 0 0
H"?A) > H"(B) H*(C) — H*" 1 (A) —— ---
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Homological algebra basics

|dea of proof

B —1 B"
| Jo
Cn—l cn
| |
0 0
H’;(A) > H"(B)

0 0

| |
Antt Ant2

l [
B'rH—l Bn+2

| |
Cn+1 Cn+2

H"(C) —— H"1(A) —— -
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Homological algebra basics

|dea of proof

0 0 0 0
! | | !

At Ar At Ant?
[ [

Bn—l B" Bn+1 Bn+2
LY

Cn—l cn Cn+1 Cn+2
SN T T

H"EA) > H"(B) H*(C) — H*" 1 (A) —— ---
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Homological algebra basics

|dea of proof

0 0

| |
An=1 an -

[N
Bn—l B"

| (@)
Cn—l Cn

| |

0 0

0 0

| |
Antt Ant2

l [
B'rH—l Bn+2

| |
Cn+1 Cn+2

S

H"(C) —— H"1(A) —— -
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Homological algebra basics

|dea of proof

H"(B)

O%Q«—m%%%o
3 ™ 3 2 3

0

|

An+1

[

Bn+1

|

Cn+1

|

0

> H*(C) —— H"H(A) — ---
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Homological algebra basics

|dea of proof

0 0 0
| | |
An-t An Antt
Lkl
b
Bn
C:LL— 1 LéLn C;L+1
Bn(b)
T
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Homological algebra basics

|dea of proof

O%Q«—m%%%o
3 ™ 3 2 3

H"(A) H"(B)

0 0
| |
Antt Ant2
l
B'rH—l Bn+2
| |
Cn+1 Cn+2
S
0

B (C) — HM(A4) — -
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Homological algebra basics

|dea of proof

O%Q«—m%%%o
3 ™ 3 2 3

H"(A) H"(B)

0 0
| |
Antt Ant2
l
B'rH—l Bn+2
| |
Cn+1 Cn+2
S
0
c

Hn&c) _) H"'H(A) RN
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Homological algebra basics

|dea of proof

PR o (VRN R
Cg =Y 3 Q 3 ©

0 0
| |
Antt Ant2
l
B'rH—l Bn+2
| |
Cn+1 Cn+2
S
0
c

Hn&c) _) H"'H(A) RN
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Homological algebra basics

|dea of proof

Anfl
[ ,/ o
Bn—l . B"
Ltk
ot 5
| |
0 0
H"(A) H"(B)

0 0

| |
Antt Ant2

l [
B'rH—l Bn+2

| |
Cn+1 Cn+2

S

0

c

Hn&c) _) H"'H(A) RN
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Homological algebra basics

|dea of proof

Anfl
[ ,/ o
Bn—l . B"
Ltk
ot 5
| |
0 0
H"(A) H"(B)

0 0

| |
Antt Ant2

l [
B'rH—l Bn+2

| |
Cn+1 Cn+2

S

0

c

Hn&c) _) H"'H(A) RN
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Homological algebra basics

|dea of proof

0 0 0 0
| | | |
An-1 An An+l Ant2
l R S
Bn—l B" Bn+1 Bn+2
T L
Cn—l cn Cn+1 Cn+2
SR T S
H"(A) H"(B) H”ic) — (A — -
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Homological algebra basics

|dea of proof

0 0 0 0
| | | |

At Ar Antl An+2
j_l [ | a"(c') l

B B" Bl B2
A 7 N

Cn—l cn Cn+1 Cn+2
| I
0 0 0

H"(A) H"(B) HTZC) — H"M(A) ——
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Homological algebra basics

|dea of proof

0 0 0 0
| | | !
At An At Ant?
| j"’i B | d"(c/) l
Bn—l B" Bn+1 Bn+2
LTk
Cn—l cn Cn+1 Cn+2
c 77
T
H"(A) H"(B) H”?EC) — B (A) ——
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Homological algebra basics

