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e gra

2and k =3

Graph

Undirected

Connected

Homogenous of degree d
Of diameter k

With maximal number of nodes (n)

Definition

Let d(u, v) be the length of the shortest path from node u to node
v in graph G. The length of the longest shortest path between any
two nodes in a graph is called its diameter.

Formally, diameter(G) = maxd(u, v),u,v € G
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MG for k =2 and k =3

Let one node of the graph be distinguished, let call it 0. Let
nj,i =0,...k be the number of nodes nodes at distance / from 0.
Then:

np = 1
n <d(d—1)"1fori>1 (1)
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Moore graph
MG for k =2 and k =3

Let one node of the graph be distinguished, let call it 0. Let
nj,i =0,...k be the number of nodes nodes at distance / from 0.

Then:

np = 1

n <d(d—1)"1fori>1 (1)
k k

ni=> m<1+dd (d—1)"1 (2)
i=0 i=1

Definition

A graph is called a Moore graph if equality holds in (2), we denote

it (d, k).
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For k = 2 do exist:
e (2,2)
e (3,2)
e (7,2)
e (57,2) (maybe)
For k = 3 does exist:
e (2,3)
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Notation

@ | is the identity matrix
@ 0 is zero matrix
@ J is the unity matrix
e K is the matrix of size d(d — 1) with J's of order d x d on
diagonal
J 0 . 0
0o J . 0
K —
o0 ... J
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Notation

@ u is the unity vector

@ ¢; is the vector, whose i'th element is 1

@ S; the subset of nodes of tier k which are joined to i'th node
of tier k —1
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Existence for k = 2

Adjacency matrix of a MG
Eigenvect: A
Irrational nvalues of A
Rational eigenvalues of A
Conclusion

We will solve the existence of MG for k = 2.
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Adjacency matrix of a MG
Eigenvector A
Existence for k = 2 Irrational

Rational eig lues of A
Conclusion

We will solve the existence of MG for k = 2.

Definition

Adjacency matrix of a graph is a matrix A, where:

1 if nodes i and j have an arc in common
ajj = .
0 otherwise
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Adjacency matrix of a MG
Eigenvect: f A
Existence for k = 2 Irrational

Rationz
Conclusion

We will solve the existence of MG for k = 2.

Definition

Adjacency matrix of a graph is a matrix A, where:

1 if nodes i and j have an arc in common
ajj = .
0 otherwise

Observation:

In AP on each place ajj is the number of paths of length p from /
to J.
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Existence for k = 2

Adjacency matrix of a MG
Eigenvectors of A
Irrational nvalues of A
Rational eigenvalues of A
Conclusion

Holds: 1+ d? = n and:

A2 LA (d=1)=J
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Adjacency matrix of a MG
Eigenvectors of A
Existence for k = 2 Irrational eigenvalues of A

Rational ei alues of A
Conclusion

Holds: 1+ d? = n and:
A2 LA (d=1)=J (3)
Therefore u is an eigenvector of A:

Ju = nu and Au = du
(14 d?*)u=nu
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Adjacency matrix of a MG
Eigenvectors of A
Existence for k = 2 Irrational eigenvalues of A

Rational ei alues of A
Conclusion

Let v be any other eigenvector of A corresponding to eigenvolue r.
Then:

Jv=0and Av = rv
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Eigenvectors of A
Existence for k = 2 Irrational eigenvalues of A

Rational ei alues of A
Conclusion

Let v be any other eigenvector of A corresponding to eigenvolue r.
Then:

Jv=0and Av = rv
using (3):

rP+r—(d-1)=0

Kristina Kovatikova a Miska Kukutkova Hovadina



Eigenvectors of A
Existence for k = 2 Irrational alues of A

Rational eig lues of A
Conclusion

Let v be any other eigenvector of A corresponding to eigenvolue r.
Then:

Jv=0and Av = rv
using (3):

r2—|—r—(d—1):O
n=(-1+V4d—3)/2
r=(—1—4d —3)/2
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If rn,r ¢ Q, then:

-1
d+nT(r1+r2)

d1:0andd2:2
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Rational eigenvalues of A
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Existence for k = 2
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Existence for k = 2

Adjacency matr
Eigenvector A
Irrational envalues of A

Rational eigenvalues of A
Conclusion

If ri,r € Q, if 4d — 3 = 52 for some s € N. Then:

s—1 —5—1_

d+m——+(n—1—m)

2 2
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Existence for k = 2

Rational eigenvalues of A
Conclusion

If ri,r € Q, if 4d — 3 = 52 for some s € N. Then:

1 51
s +(n—1—m)ST:0

s+ +65° 252+ (9—-32m)s — 15=0 (4)

d+m
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Existence for k = 2

Rational eigenvalues of A
Conclusion

If ri,r € Q, if 4d — 3 = 52 for some s € N. Then:

1 51
s +(n—1—m)ST:0

s+ +65° 252+ (9—-32m)s — 15=0

d+m

The solutions are:
1,3,5 and 15.
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Existence for k = 2

Conclusion

After calculating corresponding degrees and numbers of vertices we
obtain:
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Existence for k = 2

Rational eig lues of A
Conclusion

After calculating corresponding degrees and numbers of vertices we

obtain:
, nh=2

d=1

d=3, n=10
=5 m=28, d=7, n=50

d =57, = 3250

n 0 u un
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Adjacency matr
Eig A
Existence for k = 2 Irrational nvalues of A