|dea of proof

0 0 0 0
! | | l
At An At A2
\[ / ja",-—--‘) j d"(c’) \[
Bn-1 ° gn Bl B2
L o b
Cn—l cn Cn+1 Cn+2
¢ ey ?7? l
L
B(4) s () s HNE) 3 H )
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Homological algebra basics

|dea of proof

0 0 0 0
! | | !
At An At A2
RIPS SR VOIS
R |
Cn—l cn Cn+1 Cn+2
¢ ey ?7? l
L
B(4) s () s HNE) 3 H )
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Homological algebra basics

|dea of proof

0 0 0 0

l | | l

At An At A2

j y ja" j () j

Bl . B" Bntl Bnt2

| [ l |

Cn—l cn Cn+1 Cn+2
T

0 0 0

B(4) s () s HNE) 3 H )
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Homological algebra basics

|dea of proof

0 0 0 0
| | | |

At Ar Antl An+2
| [ | a"(c') l

Bn—l B" Bn+1 Bn+2
A 7 N

Cn—l cn Cn+1 Cn+2
N
0 0 0

H"(A) H"(B) HTZC) — H"M(A) ——
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Homological algebra basics

|dea of proof

0 0 0 0
| | Lo |
At Ar Antl An+2
| | a"(c')
Bn—l B" Bn+1 Bn+2
T L
Cn—l cn Cn+1 Cn+2
S S S
H"(A) H"™(B) H”ic) — A —— -
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Homological algebra basics

|dea of proof

0 0 0 0
! | Lo
At An Antl A2
| [
Bn—1 B" Bntl B2
L Tk |
cn-1 con contl cnt2
T B
N
H"(A) H"(B) H*(C) — H"*(A) — -
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Group cohomology

Definition

Let T be an Abelian group and Gy a group with action on T.
For a positive integer n, denote C"(Gy,T") the group of all maps
f:(Go)" — T, and define group homomorphisms

d" . Cn(Go,T) — CnJrl(Go,T) by

[d"(f)](gl, e 79n+1) =41 * f(92, e ,gn+1)
+Z f(91,92, -, (9igi+1), - - -, gnt1)

+ (_ )nJrlf(glng? o 7gn)

Further set C°(Gy,T) =T and
d’(g) :tr>gxt—t, g€ Go,teT.
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Group cohomology

Proposition
For every n, d"*1 o d® = 0. That is, C"(Go,T) together with
d",n € Ny, form a chain complex.
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Group cohomology

Proposition
For every n, d"*1 o d® = 0. That is, C"(Go,T) together with
d",n € Ny, form a chain complex.

(Proof is omitted.)
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Group cohomology

Proposition
For every n, d"*1 o d® = 0. That is, C"(Go,T) together with
d",n € Ny, form a chain complex.

(Proof is omitted.)

Definition
Given a non-negative integer n, we define

H"(Go, T) = H"(C*(Go, T)).

We call H"(Gg,T) the n-th cohomology group of Gy with
coefficients in T

Group cohomology and wallpaper groups - Part |l MFF UK



Group cohomology

Warning: For the next few slides, T' is written multiplicatively!
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Group cohomology

Warning: For the next few slides, T' is written multiplicatively!
In particular, the group H?(Gy, T) consists of so-called
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Group cohomology

Warning: For the next few slides, T' is written multiplicatively!
In particular, the group H?(Gy, T) consists of so-called

2-cocycles: Maps ¢ : Gg x Gy — T satisfying

c(g,h) - c(gh,k) = (g xc(h,k)) - c(g,hk), g,h,k € Gy
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Group cohomology

Warning: For the next few slides, T' is written multiplicatively!
In particular, the group H?(Gy, T) consists of so-called

2-cocycles: Maps ¢ : Gy x Gg — T satisfying

c(g,h) - c(gh,k) = (g xc(h,k)) - c(g,hk), g,h,k € Gy

modulo

2-coboundaries: Maps b : Gy x Gy — T satisfying

b(g,h) = (g f(h)) - (f(gh)™" - f(g)

for some map f: Gy — T.
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Group cohomology

Theorem
There is a 1-1 correspondence between
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Group cohomology

Theorem
There is a 1-1 correspondence between

> equivalence classes of extensions of T' by Gy with the given
action, and
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Group cohomology

Theorem
There is a 1-1 correspondence between

> equivalence classes of extensions of T' by Gy with the given
action, and

» the elements of H*(Gy, T).
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

1. Going forward:
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

1. Going forward: Consider an extension
1 =T — G5 Go— 1, fix representatives z, € 77 1(g).
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

1. Going forward: Consider an extension
1 =T — G5 Go— 1, fix representatives z, € 77 1(g).
Then

c(g,h) = xga:hxg_hl

is a 2-cocycle:
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

1. Going forward: Consider an extension
1 =T — G5 Go— 1, fix representatives z, € 77 1(g).
Then

c(g,h) = xga:hxg_hl
is a 2-cocycle:
(g% c(h,k)) - c(g, hk)
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

1. Going forward: Consider an extension
1 =T — G5 Go— 1, fix representatives z, € 77 1(g).
Then

c(g,h) = xga:hxg_hl
is a 2-cocycle:

(g x c(h,k)) - c(g, hk) = wg(mhz‘kazglg)xg_l . (:Eg:vhkx;}}k)
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

1. Going forward: Consider an extension
1 =T — G5 Go— 1, fix representatives z, € 77 1(g).
Then

c(g,h) = xga:hxg_hl
is a 2-cocycle:
(g x c(h,k)) - c(g, hk) = wg(mhz‘kazglg)xg_l . (:Eg:vhkx;}}k)

-1
= TgTRTEL
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

1. Going forward: Consider an extension
1 =T — G5 Go— 1, fix representatives z, € 77 1(g).
Then

c(g,h) = xga:ha:g_hl
is a 2-cocycle:
(g xc(h,k))-c(g, hk:) = xg(mhmka:hk) -1 (:Eg;vhkxghk)
= :chh$kxghk = zgxp(z hl:cgh):ckxghk
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

1. Going forward: Consider an extension
1 =T — G5 Go— 1, fix representatives z, € 77 1(g).
Then

c(g,h) = xga:ha:g_hl
is a 2-cocycle:
(g *c(h,k))-c(g, hk) = $g($h13k$hk) ! ($g$hk$ghk)
= :chh$kxghk = zgxp(z hl:cgh):ckxghk
= (:chh:rghl)(xghxka;ghk)
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

1. Going forward: Consider an extension
1 =T — G5 Go— 1, fix representatives z, € 77 1(g).
Then

c(g,h) = xga:ha:g_hl
is a 2-cocycle:
(g *c(h,k))-c(g, hk) = $g($h13k$hk) ! ($g$hk$ghk)
= :chh$kxghk = zgxp(z hl:cgh):ckxghk
(xgxhxg};l)(xghxkxghk) =c(g,h) - c(gh, k)
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

2. Going back:
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

2. Going back: Consider a 2-cocycle ¢(g, h).
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

2. Going back: Consider a 2-cocycle ¢(g, h).
On G :=T x G, define group operation by

(t,g) - (s,h) == (t-(g*s)-clg,h),gh).
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

2. Going back: Consider a 2-cocycle ¢(g, h).
On G :=T x G, define group operation by

(t,g) - (s,h) == (t-(g*s)-clg,h),gh).

Then it can be verified that
» (G,-) is a group,
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

2. Going back: Consider a 2-cocycle ¢(g, h).
On G :=T x G, define group operation by

(t,g) - (s,h) == (t-(g*s)-clg,h),gh).