Rational eigenvalues of A
Conclusion

Figure: The case d = 3 is the Petersen graph
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Node notation
Adjacency matrix

Theorems
Conclusion

Unicity of (3,2)

Let nodes be numbered as follows:
e 0 any (fixed) node
@ 1...d nodes adjacent to 0 in arbitrary order
@ d+1...2d — 1 nodes from S; in arbitrary order

o (i(d—1)+2)...(i(d — 1)+ d nodes from S; in arbitrary order
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Node notation
Adjacency matrix
Theorems
Conclusion

Unicity of (3,2)

Then the adjacency matrix of the graph looks like this:

11...1 [ 00...0 | 00...0 00...0
1 00..0 | 1L...1 | 00...0 | ... | 00...0
1| 00..0 | 00.0 | 11...1 00...0
: : : : : : d
1] 00..0] 0.0 00...0]|..|1.1
0 | 10...0
0 | 10...0
: : 0 P1> Py d-1
0 | 10...0
0 | 0L..0
0| oL..0
Py 0 Pag d-1
0| 0L..0
0 [ 00...1
0 | 00..1
Pg1 Pg> 0 d-1
0 | 00..1
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Node notation
Adjacency matrix
Theorems
Conclusion

Unicity of (3,2)

Then the adjacency matrix of the graph looks like this:

11...1 [ 00...0 | 00...0 00...0
1 00..0 | 11...1 | 00..0 | ... | 00...0
1] 00..0 | 00...0 | 11...1 00...0
: : : : : : d
1] 0.0 | 00.0]o00..0].. |11..1
0 | 10...0
0 | 10...0
: : 0 P1> Py d-1
0 | 10...0
0 | 0L..0
0| oL..0
Py 0 Pag d-1
0| 0L..0
0 [ 00...1
0 | 00..1
Pg1 Pg> 0 d-1
00...1

We denote adjacency submatrix of nodes from tier 2 B.
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Node notation
Adjacency matrix
Theorems
Conclusion

Unicity of (3,2)

No cycle of length less than 5 exists in the graph.

Kristina Kovatikova a Miska Kukutkova Hovadina



Node notation
Adjacency matrix
Theorems
Conclusion

Unicity of (3,2)

No cycle of length less than 5 exists in the graph.

The diagonal blocks of B are 0.
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Node notation
Adjacency matrix
Theorems
Conclusion

Unicity of (3,2)

Theorem

No cycle of length less than 5 exists in the graph.

Theorem

| A

The diagonal blocks of B are 0.

Theorem

| \

The blocks Pj; of B are permutation matrices.

A\
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Node notation
Adjacency matrix
Theorems
Conclusion

Unicity of (3,2)

Theorem

No cycle of length less than 5 exists in the graph.

| \

Theorem

The diagonal blocks of B are 0.

| \

Theorem

The blocks Pj; of B are permutation matrices.

Theorem

The nodes may be so numbered, that Py; = Pj; = I.
(canonical form of A)
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Node notation
Adjacency matrix
Theorems
Conclusion

Unicity of (3,2)

By using the canonical form of A) in equation (3) we gain:

B?+B—-(d-1)I=J-K (5)
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Node notation
Adjacency matrix
Theorems
Conclusion

Unicity of (3,2)

By using the canonical form of A) in equation (3) we gain:

B?+B—-(d-1)I=J-K (5)
For j # 1,

> Pj=Jand

Pu+ Y jPiPy=Jifi#k (6)
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Unicity of (3,2)

Conclusion

Repeating the the steps we have made for A, we obtain:

eigenvalue | multiplicity
d=3 2 1
-1 2
1 2
-2 1
d=7 6 1
-1 6
2 21
-3 14
d =57 56 1
-1 56
7 1672
-8 1463
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Unicity of (3,2)

Conclusion

The Moore graph (3,2) is unique.
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Unicity of (3,2)

Conclusion

The Moore graph (3,2) is unique.

Sketch of the proof:

o I |
B=|1 0 P
I PT 0
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Unicity of (3,2)

The Moore graph (3,2) is unique.

Sketch of the proof:

o I
B=|1 0 P
I PT 0
P # | therefore must hold
01
P= 1]
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Other MG

@ (7,2) does exist and is unique
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Other MG

@ (7,2) does exist and is unique
proof similar to the one of unicity of (3,2), just a bit more
complicated
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Other MG

@ (7,2) does exist and is unique
proof similar to the one of unicity of (3,2), just a bit more
complicated

@ the existence of (57,2) remains undecided
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Other MG

@ (7,2) does exist and is unique
proof similar to the one of unicity of (3,2), just a bit more

complicated

@ the existence of (57,2) remains undecided
if it exists, it is not vertex transitive
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Other MG

An important role in deciding the existence od MG of k = 3 plays
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Other MG

An important role in deciding the existence od MG of k = 3 plays
the characteristic polynomial of its the adjacency matrix. It shows
up, that if it is irreducible, then the only graph that exists is (2, 3).
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Other MG

An important role in deciding the existence od MG of k = 3 plays
the characteristic polynomial of its the adjacency matrix. It shows
up, that if it is irreducible, then the only graph that exists is (2, 3).
And, in fact, no other graph of diameter 3 doues exist.
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Other MG

THANK YOU! =)
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