Then it can be verified that
» (G,-) is a group,
» T~Tx {1} <G,
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

2. Going back: Consider a 2-cocycle ¢(g, h).
On G :=T x G, define group operation by

(t,g) - (s,h) == (t-(g*s)-clg,h),gh).

Then it can be verified that
» (G,-) is a group,
» T~Tx {1} <G,
> G/T ~ Go.
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

What about 2-coboundaries?
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

What about 2-coboundaries?
Choose representatives {zy }4ec, instead of {z}},eq, to obtain a
2-cocycle (g, h).
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

What about 2-coboundaries?

ghooselrep/r(esez’;atives {2}, }gec, instead of {z}}4eq, to obtain a
-cocycle (g, h).

Then zy = t,x, for every g € Go and some t, € T'.
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

What about 2-coboundaries?

Choose representatives {zy }4ec, instead of {z}},eq, to obtain a
2-cocycle (g, h).
Then zy = t,x, for every g € G and some t, € T It follows that

(g, h) = wpay (27,) !
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

What about 2-coboundaries?

Choose representatives {zy }4ec, instead of {z}},eq, to obtain a
2-cocycle (g, h).
Then zy = t,x, for every g € G and some t, € T It follows that

d(g,h) = ﬂfgﬂflh(xgh)_l = (tgg) (tnn) (tgnzgn) "
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

What about 2-coboundaries?

Choose representatives {zy }4ec, instead of {z}},eq, to obtain a

2-cocycle (g, h).

Then zy = t,x, for every g € G and some t, € T It follows that
d(g,h) = ﬂfgﬂflh(xgh)_l = (tgg) (tnn) (tgnzgn) "

_ -1 —1,-1
= tgxgtn(zy Tg)TRT ) Ty
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

What about 2-coboundaries?

Choose representatives {zy }4ec, instead of {z}},eq, to obtain a
2-cocycle (g, h).
Then zy = t,x, for every g € G and some t, € T It follows that

d(g,h) = ﬂfgﬂflh(xgh)_l = (tgg) (tnn) (tgnzgn) "
= tgxgth(xg_lﬁg)xhxgillt;}i = tg(xgthxg_l)xgxhx;}ft;}bl
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Group cohomology

Proof (extensions of T' by Gy e~ H?*(Gy,T))

What about 2-coboundaries?

Choose representatives {zy }4ec, instead of {z}},eq, to obtain a
2-cocycle (g, h).
Then zy = t,x, for every g € G and some t, € T It follows that

d(g,h) = ﬂfgﬂflh(xgh)_l = (tgg) (tnn) (tgnzgn) "
= tgxgth(xg_lﬁg)xhxgillt;}i = tg(xgthxg_l)xgxhx;}ft;}bl
= tg(g* tn)e(g, h)ty,
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Group cohomology

Proof (extensions of T' by Gy «~ H?(Gy,T))

What about 2-coboundaries?

Choose representatives {zy }4ec, instead of {z}},eq, to obtain a
2-cocycle (g, h).
Then zy = t,x, for every g € G and some t, € T It follows that

d(g,h) = ﬂfgﬂflh(xgh)_l = (tgg) (tnn) (tgnzgn) "
= tgasgth(xg_lgvg)xhxghlilf;; = tg(xgthxlgl)xgxhx;;t;}g
=tg(g *tn)c(g, W)t = ((gxth)ty tg)c(g, h)
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Group cohomology

Proof (extensions of T' by Gy «~ H?(Gy,T))

What about 2-coboundaries?
Choose representatives {zy }4ec, instead of {z}},eq, to obtain a
2-cocycle (g, h).
Then zy = t,x, for every g € G and some t, € T It follows that
(g, h) =z, (x),) 7" = (tgwg) (than) (tgnzgn) "
= tgﬂjgth(ﬁﬂg_lﬁg)iﬂhxghlt;hl = tg(xgthxgl)xgxhx;;t;}g
= ty(g* tn)e(g, W)ty = (9% tn)tyte)c(g, h)
= b(g, h)e(g; h),

where b(g, h) = [d*(f)](g, h) is a 2-coboundary obtained from the
map f(g) = tg.
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Group cohomology

Proof (extensions of T' by Gy «~ H?(Gy,T))

What about 2-coboundaries?

Choose representatives {zy }4ec, instead of {z}},eq, to obtain a
2-cocycle (g, h).

Then zy = t,x, for every g € G and some t, € T It follows that

d(g,h) = 93;932(93;;1)_1 = (tgg) (tnn) (tgnzgn) "
= tga:gth(:Ug_1:/Ug):Chx;,}t;h1 = tg(xgthxgl)xgxhx;;t;}g
= ty(g *tn)clg, W)t = (g th)t ) tg)c(g, b)
where b(g, h) = [d*(f)](g, h) is a 2-coboundary obtained from the

map f(g) = t,.
Thus, the 2-cocycle obtained is unique modulo 2-coboundaries.
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Computation attempt

Example
Consider the point group Go = D1, = < <(1] _01> > acting
naturally on T' = Z2. Then

H?*(Go,T) =~ Zs.

That is, there are two non-equivalent group extension of T by Gy
inducing the given action.
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Computation attempt

Proposition (+ Snake lemma)

Let0 - A — B — C — 0 be a short exact sequence of chain
complexes - that is, a commutative diagram

0

[

— o

Ny (G (RN S (A4)
| LD

.—— B2 Bt B prtl (B)
L

RN SENYe s NN SN 55 SN ©)
| |
0 0 0 0

such that the rows are complexes A, B,C and the columns are
exact. Then there is an exact sequence of the following form:
S — HH(C) — HM(A) — H*(B) — H*(C) — H""1(A) — -+
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Computation attempt

Fact: There is a short exact sequence of chain complexes

oLy Loy 1oy |

00— i 22 <° ’2> 7 (O °> 7 <° ’2> 7 <° 0> (A)
| | | | |

0 —— Z —— C%Gy,T) —— CYGy,T) — C*(Gy,T) —— C3(Go, T) — -+~ (B)
| | | l |

0——0 0 ot c? 3 ©)
| | | | |
0 0 0 0 0

where the sequence (C) is also exact.
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Computation attempt

Thus, we obtain a long exact sequence

00— HY(A) —— HYGo,T) ——— 0 ——— H*(A) —— H*(Go,T) ——— 0

H(C) —— H'Y(A) —— HY(B) ——— H'(C) —— H?*(A) —— H?(C) ——— H3(C)
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Computation attempt

Thus, we obtain a long exact sequence

00— HY(A) —— HY(Gy,T) ——— 0 ——— H*(A) —— H*(Gop,T) —— 0
H(C) —— H'Y(A) —— HY(B) ——— H'(C) —— H?*(A) —— H?(C) ——— H3(C)

In particular, H(Gg, T) ~ H?(A).
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Computation attempt

Thus, we obtain a long exact sequence

00— HY(A) —— HY(Gy,T) ——— 0 ——— H*(A) —— H*(Gop,T) —— 0
H(C) —— H'Y(A) —— HY(B) ——— H'(C) —— H?*(A) —— H?(C) ——— H3(C)

In particular, H(Gg, T) ~ H?(A).
Thus,

H2(Go, T) ~ { (2) |z € Z}/{ <_gz> |z e Z} ~ Zo.

Group cohomology and wallpaper groups - Part |l MFF UK



Computation attempt

We conlude this part by listing the second cohomology groups of
all possible choices of the point group and the lattice:

Go | H*(Go,T) | No. of extensions
C1 0 1
Co 0 1
Cs 0 1
Cy 0 1
Cs 0 1
Di,| 7 2
Dy, 0 1
D27p ZQ X ZQ 4
Dy 0 1
Ds, 0 1
D 0 1
Dy Zo 2
Dg 0 1
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Computation attempt

Thank you for your attention!
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